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Abstract

Nitu Kitchloo generalized equivariant K-theory to include non-compact Kac-Moody groups, calling
the new theory Dominant K-theory. For a non-compact Kac-Moody group there are no non-trivial
finite dimensional dominant representations, so there is no notion of a augmentation ideal, and the
spaces we can work with have to have compact isotropy groups. To resolve these we complete locally,
at the compact subgroups. We show that there is a 1 dimensional representation in the dominant
representation ring such that when inverted we recover the regular representation ring. This shows
that if H is a compact subgroup of a Kac-Moody group K(A), the completion of the Dominant
K-theory of a H-space X is identical to the equivariant K-theory completed at the augmentation
ideal. This is the local information. To glue this together we find a new spectrum whose cohomology
theory is isomorphic to K*(X xx EK). This enables us to use compute K*(X X EX) using a skeletal
filtration as we now know the E; page of this spectral sequence is formed out of known algebras.
READERS: Professor Nitu Kitchloo (Advisor), Jack Morava, Steve Wilson, Petar Maksimovic, and
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Introduction

K-theory was originally defined by Michael Atiyah and Friedrich Hirzebruch in 1959 using work on
sheaves by Alexander Grothendieck. Atyiah and Hirzebruch used Grothendieck’s construction to
vector bundles over topological spaces instead of sheaves over an algebraic variety. A vector bundle,
V', over topological space, X, is a collection of vector spaces attached at each point that varies
continuously. To get the K-theory of a space X, we consider the category of all vector bundles over
X which has an algebraic operation of direct sum. Two bundles can be added together by taking the
cartisian product of the vector spaces over each point of X. Then, we formally invert the direct sum
operation in the following way. Instead of considering just bundles, V' we consider pairs of bundles

¢

where one is considered to be “negative”, V' — W. Then, we identify all virtual bundles of the form
V — V with 0. This process gives us the K-theory of X, K*(X). K-theory was one of the main
inspirations for generalized cohomology theories which is at the heart of modern algebraic topology.

Later on Grahm Segal produced a variant of K-theory where he considered spaces that have a
group action G x X — X, and made the vector bundles over these G-spaces respect this action.

This produced a much richer equivariant K-theory, K (X). For equivariant K-theory Atiyah and

Segal proved the following theorem:

Theorem 1.0.1 (Atiyah-Segal Completion Theorem [2]). Let G be a compact Lie group. The

projection X x EG — X induces an isomorphism:
KE(X)?G =~ K&(X x EG)

Where I is the augmentation ideal of the representation ring of G.



The augmentation ideal I, is the kernel of the map from the representation ring of G, Rq, to Z
that sends a representation to its dimension. This theorem provides a simpler way to compute the
K-theory of the classifying space of G-bundles, K*(BG); just take X to be a point and work with
the simpler algebraic completion. However the group G needs to be compact for technical reasons.

In 2009 Nitu Kitchloo generalized equivariant K-theory of spaces with a Lie group action to
dominant K-theory where the groups were now allowed to be infinite dimensional Kac-Moody groups
[11]. Compact Lie groups are classified by a Cartan matrix A. A matrix is a Cartan matrix if it
satisfies four conditions. From such a matrix we can construct a Lie group. However, one of the
conditions only exists to ensure that the Lie groups is finite dimensional. If we relax this one condition
the matrix is called a generalized Cartan matrix, and we can still construct a group K(A) from a
given generalized Cartan matrices. These could be infinite dimensional and thus non-compact. For
this work IC(A) will be an arbitrary Kac-Moody group, usually non-compact and abbreviated K.
The notation used for this dominant K-theory on a space X is Ki(X).

In Kitchloo’s generalization there are two important restrictions. We must restrict ourselves to
KC(A)-spaces whose isotropy groups are all compact, called proper spaces. Secondly, the spectrum
representing dominant K-theory, KU is built out of only a subset of all irreducible representations
of K that are called dominant. This enables us to use the well understood dominant representation
theory of Kac-Moody groups that strongly resembles the classical representation theory of Lie groups.
These restrictions only matter when /C is non-compact. When K is compact, dominant K-theory is
equivariant to classical equivariant K-theory as all representations are dominant and all K-spaces
are proper. The aim of this work is to generalize the Atiyah-Segal completion theorem of equivariant
K-theory to dominant K-theory.

For non-compact Kac-Moody groups there are no non-trivial finite dimensional dominant rep-
resentations. This means that there is no dimension map on the representations of (A4), and no
augmentation ideal to complete at. However, one could ask if there could be a completion with
respect to a different ideal that gives a similar result. We will show that such a completion is
impossible for dominant K-theory.

Our notion of completion will be of a more geometric flavor. We will use the long running theme
in mathematics of gluing together local information to form the global information. Each proper
K-space M can be given a K-CW structure. In other words we can build M up from orbit spaces
of the form IC Ag S™. We know that K- (IC Ag S™) is a subring of the classical representation ring
Ry, called the dominant representation ring DRy. At each orbit, i.e. I Ay S™ we show that this

can be completed, and it’s completion is isomorphic to the completion of Ry.



Theorem 3. There is an isomorphism
(DR)inpr, = Ru?,

where I is the augmentation ideal of Ry .

To show that this local information glues together in a well-defined way (that it does not depend
on out choice of K-CW complex for M), we’ll find a new spectrum to represent completion and a

map to it from the spectrum for dominant K-theory. Specifically we show the following result:

Theorem 3.2.1. There is a space .7-{(77) and a K-equivariant map ¢ : F(H) — .?(77), such that

—

Kic(M) = [M, F(H)]x = K(M xx EK)

and F(H) is non-equivariantly homotopic to F(H). Furthermore, the map c lifts to a map of spectra

¢: KU — KU and fits into the following diagram, where the bottom sequence is short exact:

/ l

0 — lim" Ki(M x K*) —— K*(M xx EK) — lim Kj(M x K*) —— 0

The space F(H) is the space of Fredholm operator and is the space that KU is built out of.
Using the spectrum KU with a K-CW structure gives us a spectral sequence that computes the

global object from the local data,

By = P(Ru, )7 [BF] = Ki (M xx EK), (1.0.1)

)

where My/Ms_1 =\/, K A, S° and {M,}32 is a K-CW filtration of M.



Background

2.1 Background: Equivariant K-theory

This section is a short account of equivariant K-theory and leads up to the Atiyah-Segal completion
theorem. This document assumes that the reader is familiar with K-theory. As a reference we give
the excellent book by Atiyah [3] for details on K-theory. We also assume that the reader understands

the representation theory of Lie groups. A good reference for this is Brocker and tom Dieck’s book

[5]-

2.1.1 Definition of Equivariant K-theory

The original definition of K-theory of a space X is the Grothendiek construction on the category of
isomorphism classes of complex vector bundles over X under direct sum. This construction is not
used to define dominant K-theory, so we will give a quick overview of how to use Fredholm operators
to define a representing object for equivariant K-theory.

Let G be a Lie group, g its Lie algebra. We choose a Hilbert space H called a universe.
H=EPCreW,
A

where the sum is taken over all irreducible representations of G, V), indexed by their heighest
weights, A. To each V) we can associate a G-invariant inner product and the inner product on H
is constructed from these. 7 is maximal as for any representation we have H & V = H. From
the theorem of Peter and Weyl we know H = L?(G) for a compact group G, where L?(G) are L2

functions on G. A linear operator f : H — H is Fredholm if its kernel and cokernel are finite



dimensional. Let F(H) be the set of Fredholm operators on H. To each Fredholm operator we can
associate an index:

index(f) = dim(ker(f)) — dim(coker(f)).

However, as the Fredholm operators are meant to encapsulate information about the vector bundles

and not just vector spaces, we will instead use the topological index:
index(f) = ker(f) — coker(f).

This index maps to the category of isomorphism classes of complex vector spaces with direct sum
formally inverted which is isomorphic to Z. With more work that is omitted, this index can be

extended to topological spaces and produces the isomorphism
X, F(H)] =555 KO(X).

From this we can see that F(#) is the classifying space of K-theory. This is no different from the

standard index as we have not imposed any action of G on F(H). We can give F(H) a G-action by

(g- )z) = g(f(g~"2)).

We would like this to be a representing object for equivariant K-theory, but the action is not
continuous in the standard norm topology. One can fix this in a few ways. Atiyah and Segal restrict

F(H) to a subspace
Fa—as(H) = {u € F(H)|g — gug™'is continuous},

with a similar condition on Fg_cts(H) . Here, the group action is continuous and Fg_cts(H) does
form a representing object for equivariant K-theory. Please see the appendix of “Twisted K-theory”
for details [1]. We will refer to Fg_cts(H) as F(H) for the rest of the work as there is no need for the
full space of Fredholm operators anywhere. We may then define equivariant K-theory for a G-space,
X, to be the homotopy classes of G-equivariant maps X — F(H) or K& = [X,F(H)]c. As H is
maximal, i.e. H = H®H, it satisfies Bott periodicity and we may define a naive (indexed over a trivial

universe) G-spectrum where the even objects are Ky, = F(#) and the odd are Kyp11 = QF(H).



So
K&(X)=[X,FH)]e & K" (X)=[X,QFH)c-

This is a G-equivariant cohomology theory, K, on G-spaces. There are better constructions that

produce genuine G-spectra, but as these do not apply to dominant K-theory we will not cover them.

2.1.2 Equivariant K-theory of a point

Arguably the most important space to ask about when dealing with a new cohomology theory is
the point. In the case of equivariant K-theory this turns out to be the representation ring of the
underlying group Rg. This is well know and easy to prove from the construction of equivariant
K-theory using vector bundles [20]. The easy way to see this, for our definition that uses Fredholm
operators, is to recall that [pt, F(H)]¢ will be the path connected components of the G fixed points
of the Fredholm operators, F(H)c = {flg- f = f}. The fixed points are the operators H I H that
are G-equivariant. The kernel and cokernel of equivariant Fredholm operators are G-representations,
so the index map’s codomain is isomorphism classes of complex representations of GG with direct sum

formally inverted, also known as R¢g. Therefore
K& (pt) = Ra[6+').
Similarly, we can show that for any G-space X with trivial action we have:
KX(X)=K°X)® Rg.

2.1.3 Equivariant K-theory of a free G-space

A large class of interesting examples of G-spaces have a free G-action. If X has a free G-action, then
K{(X) = K*(X/G). Again, this is easy to see when we use the bundle construction of equivariant
K-theory [20], but we are using the Fredholm operator model. Later on, we prove that there is a
map K5 (X) - K*(X xg EG) (3.2.1). The proof that we present is for dominant K-theory (which
will be defined later) but it applies equally well to equivariant K-theory. As X is a free G-space then
X x¢g EG is a trivial EG-bundle over X/G. Therefore as EG is contractible, K% (X) = K*(X/G).



2.1.4 Equivariant K-theory of an orbit G/H

Now that we know the equivariant K-theory of G-spaces with either a free or trivial G-action we turn
our attention to those whose isotropy groups are between the trivial subgroup and the full group.
The simplest of which are the orbit spaces G/H, for some H C G. However, to compute K (G/H)
we will use a much stronger result as it is relevant later. If H is a subgroup of G then there is a
functor G x g _: H —top — G — top, where H — top is the category of H-spaces and G — top is the
category of G-spaces. G X g _ is a right adjoint to the forgetful functor U : G — top — H — top. As
we are working in the category of compact Lie groups, we have that every irreducible representation
of H occurs as a subrepresentation of some representation of G. One way to see this is given a H
representation there is a way to induce a G-representation. See [21] for details. This implies that
Hy = UHg, where Hp is the universe for H, and similarly for G and U is the forgetful functor.
This lifts to the Fredholm operators, F(Hpy) = UF(He), and the spectra that define equivariant

K-theory for the respective groups giving us:

Lemma 2.1.1. Suppose X is a H space, H C G then:

Ki(X) = K5(X Ag Gy).

This gives us K (G/H) = K& (pt Ag G+) = K (pt) = Ry [BF1].

2.1.5 The Augmentation Ideal

The projection map G — pt induces the map K (pt) - K5(G) = K*(pt). This can be simplified
to the dimension map Rg — Z, which sends each irreducible representation in R to its dimension

in Z. The augmentation ideal is the kernel of this map, thus we have a short exact sequence:

0—1Ig— Rag—7Z— 0.

Note that,

Lemma 2.1.2. If G is a Lie group and T is a mazimal torus of G and i : T — G is the inclusion

then:

Ie =" (I7).

Proof. We know that the map Rg — R7 induced by inclusion is injective. We also know that Rg —

RY is an isomorphism where W is the Weil group associated to G and T. As R!Y’s augmentation



ideal is clearly the pullback of the augmentation ideal of Ry we are done. O

We need the following result for the proof of the completion theorem. If we have a subgroup
H C G then we can always pull the augmentation ideal of H to the representation ring Rg, however

it need not be the augmentation ideal of G.

Corollary 2.1.2.1. If H is a subgroup of G such that H contains some mazimal torus of G then

Ic = i*(Ig) where i is the inclusion map of H into G.

Proof. We know that e - H 2, & induces a factorization of the dimension map Rg — Ry — 7Z, so
i*(Ig) C Ig. Let T be maximal in both H and G. Then the map Rg — Rr factors through the
map Ry — Rp. By the previous lemma, both of the augmentation ideals for H and G are obtained
by pulling the augmentation ideal of T' back through these maps. So i*(Iy) = I¢ as it has to be

maximal. O

2.2 The Atiyah-Segal Completion Theorem

Theorem 2.2.1 (Atiyah-Segal Completion Theorem). Let G be a compact Lie group. The projection

X X EG — X induces an isomorphism:
KE(X)?G(X) ~ K&(X x EG).

The proof follows a bootstrap style argument. We first deal with the case where G is a torus,
then we use that to prove the result for G = U(n) for some n. Now using the fact that every compact
Lie group G has a faithful unitary representation G — U(n) we can finally show the complete result.

Before we begin the proof, we review algebraic completion and Milnor’s join model for EG.

2.2.1 Algebraic Completion

Let R be a ring and I an ideal in R. We may endow R with the “I-adic topology”. For a subset
U C R such that 0 € U, U is open if U C I7 for some j. A sequence {aj}‘j?io is Cauchy in this
topology if for all r there is an N such that for all n,m > N we have a,, — a,, € I". The completion,
R? is topologically defined to be the space of all the Cauchy sequences modulo the following relation.
Let {a;}52, and {b;}32, be two Cauchy sequences, we identify them if for all  there is an N such
that for all n > N we have a,, — b,, € I". In other words a,, + I" = b,, + I". So we can think of an

Cauchy sequence as an element of @ R/I™ such that a, +I" = a, 11+ I"™ (also known as coherent).



This motivates the following definition of the I-adic completion of R:
R} = 1&1 R/I™.

Let us complete R[z] at the ideal I = (x). The easiest way to think of this is via coherent
sequences in @ R[xz]/I". Take a, +I" € Rz]/I", it can be written Y, b; " 4+ I". This has to

map to a,_1 + I,._1, so:

Zbi,rxi +1 = Z b1+ I_1.

i<r <r—1

80 b;r = b;p—1 for i <r — 1. Let R[[z]] — R[z]/I™ be

¢S] n—1
E cxt — E c;xt + 1.
i=1 i=1

This clearly extends to a map R[[z]] — R[z]}. It is easy to see that there is an inverse and

R[[z]] = R[z]}. The same argument works for R[x1,...,x,] with the ideal I = (z1,...,2,), giving
us R[[x1,...,2,]] = Rlx1, ... x,]7. This computation allows us to make use of the following theorem
from [7]

Theorem 2.2.2. Let R be a ring and I be an ideal generated by the elements ay,...a,. Then

The classic example of completion is the p-adics, Z;, = ZQZ. From Theorem 2.2.2 they should be
thought of as power series in p.

Another use of Theorem 2.2.2 is the computation of the completion at the augmentation ideal of
the representation ring associated to the rotation group. Let T be the rotation group. From basic
representation theory Ry = Z[x ™!, z]. The augmentation ideal is I = (z — 1). So, from the theorem

we have:

Let t = x — 1 then,
Re7 = Z[(t+ 1), 4 [ly]) /(y — t) = Z[[¢]). (22.1)

We can drop (t + 1)~! from the last term as it is invertible in Z[[t]].



2.2.2 Milnor’s Model for EG

Any space that is contractible and has a free G action is a model for EG, the total space of the
universal principal bundle, but the proof of the completion theorem uses is Milnor’s join model. His
original paper has more details, see [16]. Given any two spaces X and Y we may produce a new

space called the join of X and Y:

X*Y:XX[O’l]XY,

~

where (2,0,y1) ~ (x,0,y2), for all y; € Y and (x1,1,y) ~ (x9,1,y), for all ; € X. Notice that
the map X — X %Y is null homotopic. To see this, pick a yo € Y. We may factor the inclusion
X = X xY by X xyg = Cone(X), which is contactable. We may iterate this join to define the join
of n spaces. An iterated n-join of a single space X*™ is n-connected, and the limit of the iterated
joins is aspherical.

Now, let G be a compact Lie group. We may write an element of G**+1) ag (90,1, 915+ -tk Gt1)
and let the G action be the obvious diagonal action. When we take the direct limit hgn G*™, we see
that it is aspherical and has a free G-action, so it is a model for EG [17]. The nice part of this

construction, is that we can cover G*" with n contractible open sets.

2.2.3 Atiyah and Segal’s Completion Theorem

A priori there is no connection between the completion of equivariant K-theory at the augmentation
ideal of G and K (X x EG). To obtain this map we have to connect the pro-groups associated to
the two sides, {K§&(X)/IAKE(X)} and {KE (X x G*)}. A priori we do not know that @{Kg(X X
G*™)} is K5 (X x EG), there could be a yﬂll term, but in the course of the proof we will see that
the system is Mittag-Leffer and this Liﬂll is 0.

As G*" /G is covered by n contractible sets, the map K (pt) - K5 (G*) = K*(G*"/Q) factors
through Rg — Rg/I%. For a G-space X we can use this factorization and the naturality of the

external product to factor K% (X) — K& (X x G*) through K} (X)/IZKE(X) giving us the map
K&(X)/IGKG(X) =5 KG(X < G™)

for each n. In the limit we get the map K(X)7, — K*(X xg EG) and the main theorem from [2]

is that this map is an isomorphism. As a corollary to this we get that K} (X x G*") satisfies the

Mittag-Lefler condition.

10



The proof produces maps [3,, such that there exists a k and the following commutes:

Kg(X)/]g+ng;(X) —— K5(X x Gtk

l l

i i

KG(X)/GKG(X) ——— KH(X x ™)

We first produce these maps for the circle geoup then bootstrap up from the circle group to tori to
the unitary group to the arbitrary one.

Step 1: The case of the circle group.

Lemma 2.2.3. Let G be a compact Lie group and, X a compact G-space such that K} (X) is finite

over Rg. Let 0 : G — T be a homomorphism by which G acts on ET then the homomorphisms
a: KE(X)/IFKE(X) = KE(X x T

is an isomorphism of pro-rings.

This is the only part of the bootstrap where 3, is produced. One should think of 6 as a character
of G. The proof relies on the identification T*" =2 §2"~1. Recall that the augmentation ideal for T
is generated by ( = 1 — p, where p is the standard representation of 7. This can be used to generate

a short exact sequence
0— K/("K — K&(X x §*71) = t(n K — 0,

where K = K (X) and (» K = {o € K|("z = 0}. We have the following commutative diagram:

0 — K/IMPK —— KE(X x §2+2-1) — K —— 0

| s J¢

0 —— K/IPK —— 5 K5(X x 8™) — % (a K ——— 0

As K is finitely generated over the Noetherian ring R¢ the chain on the right hand side is eventually
constant and there is a ¢* that annihilates ¢cn+r K for any k. A diagram chase proves the existence
of B3,.

Step 2: When G is a torus T™.

Here we induct on n to generalize the above theorem to tori. G will now have an action on

11



Epn induced by 6§ : G — T™ and we will show «,, : K/I7W K = K5(X x ET™). To do so we have
to change our model for ET™ from Milnor’s join model with system {(7™)*™} to the equivalent
ET x ET™! with cofinal system {T*? x (T™~1)?}. This can be done in general, any system whose
direct limit is EG and whose spaces are compact is isomorphic to Milnor’s system. In this case the

system {T*P x (T"~1)9} comes with maps
Qpg » K/(aP + 0K — K5(X x T*P x (T*(=1)a),

where a and b are the ideals in Ir» generated by Ir and Ipmn-1) respectively. The pro-rings
{K/I}. K} and {K/(a? 4+ b?)K} are isomorphic, so we can just show that the latter is isomor-
phic to K (X x ET™) instead. We have K/(a? + b9)K = K ®r R/a? ®g R/b? and we can factor

Qpg as
K ®g Rja? @ R/b — K5(X x T*P) @ R/b — K5(X x T*P x (T*(=1)1),

By the inductive assumption and the base case this produces an isomorphism of pro-objects [2].
Step 3: When G=U (n).
The inclusion of the maximal torus T', j : T — U induces a map j* : K5(X) — K}.(X). Atiyah
and Segal use an earlier paper of Atiyah’s [4] to produce a map j. : K5 (X) — K{;(X) . We obtain

that in the case of unitary groups «,, is an isomorphism when 7, is:

K (X) /I K (X) —— K (X x Uk
j*]:j* j*Ij* (2.2.2)
Kp(X)/ I Kp(X) ——— Kp(X xU™)

The topology induced by Iy on Ry is equivilant to the one induced by Ir. This follows since Iy C Ip
and there is a k such that IX C I;. As EU is also a universal space for 7 and U*" is a cofinal
system of compact T spaces. Therefore the bottom of the diagram 2.2.2 produces the isomorphism
of pro-groups o : {K/INMK} =2 {K}.(X x T*")}.

Step 4: The general case.

Let G embed in U and let G act on U via this embedding, thus we have K};(X xqU) =2 K§(X).
As (X xgU)xU* = U xg(X xU*™) we can complete K with respect to U instead of G. Therefore,
we have that o, : K& (X)/IFKE(X) =2 KE(X xU*™) is an isomorphism of pro-objects. U*™ is cofinal

with compact G-spaces we get the statement of the theorem, therefore K (X xU*™) = K& (X xG*™).

12



We also have K&(X)/IFK&H(X) = KEH(X)/IFRKE(X) as the topologies induced by Iy and I

coincide [21].

2.2.4 The Milnor Sequence

So we have shown that K (X)} = Jm K*(X x G*™), to relate it to K*(X xg EG) we need to use

the Milnor @11 sequence. We have:
0— @;K*(X x G) = K*(X xg BEG) = Im K*(X x G™) — 0.

We know that lim K™ (X x G*™) satisfies the Mittag-Leffer condition because the system K*(X x
G*™) is isomorphic to K (X)/KE(X)I%, which is eventually constant [2]. Therefore it has @1; K*(Xx
G*™) = 0 and the completion theorem holds. In our generalization this will not hold, we will still

have to consider the yinl in this exact sequence.

2.3 Kac-Moody Groups and Representation Theory

In the study of compact semi-simple Lie groups we classify their semi-simple Lie algebras by the

Cartan matrix [5] [8].
Definition 1. A Cartan matrixz is a matriz such that
1. a; =2
2. a;5 <0 fori#j
3. Ifa;; =0 then aj; =0
4. aja; < 4

If we have such a matrix we can construct a compact Lie group. This construction first uses
Serre’s theorem to construct a Lie algebra. Then we exponentiate the resulting algebra to form a
compact Lie group. However there is one condition we impose on Cartan matrices that ensures that
the associated algebra is finite dimensional and serves no purpose in the construction of the algebra.
A generalized Cartan matrix satisfies only the first 3 properties. The Serre relations still construct
an algebra and we can study it as Victor Kac and Robert Moody did in the late sixties [18][9].
Exponentiating the group is no longer possible, but we can use an alternate method to construct the

group associated to a Kac-Moody algebra. This is family of non-compact groups that behave like
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the compact the semi-simple Lie groups. Most of the following details come from Kumar’s excellent

“Kac-Moddy Groups and their Flag Variety” [14].

2.3.1 Kac-Moody Algebras

To construct a Kac-Moody algebra for a given n x n generalized Cartan matrix A we first construct
what will be its Cartan subalgebra. A realization of A is a space §) of dimension 2n — Rank(A) along

with elements {aq, a9, ...,an} C b* and {a)ad,...,a,} C b such that

Oéi(()é;-/) = aij.

This realization is unique up to isomorphism. Let I = {1,2,...n} be the indexing set for A. It should
be thought of as indexing the roots and coroots of our realization. Also, the parabolic subgroups
and other structures are built off of the subsets of the indexing set so we will need to refer to it

often.

Generating the Algebra

Next, create the free Lie algebra over C on the symbols e; and f; for ¢ € I and h with the Serre

relations:
L. [h,b] =0,
2. [h,e;] = ai(h)e; and [h, fi] = —ai(h) fi,
3. leis f5] = diz0
4. ad(e;) =% (e;) = 0 for i # j
5. ad(fi)' % (f;) =0 for i #j

The resulting algebra is called g(A). Usually the Cartan matrix is clear from the context so we
just say g. The resulting algebra has a triangular decomposition. Let n be the subalgebra generated
by the e;s, n~ the subalgebra generated by the f;s, we have that g = h & n@&n~. We also have a

root lattice Q = @, .; Za; C b*, with a subset A = {a € Q|go # 0} called the roots. As before

iel
the positive roots, AT are those whose coefficients are positive. As in the finite dimensional case,

n=@, ca+ da- The Borel subalgebra is b = b + n.
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Useful Subalgebra

To each J C I we may associate several subalgebras. Let

Ay =ANEPZa;.
jed
Then g; = h ® @,ca, Ja- In this subalgebra there is a subalgebra isomorphic to g(A), where A;
is obtained from A by removing all columns and rows not in J. We say that J is of finite type if
Ay is a classical Cartan matrix. Note that {i} is always of finite type as Ay;; = [2]. The parabolic

subalgebra is p;y = g5 © uy, where uy = @aeAJr\Aj. uy is also a subalgebra, called the nil-radical

of py.

The Weyl Group

The Weyl group, W associated to g is generated by s; : b* — h* where

5i(A) = A — o).

The Weyl group also acts on h
si(h) = h — a;(h)ay .

It is interesting to note is that not all roots are in the orbit of the «;s under the action of the Weyl
group, unlike the classical case. We define a root « to be real if there exists a a; and a w € W such
that w(a;) = a, and imaginary otherwise. The dimension of the weight space for imaginary roots
may not be 1 and is in general unknown.

For an element w € W we say its length is the smallest [ such that w = s;,s;, ...s;, and often

1

denoted by I(w). The interplay of the length of a Weyl group element and its action on the roots is

powerful. The following lemma from [14] is very useful later on.
Lemma 2.3.1. If l(ws;) > l(w) then w(o;) € AT

Proof. We will induct on I(w). When l(w) = 0, w = Id and a; € AT, If [(w) > 0 find a s; such
that [(ws;) = I(w) — 1. We have that s; # s;, let W be the subgroup of W generated by s; and
s;j. Clearly for any r € Wy I(r) > l;(r). Chose an x such that [(z) 4+ I;(z~ 1w) = l(w) and I(x)
is at a minimum. It can be shown that I(zs;) > I(z) and I(zs;) > I(z). As I(z) < l(w), by the

1

inductive assumption, we have x(a;),z(c;) € AT. Now consider y = 2~ 'w, as l(ws;) > l[(w) we
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have I(ys;) > I(y). We can compute that y(s;) = pa; + qoy; for p,q > 0. So,
w(a;) = z(y(ay)) = z(pai + qaj) € AT,

O

Knowing the action of an element of the Weyl group on the root elements is particularly useful
when dealing with parabolic subalgebras. If we have a parabolic algebra g; its Weyl subgroup is
the group generated by s; for j € J and call it W;. It is often useful to deal with the cosets of
W/W; through representatives so we define W) to be the collection of the shortest elements from
each coset:

W5 ={w € Wll(w) < l(ws;)forj € J}.

There is also the Bruhat-Chevalley partial order. This can be thought of a a refinement of
the length and is useful for defining an equivariant C'W-structure on the Kac Moody group. For

v,w € W, we say v < w if there exists t1,...,t, € T := {vs;p~!|v € W,i € I} such that
1. v=t,...t,w and

2. 0(t;. . . tiw) <U(tj—1 ... tyw) for all j.

Dominant Chamber

Let hgr be the real form of b, i.e. h = hr ® C, see Definition 1.4.1 in [14] for a complete description.
We define the dominant Chamber of h% to be Dr = {A\A()) > 0}. In the compact case this is a a
fundamental domain of the Weyl group’s action on hr but may not be in general. Usually we will
refer to it just as D, suppressing the real form of the Cartan matrix. The Tits cone C is the orbit
of D under the action of the Weyl group, C' = U,,cywDg. In the non-compact infinite dimensional
case this is a strict subset of b, but the Tits cone is all of b in the compact finite dimensional case.

The following alternate characterization, also from Kumar [14], is very useful later on.

Proposition 1.
C ={) e bpl(\,aY) <0, only for finitely many o € Av+}.

Again we relate a property of the Weyl group action to a property that can be verified by its

action on a few elements of of AV™.
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An example T x LSU(2).

For an illustrative example we can construct the algebra associated to the generalized Cartan matrix

2 =2
A= . This is the generalized Cartan matrix for the affine Lie algebra associated to sls(C).
-2 2

We are considering only the algebra, not the group. The group is the affine loop group on SLy(C),
T x LSU(2). We refer the reader to Pressley and Segal’s “Loop Groups” for details [19]. The
notation, and the choices involved, are borrowed from them and [12]. The affine Lie algebra can be
expressed as C(h) @ C(d) @ suy[z, 27 1], with bracket given by [f,g](z) = [f(2),9(2)] + kRes(f, dg)
and [d, f] = z%.

First, we construct the realization. Let h have for a basis h, k, d and let h* have the basis where
A, § are dual to k and d, and « such that a(h) = 2 and a(k) = a(d) = 0. We can choose a; = «
and as = § — . There are other choices, but the resulting realizations for different sets of choices
will all be isomorphic. As a;(aY +a¥) = a;1 + a;2 =0 for 4 = 1,2 and k is the only element in the
kernel of both chosen «;s, we have that ay = k — h. If h was 2-dimensional it would not be possible
to choose linearly independent «;s such that they share a kernel.

From here we need to construct n and n~. Note that n only depends on the one relation
ad(e;)!7%i(e;) = 0 for i # j. The details of constructing n through just this relation are technical
and we omit them. The root system A is illustrated by figure 2.1. Each node is a root. Note, all
the roots lie on the a-é plane.

The dominant chamber is a little different from what we would expect. One of the walls is given
by the -A plane and the other is the plane spanned by § and %a + A. The Tits cone is formed by
{ao + b6 + cAlc > 0}.

2.3.2 Representation Theory

The representation theory of Kac-Moody algebras is similar to the finite dimensional case, after
some restrictions. We cannot work with all representations, as there are some that do no lift to
group representations and some that cannot be classified. We restrict our view to the dominant

representations.

Dominant Weights and Verma Modules

The dominant weights of K(A) are:

D={Xeb*|(\a))€Zy forallicl}
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Figure 2.1: Root Diagram associated to T x LSU(2). The grey triangle is the dominant chamber
intersected with the a-A plane.

To each A € D we may associate an irreducible representation L(\), called an irreducible dominant
representation. We will construct L(\) using Verma modules. Recall the universal enveloping algebra
for a Lie algebra is U(g) = T'(g)/ ~ where g®@ h — h ® g ~ [g, h] and T'(g) is the tensor algebra.
Let M\ = U(g) ®u(p) Cx. By the Poincare-Birkoff-Whit theorem this is isomorphic as a vector
space to U(n™1) ® C, and has basis f]* ... fi» ® 1. M, is a g-module with highest weight \. It is,

however, not irreducible, and is not closed under the Weyl group action. Let M} be generated by

Vv
fi1+)‘(a’i ) ® 1. It is the maximal proper submodule of My and thus L(A) = M, /M, is irreducible.
Vv
A way to show that these are the correct generators is to consider the following: fi1+)\(a’i ) ® 1, has

weight A — (A\(«)) + 1)c;. We have

si— (@) + o) = A+ s,

which has higher weight than A\. However, X\ is the highest weight, the action of the Weyl group on
L(X\) would not be closed if A — (A(e)) + 1)a; € L(N).

(3

2.3.3 The Group Structure (A)

Given a Kac-Moody algebra g(A) we can construct a group G(A). However, it is not as straight
forward as in the finite dimensional case.
A map T : V — V is locally finite if for all v € V there is a finite dimensional T-invariant

subspace W and v € W. T : V — V is locally nilpotent if it is also nilpotent. If T is locally finite

18



then it is possible to define exp(T) = >~ 7;—7

A representation V of a Kac-Moody algebra is integrable if e; and f; act locally nilpotent on V,
for all ¢ € I. These are the representations that can be lifted to the group. While there are more
representations of the Kac-Moody group than the integrable ones, these are the representations that

are easily studied. Also, the space of all integrable representations is exactly the space of dominant

representations.

The Standard Parabolic Groups P;

As n is a nilpotent algebra, by Theorem 4.4.19 from [14] we may exponentiate it to obtain a group
U. Recall that n = @ o+ 8- Let J C I be of finite type. The parabolic algebra p; has two
components the nil-radical u; which is locally nilpotent and g; which is finite dimensional. Let G;
be the complex Lie group associated to g; and let exp(uy) = U;. The action of gy on uy lifts to

and action of G; on U;. We define the standard parabolic group to be:

Pr=U;xGy.

Let B = Py, we have B C Py for all J. The last two ingredients in building a Tits system, aside
from the actual group, are the maximal torus and the normalizer. Let T' = Homg(hz, C*). We may

define a normalizer N to be an extension of the Weyl group by the torus:

0—->T—N-—-W—=0,

such that N NP; =T Us;T. Then G is the colimit of the system (N, P} )ier-

The group G we have constructed is the complex form of the Kac-Moody group. To form the
real form, K we have to have an involution on G. The algebra g carries an anti-linear involution w
where w(h) = h, w(e;) = —f; and w(f;) = —¢&;. This lifts to an involution of G, let K = G*, the fixed

points of G under w.
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2.4 Dominant K-theory

2.4.1 Representing Space

Let H be the completed sum of infinitely many copies of each irreducible dominant representation.

We call H the dominant universe.

H=C* o L.

AeD
Let F(H) be the Fredholm operators on H, using the same definition as the compact case. For
each proper K-space (those with compact isotropy groups) we may define the dominant K-theory to
be
Ky (X) = [X, F(H)]x,

K (X) = [X, QF ()],

As H is maximal, there is a Bott periodicity theorem, so the above is enough to define the theory.

2.4.2 Dominant K-theory of a Compact Subgroup

For each subgroup H C K we may define the dominant K-theory for that subgroup. Let X be a

H-space. We may define the dominant K-theory of X with respect to the Cartan matrix A to be:
AR (X) = Kie (X Ag Ky

This will depend on H and its inclusion into K. If A is compact the two functors, Ky and Ky,
are isomorphic. However as the Tits chamber of a Kac-Moody group is a strict subset of the Cartan
subalgebra, for some H there are representations of H that do not occur as subrepresentations of
‘H. Therefore if H be a compact Lie group, then H is a subspace of Hy, a universe for H and unlike
the compact case, H # Hy. Let M(H) be a H-invariant summand in Xy such that H @& M(H) is

H stable. Then there is a map
St: F(H)® F(M(H)) = F(Hu).
Let My be the cohomology theory represented by F(M(H)). Then we have a map St : 4K3,(X) @

Mg (X) = K (X).

If we take X to be S and ignore My then we get the map 4K% (S°) — Rg[3*%] where Ry is the
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right hand side is the representation theory of H. The left hand side is described by the following

definition and lemma.

Definition 2. A DRy is the representation subring of Ry generated by representations which occur

as subrepresentaions of IC, i.e., V. € DRy if and only if there exists a A € D such that V- C (L(\))|x.

As we will be working with the parabolic subgroups, instead of writing DRy, (4) and AK,*CJ (4)

we will be writing DR; and K% respectively.

Lemma 2.4.1. Given a proper orbit Y = K Ay S° for some compact Lie group H C K, the is a
map

K (Y) @ Mg (Y) = "Kj(8°) © M (Y) = K5(S°) = Ru[67]
Furthermore, the image of Ki-(Y) is DRy [B*].

Proof. See claim 4.6. [11] O
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Results

Given a proper K-space M, we can ask what it would mean to “complete” Ki(M). Unlike the
classical case there is no obvious candidate with respect to which to complete. Initially, we would
like to have a topology on Kk (M), say T such that the completion with respect to that topology
gives us an isomorphism K- (M)} = K*(M xx EK). To see why this cannot work we can take M to
be the classifying space of proper K-actions. This is also often called E/XC, and, up to homotopy, is
defined to be a -CW complex such that all isotropy groups are compact and for H C K is compact
the fixed point space, EXH, is weakly contractible [15]. EK is a terminal object in the category of

proper K-spaces. From [11] theorem 2.4, we know that
X(A) = hOCOlimJeS(A)IC/ICJ,

where S(A) is the poset category under inclusion of subsets J C I such that K;(A) is of finite
type, is the classifying space of proper K(A) actions. In [11] Nitu Kitchloo calculated that if K is
of compact type, then Ki (X (A)) = R%[3*!] with RY). concentrated entirely in degree n, where A is
of rank n + 1. In this case, Kj-(X(A)) is the kernel of an restriction map induced by an inclusion of
/T into X (A). By degree considerations, the multiplicative structure on Ki (X (A)) is trivial. If we
took our topology to be induced from an ideal in RY then it would be discrete. Therefore Ki- (X (A))
is already complete. However, K (X(A)) 2 K*(X(A) xx EK) so completion with respect to an
ideal will not produce a similar result to the completion theorem.

Given a proper finite X-CW complex X we can use the spectral sequence arising from the skeletal

22



filtration to compute Ki(X) from its cells and gluing maps.
Bt =K (X, Xo1) = KEH(X). (3.0.1)

As all the cells of a proper K space have compact isotropy groups are thus of the form Y = K Ay
S™ we know each cell’s dominant K-theory, Ki(Y) = DRy[3*!], with DRy shifted to lie in
degree n. These individual cells can be completed with respect to their dimension maps. The
purpose of the local completion section is to prove that the completion of DRy is equal to the
completion of the classical representation ring, Ry at it’s augmentation ideal. We will find a 1
dimensional representation ¢ € DRy such that when inverted we recover the representation ring,

i.e. DRy[o~'] = Ry, and use this result to show:

Theorem 3. There is an isomorphism

(DRy)7npry = R’

where I is the augmentation ideal of Ry .

As each (X5, Xs-1) is just a wedge of orbit spaces, K Ap, S® we can use Theorem 3 to create a

new spectral sequence whose first page is:

EY = P (Ru, )7 [8*), (3.0.2)

i
where (X, X,_1) = V,(K Apg,, S°) and the differentials come from the gluing maps as in 3.0.1.
However, this spectral sequence a priori is dependent on the choice of IC-CW structure we have
for X. Different K-CW structures will produce different spectral sequences that may converge
to different groups. We would like 3.0.2 to be well defined on proper K-spaces and converge to

K*(X xx EK). This leads to the main result of this work.

L — o —

Theorem 3.2.1. There is a space F(H) and a K-equivariant map ¢ : F(H) — F(H), such that

—

Ky (M) S [M, F(H)]x = K(M xx EK)

—

and F(H) is non-equivariantly homotopic to F(H). Furthermore the map c lifts to a map of spectra,
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¢: KU — KU and fits into the following diagram, where the bottom sequence is short exact:

/ l

O*>£_ K (M x K*") —— K*(M xx EK) —>L Ki(M x K*") —— 0

As F(H) is the model for our K-equivariant periodic K-theory spectrum KU, we’ll see from the
proof that there exists another C-equivariant periodic spectrum, KU modeled on F (H) and the map
c lifts to these spectra. This gives us that the spectral sequence arising from a skeletal filtration from

some IC-CW model of X whose first page is 3.0.2 is well defined and converges to K*(X xx EK).

3.1 Completion of DRy

We will start with a compact parabolic subgroup as it is much easier to work with and as, by
the below proposition, all compact subgroups are conjugate to a subgroup of a compact parabolic
subgroup. It will be easy to generalize from the parabolic subgroup case to arbitrary compact

subgroups.
Proposition 2. H is conjugate to a subgroup of Kj for some J of finite type.

Proof. Consider the proper space K/H, there is a unique up to K-homotopy map
f:K/H — X(A).
The isotropy groups of X (A) are exactly conjugates of K; for J of finite type.

H =Ky € Ks(tel) C 9 Kug.

3.1.1 Completion of DR; for a Compact Parabolic Subgroup

We will start with a diagram to illustrate the proof. See figure 3.1 for the the orbit of the dominant
chamber under the action of the Weyl group for Tx LSU (2). The dark gray chamber is the dominant
chamber, the light gray is the Tits cone. Note that the Tits cone does not cover the whole space.
Only weights in the top half of the plane will occur in the representations of the Kac-Moody group,

so only weights in the top half of the plane will occur in the dominant representation rings of the

24



subgroups. However, the parabolic groups have representations with weights in the lower half of
the plane. If we take the parabolic group generated by J = {1}, we can chose a dominant integral
weight such that a1(oy) = 0 and as(oy) = 1. This will project to the marked point oy. If we
subtract this element from the integral weights that occur in the dominant representations we can
obtain all the weights. We can accomplish this in DR; by inverting the representation associated

to o1, which happens to be 1-dimensional.

Figure 3.1: The Tits cone and dominant chamber for T x LSU (2). Only the A-a plane is shown
to emphasize that the Tits cone only covers half of the space. The weights that occur in dominant
representations are black, the rest are gray.

Lemma 3.1.1. There exists L a 1-dimensional representation of Kj such that

DR;[L*] = R,

where the DR is the dominant representation ring associated to Ky C K.

First we prove some intermediate steps. Let D be the dominant chamber for our Kac-Moody
algebra. As we are dealing with parabolic groups they have maximal rank and have the same
Cartan subalgebra as the Kac-Moody algebra, so they all share the dominant chamber. Let D; be

the following set

Dy={\eb |\ o)) €Zy forallie J}

Clearly D C Dj. Also for the torus, Dy, is the complete integral lattice. The following lemma
relates the dominant chamber with the parabolic group’s dominant chamber through the Weyl group.

Recall that W), is a set of shortest length representatives for W/W; and C'is the Tits cone, the orbit
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of the dominant chamber under the action of W.

Proposition 3. The set D; N C' can be characterized in the following way

| w'D=D,ncC.
weW)

Proof. Let A € D;NC. Then there is a w € W and X' € D such that w=!)\ = X\. We need to show
that w € W). Suppose (A, oz]V> =0 for some j € J. X is fixed under the action of rj. Let A = w1\
as above. Then (X, wr;a¥) = (N, wa"). Without loss of generality we may assume [(w) < l(wr;).
By lemma 1.3.13 in Kummar’s book [14] wa; € At

Suppose (A, oz]V> > 0 for some j € J. Then for w, X' as above, we have 0 < ()\’,wa]V>. Therefore
wa; € AT and by 2.3.1 we have [(wr;) > l(w).

Putting two and two together, if we have A € D; N C we can choose a w € W) and a X € D

such that w™t\ = A O

The following argument is a bit clearer than the proof, but only works for the weights on the
interior of the dominant chamber, not those on the walls of the dominant chamber. Consider A such

that (A, af) >0 for all j € J. Then
0< (w N, av)y = (N, wa"), Va € AT.

If wa" € AY for all @ € At we are done, w € W)

If there is an « € A'J" such that wa € AT then wa € A~ (by triangle decomposition), therefore
(N, wa") <0, and (N, wa") = 0. This is a contradiction, so w € W)

The next proposition tells us how we can use W) to tell us about the decomposition of a g

representation into g representations.

Proposition 4. Given a g representation L(\) with highest weight X then as a g; representation

we have w™(N) is a highest weight of L()\) for w € W/

Proof. Consider u € L(\),-1(x) # 0 and n € n}' with weight o € A}'. Suppose nu # 0, ie is not a
highest weight over g;. nu has weight w™!(\)+a. w(nu) # 0 with weight A+w(a). As w(a) € AT,

this is a higher weight than A. This is a contradiction. O

This means that every element of D;NC' is a g; highest weight of an K j-irreducible component
of some irreducible representation of IC. Therefore DR; may be identified the representation ring

generated by irreducible highest weight representations with highest weight in D; N C.
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The next proposition gives us a weight such that we can use to recover D; from D;NC. It will

also happen to produce a 1 dimensional representation of K ;.

Proposition 5. There is a oy € Dy such that:
D;=D;NC—Z{cy)
Proof. By 1 we can rewrite the Tits cone as such:
C ={xebil(\a’) <0, only for finitely many o € AV}

Consider o such that (o)) = 1fori € I — J, (65,)) = 0 for i € J. o, is not unique. For
a€ At — AT (—0;,0") < 0,50 —0; € Dy —C. Let A € Dy and let ¢ = max;e;—s{—(\, o)) }.
Then A+ coy € D. Therefore

Dy =D —Z{c,).

O

Now that all the pieces are in place we can resume the proof of Lemma 3.1.1. All we need to

show is that the o; produces a 1 dimensional representation.

Proof of Lemma 3.1.1. The representation associated to o is one dimensional as o is fixed by W

and the first map in the following exact sequence misses exactly +o;

@MJ(Tj x(xoy)) = Mj(toy) = Ly(+oy) — 0.
jeJ

Therefore L = L;(+o ;) lifts to a 1-dimensional representation of K; and

DR;[L*] = R(K;).

3.1.2 Completion of DRy for any Compact Subgroup

We get the completion of DRy as a corollary of the following theorem. From it and its corollary we
can clearly see the relationship between the dominant representation ring, DRy, and the represen-

tation ring of H. The idea of the proof is to lift the 1 dimensional representation, L; from K; to H
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then showing that it is the desired representation.

Theorem 3.1.2. Let H C KC be a compact subgroup. There exists L a 1-dimensional representation
of H such that
DRy[L™'] = Ry,

where the DRy is the dominant representation ring associated to H C KC. L is well defined up to a

unit.

Proof. Without loss of generality, we may assume H C K; when considering the representation
rings. Let ¢ : H — K be the inclusion. Also, it is obvious that every irreducible representation
V of H such that V € DRy occurs as a summand of ¢*(WW) for some W € DR;. This is because
restriction to H from K factors through *.

Let L; be the same 1-dimensional representation as in the lemma above. Let V' be any repre-
sentation of H, it is easy to show (use Segal’s induction) there is an W € Ry such that V C i*W.

M ® L;™ € R(K;) be an irreducible representation where M € DR; and m € Z,. Restriction
respects tensor products so

(M@ L™ =i* (M) ®i*(Ly)™™.

Let W € Ry irreducible, such that W C i*(M) ® i*(L;)~™. Then W @ i*(L;)™ C i*(M) € DRy,
therefore DRg[i*(Ly)~'] = Rg. For brevity in the rest of the proof we will suppress the pullback,
i

Now, to show that L is well-defined up to a unit in DRy. Let Ji,Jo C I such that H C

K, (A),K,(A). Then DRy([L;'] = Ry = DRy[L}]].

DRH —t RH

L

DRu[L3,]

L, gets sent to a unit in Ry, so it must get sent to a unit in DRy [L;;], all units in DRy [L;;]

are of the form nL;;, where n € DRy is a unit. Therefore Lj, =nL,. O

Now that we have this representation we can show that the completion of DRy and Ry at the

augmentation ideal of both results in isomorphic algebras. It’s quite simple to show 3 from here.

Proof. For ease of notation let Ip = I N DRy. I will show that DRy /I = Ry /I™.
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Consider, in DRy /Ip,
(L—]_)n:Ln—’ﬂLnil"l‘""’_(_l)n:O mod I}

L(=)" Lt —nL™ 2 ...+ (=1)"'n)) =1 mod Ip.

So L maps to a unit under the projection map. We have shown that Ry = DRy[L*?], so this map

factors through Ry by universality.

DRy — Ry

Ty
J/ L "

DRy /17

Since v, (L~1) = (=1)"* Y (L"~! —nL""2 + ... + (=1)""!n) has virtual dimension 1. We have
for V € I, that V = VL™* for some V € DRy and k € N. V has to have virtual dimension 0, so

Ve Ip. So, we have

Ry /I" = DRy[L™ /1" = (DRy /I})[L™'] = DRy /I}.

3.2 Completion of Ky

The last step is constructing the object that represents completion. In this section we construct a
spectrum KU to represent geometric completion. This is the spectrum that we use to show that the

spectral sequence 3.0.2 is well-defined and converges to the correct object.

3.2.1 Completion of Kj.

To produce a map of K-theories ¢ : Ki- (M) — K(M xx EK) we use a much stronger result. Here, we
produce a universal object and map which realize completion. We essentially use the contractability
of the unitary group on a separable Hilbert space that was first shown by Nicolaas Kuiper to remove

the action of KC on F(H) [13].

— —

Theorem 3.2.1. There is a space F(H) and a K-equivariant map ¢ : F(H) — F(H), such that

o —

Kic (M) S [M, F(H)]x & K(M xx EK)
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and .7-"/(?7) is mon-equivariantly homotopic to F(H). The map ¢ extends to a map of K -theories:
Ki(M) < K*(M xx EK).

Furthermore the map c fits into the following diagram, where the bottom sequence is short exact:

/ J

O*HL K (M x K*") —— K*(M xx¢ EK) —— ‘m (M x K) —— 0

—

Theorem 3.2.2. There is a space ﬁ’}?) and a K-equivariant map ¢ : F(H) — F(H), such that

o —

K¥ (M) 5 [M, F(H)|x = K(M xx EK),

and m is non-equivariantly homotopic to F(H).

Proof. We will produce an equivariant map F(H) x EX <, F(H)¥, where we regard F(H)* to be
the same underlying space as F(H), but with a trivial K-action. As H is constructed to be a faithful
unitary representation of K, the representation map is an embedding K — U(H). We will use U
to refer to U(H) to simplify the notation. From the representation map we have an induced map

EX — EU, this allows us to construct the following two maps:
F(H) x EK 2% F(H) xx EK — F(H) xx EU.

Now we may mod out by the larger group U, giving us a map F(H) x EX — F(H) xy EU. The
F(H) xye EU on the right hand side has a trivial C-action. As U is contractible BU is contractible.
Thus, the fibration F(H) — F(H) xu EU — BU gives us a homotopy equivariance between F(H)
and F(H) xy EU. However, this is not an K-equivariant homotopy equivilance with the standard
action on F(H). If we regard both sides as having trivial K-action then it is an K-equivariant
homotopy equivariance. Thus we have the desired map, F(H) x EX i> F(H)*. We may adjoint
¢ over, F(H) = Hom(EK,F(H)*) sending f ~ g; such that gs(e) = c'(f,e). Let .f(??) =
Hom(EK, F(H)*). As EK is non-equivariantly contractible, this is non-equivariantly homotopic to
F(H)*. Tt is fairly easy to see that [M, .f(’;’-[\)];g >~ K(M xx EK):

[M,Hom(EK, F(H)")|x = [M x EK, F(H)!x = [M xx EK, F(H)].
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To extend it to Ki-(M) = K*(M xx EK), we just need to produce a map c : QF(H) — Q}{(’;‘T)

This follows from the same argument as above. O

Corollary 3.2.2.1. There is a diagram, where the bottom sequence is short exact.

Ki (M)

/ J (3.2.1)

0 — lim! Ki(M x K*) —— K*(M xx BK) — lim Kg(M x K*) —— 0

The short exact sequence on the bottom is the same that occurs in Atiyah and Segal’s proof of
the completion theorem. However, they show if G is compact then @n K& (M x G*™) satisfies the
Mittag-Leffler condition as it is isomorphic to the algebraic completion, lim K¢ (M)/Kq(M) - 1%,
which is Mittag-Leffer. So, in the compact case @11 KE(M x G*™) is 0. We can not do better than
3.2.1 because there is no candidate for an algebraic completion of Ky (M) to compare Mn Kic (M x

KC*™) against. It still needs to be shown that @i Kx (M x K*™) is nontrivial in some case.

3.3 Future Directions

To show that the term @i Kic(M x K*™) in 3.2.1 is non-trivial we need to find an example. In our
case the simplest choice to use for M is X(A), the classifying space of proper K-actions. We need
to show that the map,
K*(X(A) xx EK) — @K,*C(X(A) x K™,
n

is not an isomorphism. As X (A) xx EKX = BK, this will also result in a computation of K*(BK).
The obvious choice for K is some rank 2 Kac-Moody group, say the affine loop group on SU(2). An

alternate description of X (A) is as the topological Tits building,

()~ KT 1S@)

~

where (¢T,x) ~ (hT,y) if t =y € Ay and g = hmodK ;. In the case of a rank 2 Kac-Moody group
this gives X (A) a simple K-CW structure with which to compute with. An alternative approach is
using the fact that BK = hocolimg(4)BK, so we could use the homotopy colimit spectral sequence
to compute K*(BK). The next step would be to compute some of lim Ky (X(A) x K&*™).

Another direction to go is to attempt to produce another way of computing K*(X (4) xx EK),
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Lemma 3.3.1. For a proper K space M,
hocolimg(ay(M xx, EK) = M xx EK.

Proof.
M XK EX = hOCOlimS (M X E’C) XKc (’C/’CJ)

Then as taking the product of /K ; with M x EK and quotienting by K are both left adjoints we
have:

hocolimg (M x EK) xx (K/Kj) = (M x EK) xx (hocolimg KC/Ky).

The last term, hocolimg K/K s, is the topological Tits building and is contractible [6],[10]. So we
have

(M x EK) xx (hocolimg K/Kj) =2 (M x EK) xx (¥) 2 M xx EK.
O

As shown in section 3.1 we can compute 4K (M x EK) for each compact J C I. We can set up

the homotopy colimit spectral sequence from this information. It converges and we have:
.p Ao A *
lim “K5(M)7, = K*(M xx EK).

S(A)

This is an alternate method of computing the completion of Dominant K-theory.
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