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Abstract

Magnetic materials generally develop magnetic long range order at low tempera-

tures. This standard low temperature instability can however be suppressed in frus-

trated magnets, a set of magnetic materials where the selection of a particular low

energy ground state is “frustrated” due to competing interactions and geometrical

constraints. Such a magnetically disordered ground state, called “spin liquid”, rep-

resents a novel state of matter that promises exotic properties such as fractionalized

excitations.1

In this thesis, the magnetic properties of three candidate materials Pr2Zr2O7,

NiGa2S4, and SrHo2O4, all of which elude conventional magnetic long range order,

are studied extensively. Neutron scattering is the experimental tool of choice in that

it enables direct probing of spatial and temporal spin correlations, which arguably

carry the most salient manifestations of a spin liquid state.

Pr2Zr2O7 is conjectured to host a quantum spin ice state, a possible realization

of U(1) quantum spin liquid.2 A recipe was developed for synthesis of high quality

stoichiometric single crystalline Pr2Zr2O7. Through elastic neutron scattering, quasi-
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static low temperature spin correlations are found that resemble those of classical

spin ice, while inelastic neutron scattering shows a dominant role for quantum spin

fluctuations. Analysis of the data indicates these result from a combination of inter-

spin interactions and inhomogeneous splitting of the single ion magnetic ground state

doublets, which are not protected by time reversal symmetry and can be lifted by

sufficiently anisotropic electric field environment. These findings highlight an intri-

cate interplay between spin and lattice degrees of freedom that could be important in

related materials. Indeed we shall see that the very fact that the energy scale for or-

dering is suppressed compared to the bare interactions leads to an inherent sensitivity

to symmetry breaking impurities.

NiGa2S4 is a rare realization of undistorted spin-1 triangular lattice. Surprisingly

only a short range ordered magnetic state is achieved at low temperature. Inelastic

neutron scattering uncovers a broad yet dispersive magnetic spectrum that cannot

be explained by conventional spin wave theory. The seemingly inconsistency between

the continuum neutron spectrum and low temperature specific heat measurements

which suggest the existence of coherent quasiparicles3 indicates the excitations could

be of novel nature.

Elastic neutron scattering measurements on SrHo2O4 showed this material can be

viewed as an assembly of two types of J1 − J2 Ising chains that have Néel (↑↓↑↓) and

double-Néel (↑↑↓↓) ground states respectively. At low temperature the Néel chains

develop three dimensional long range order, which causes the double-Néel chains to
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freeze into a disordered incommensurate state. A “disorder by order” mechanism was

proposed to account for this unusual spin disorder.

Primary Reader: Collin Broholm

Secondary Reader: Peter Armitage
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Chapter 1

Introduction

One of the hallmarks of contemporary condensed matter physics is the discovery

and understanding of various exotic “emergent” phenomena such as superconductiv-

ity and superfluidity in systems with strongly correlated particles.10,11 Even though

the electromagnetic interactions between the underlying particles are generally well

understood, it is difficult and in some cases perhaps impossible to predict these emer-

gent phenomena from first principle deduction due to the large number of interacting

degrees of freedom involved. And yet it is possible to classify, probe, and understand

the properties of the collective states of matter and their emergent quasi-particles.

A general organizing principle to describe a subset of these collective emergent

state of matter is associated with the phenomenon of broken symmetry.12 As an

example, take the magnetic insulator which is the main focus of this thesis. Experi-

mental realization of such systems are usually found in Mott insulators13 where due

1
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to strong on-site Coulomb repulsion, electrons are well localized on distinct lattice

sites. The low energy effective Hamiltonian that describes such interacting localized

electrons can be formulated in terms of interacting spins.14 An example of this is

shown in the following, the Heisenberg Hamiltonian

H = −
∑
i,j

JijSi · Sj (1.1)

Here S is the spin operator and Jij is the exchange constant describing in this case

an isotropic interaction between spins located at site i and j. This Hamiltonian is

invariant under global spin rotation. The paramagnetic phase at high temperature

(T 	 J) indeed obey this symmetry, where due to thermal fluctuation each spin is

free to rotate and the thermal average is identical to 0, 〈S〉 = 0, as required by the

rotational symmetry. At lower temperature (T ∼ J) when the inter-spin interactions

becomes more important the whole system might enter a long range order phase with

〈S〉 �= 0, such as in the familiar ferromagnets where below the Curie temperature

the spins have non-zero thermal average and all point in the same direction. This

emergent long range ordered state spontaneously breaks the rotational symmetry

of the spin Hamiltonian. An order parameter, 〈S〉 in the case of a ferromagnet,

can be introduced to describe the symmetry breaking. It is 0 in the symmetric

phase but when it takes on a non-zero value the symmetry is broken. The nature

of the broken symmetry has important implication for the low energy dynamics.12

2
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In the case of continuous symmetry breaking as in the Heisenberg model, the low

energy excitations are gapless bosonic Goldstone modes,15 which are called magnons

in magnetic materials.

Symmetry breaking provides a powerful and unified recipe to describe and study

magnetic long range orders and their excitations in various magnetic materials. There

is however another more intriguing aspect of the problem: Does the ground state for

an interacting spin Hamiltonian always break symmetries of the Hamiltonian? If not,

what do the spin-spin correlations look like in the ground state and what are the

corresponding low energy excitations? Is there an “order parameter”-like quantity

that allows classification of such states? The answer to the first question, fortunately,

is no, and in this thesis I will try to provide insight to the second question by probing

magnetic materials that do not form conventional magnetic long range order using

neutron scattering. Finally, there has been tremendous theoretical progress towards

answering the third question and the data that I provide may eventually help to

constrain such theories.16,17

Such a non-symmetry-breaking ground state is called a spin liquid1 in analogy to

conventional liquids, where molecules are highly correlated in the absence of static

long range order. To understand why a broken symmetry state is not always favored

let us consider two S = 1
2
spins subject to an isotropic antiferromagnetic exchange

interaction: H = −JS1 · S2, J < 0. For a static Néel order state where one spin

points up and the other points down (|↑〉 |↓〉), each spin carries a bond energy of 1
8
J ,

3
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while for an isotropic valence bond state where the two spins form a total spin 0

singlet state ( 1√
2
(|↑〉 |↓〉−|↑〉 |↓〉)), each spin carries a bond energy of 3

8
J . Thus in this

case it is the non-symmetry-breaking valence bond state that has the lower energy.

Though only two spins are considered here, it has been found that the ground state

for 1-dimensional spin-1
2
chain is indeed a spin liquid,18and more interestingly the

elementary excitations are fractionalized spin-1
2
spinons19 that have been observed in

materials such as KCuF3.
20

One also finds that the bond energy per spin in the Néel state goes down lin-

early as the number of neighboring sites increase, while it is invariant in the valence

bond state. This suggests that a spin liquid is energetically less favorable in higher

dimensions. This is certainly true for bipartite lattices such as the square lattice with

only nearest neighbor interactions. However, the situation becomes less clear when

competing interactions are introduced and when the geometry of the lattice becomes

more complicated.

Firstly let us examine the effect of competing interactions. We use spin-1
2
square

lattice J1 − J2 Heisenberg model as an example:

H = −
∑
<i,j>

J1Si · Sj −
∑

<<i,j>>

J2Si · Sj, (1.2)

where J1, J2 < 0, < i, j > and << i, j >> denote nearest and next nearest neighbor.

The nearest and next nearest neighbor interactions J1 and J2 are in competition be-
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cause they favor different spin configurations. It is easy to see that the ground states

in the limiting cases of J2/J1 
 1 and J2/J1 	 1 are Néel and stripe states respec-

tively, as shown in Fig. 1.1. When J2/J1 = 0.5, this model is maximally frustrated

Figure 1.1: Long range orders in the square J1 − J2 Heisenberg model. (a) with
dominant J1 the ground state is a Néel state. (b) with dominant J2 the ground state
is instead a stripe state.

as the Néel and stripe states become energetically degenerate (in the classical sense)

and the resultant strong quantum fluctuation might destroy the long range orders.

A recent numerical study on cylinders of circumference Ly = 3 − 14 and lengths

Lx ≥ 2Ly indicates that a topological quantum spin liquid state exists around this

point with 0.41 ≤ J2/J1 ≤ 0.62 .21

The possible realization of quantum spin liquid in such a simple square J1 −

J2 model provides optimism that such states might be discovered in real materials.

However, it is difficult to experimentally tune the J2/J1 ratio in a particular material.

5
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In this sense, the other route to realize a spin liquid, through geometrical frustration,22

has its advantage since it depends less on fine tuning of exchange constants.

Figure 1.2: Geometrically frustrated lattices. (a) triangular lattice, (b) kagome
lattice, (c) pyrochlore lattice.

Geometrical frustration generally arises in lattices with a triangular motif. Three

representative lattices are shown in Fig. 1.2. These are the triangular lattice consisting

of edge sharing triangles, the kagome lattice based on corner sharing triangles, and the

pyrochlore lattice based on corner sharing tetrahedra. Such lattices are geometrically

frustrated in the sense that the bond energies cannot be simultaneously minimized

due to a geometrical constraint. As a result there could be a macroscopically large

number of degenerate states at low energy which could enhance fluctuations and

suppress long range orders.

To illustrate this, we consider a classical spin model on the pyrochlore lattice. On

each corner of the tetrahedron resides an Ising spin, a classical vector that can either

points towards or away from the tetrahedron center. Each Ising spin is ferromagnet-
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ically coupled to its nearest neighbors:

H = −
∑
〈i,j〉

J(ei · ej)σiσj (1.3)

Here ei is the unit vector representing the Ising spin direction, σ = ±1, and J > 0. To

see how frustration arises, let us consider the bond energy within a single tetrahedron.

With ferromagnetic nearest neighbor interaction J > 0, the bond energy between

neighboring sites is lowest when one spin points into while the other points away from

the center of the tetrahedron. This, however, cannot be satisfied simultaneously on all

of the 6 bonds due to the geometry of the tetrahedron since two spins coupled to the

same spin are also coupled to each other. The lowest energy Ising spin configuration

on the tetrahedron consists of two spins pointing in and two spins pointing out. In

this state 4 bonds out of 6 are satisfied. This local 2-in 2-out constraint on the

ground state is equivalent to the constraints on proton locations that lead to proton

disorder in cubic water ice (Fig. 1.3(b)). There each oxygen atom at the center of a

tetrahedron has two closer and two more distant ptorons. This spin model is thus

given the name of “spin ice”.23

The 2-in 2-out ice rule does not specify a unique ground state. On just one

tetrahedron it already gives rise to 6 fold degeneracy that corresponds to 6 ways of

picking 2 out of 4 spins to point out (Fig. 1.3(a)). 3 of them are not related by time

reversal symmetry (σ → −σ) and are accidentally degenerate due to the particular

7
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Figure 1.3: (a)6 degenerate ground state configurations in one tetrahedron in spin
ice. Red and black arrows correspond to “out” and “in” spins. Bottom 3 states are
the time reversal partner of the top 3 states. (b)2-in 2-out ice rule in cubic water ice:
two protons (blue spheres) are closer to the central oxygen (red spheres) while the
other two are further away.5
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lattice geometry. On the extended pyrochlore lattice, the ground state degeneracy can

be estimated in the following way: with N number of spins, there are 2N total number

of spin states. Since each spin is shared by 2 tetrahedra, the number of tetrahedra

is N/2, each of which gives rise to a factor of 6/16 due to the ice rule constraint.

Thus the ground state degeneracy is 2N(6/16)N/2 = (3/2)N/2.24 Such macroscopic

degeneracy gives rise to a residual zero point entropy that has been observed in water

ice25 as well as in materials that realize spin ice model.7

The spin correlations in the spin ice ground state, a classical spin liquid, illustrates

the drastic difference between a spin liquid state and a high temperature paramagnetic

state. By coarse graining the lattice variable σi into a spin field P (r) and noticing

that the 2-in 2-out ice rule for σi is equivalent to a divergence-free condition for P (r):

∇·P (r) = 0, it can be shown that the two point spin correlation function in the spin

ice ground state takes a dipolar form:26

〈Pμ(0)Pν(r)〉 ∼ 1

r3
(δμν − 3r̂μr̂ν) (1.4)

where r̂ ≡ r/|r|. It is remarkable that the correlation function is algebraic which is

often related to a critical point in a second order phase transition where the correlation

length diverges.27 By contrast, the spin correlations in the paramagnetic state take

the form of an exponential decay 〈P (0)P (r)〉 ∼ exp(− r
ξ
) with a finite correlation

length ξ. This shows that although neither state has static order, the spin liquid is

9
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in fact a highly correlated state.

More exotic are the elementary excitations from the spin ice ground state.28 To see

this consider each spin to be a pair of oppositely charged magnetic monopoles. This is

in the same spirit that a electric dipole can be described in terms of a pair of positive

and negative electric charges. Then the 2-in 2-out ground state constraint transforms

into a charge neutral condition that each tetrahedron carries no net magnetic charge.

Flipping a spin in the ground state cost a finite energy and creates net magnetic

charges on the neighboring tetrahedra(Fig. 1.4(b)). This pair of magnetic monopoles,

however, are not bonded together as in usual magnetic dipoles, since by flipping more

spins they can be separated without any further energy cost(Fig. 1.4(c)). Thus these

magnetic monopoles are deconfined and the elementary excitations in spin ice are

individual monopoles. This is another example of fractionalized excitations that can

be expected from a spin liquid.1

Figure 1.4: Deconfined magnetic monopoles in spin ice. (a)Spin ice ground state
with ice rule satisfied in all tetrahedra. (b)Flipping one spin from the ground state cre-
ates net magnetic charges(magnetic monopoles) on neighboring tetrahedra. (c)These
pair of monopoles can be separated without any further energy cost by subsequent
spin flips.
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The classical spin ice model demonstrates how a spin liquid state can arise due

to geometrical frustration. It is actually a rare geometrically frustrated model whose

ground state spin correlation and low energy excitations are well understood theo-

retically and have been experimentally observed in real materials.23 Quantum spin

models on frustrated lattices are generally less understood22 and experimental study

of materials that host such models would not only give insight for a deeper theoretical

understanding but also provide platforms for possible future applications that make

use of the peculiar properties of spin liquids.

Tremendous progress has been made in the experimental search for spin liquids

with several materials emerging as promising candidates.1 Definitive evidence for a

quantum spin liquid material however remains elusive. This is partly due to the fact

that a spin liquid state is defined by what it is not: a ground state that does not

beak any symmetry1 thus conclusive evidence requires a comprehensive experimental

exclusion of any possible form of symmetry breaking. Another reason is that in real

materials crystal defects come into play in various ways. For example ZnCu3(OH)6Cl2,

a material that could host the spin-1
2
kagome Heisenberg model, has ∼ 15% impurity

spins between kagome layers29 that could complicate experimental probing of low

energy spin dynamics that is due to spins in the kagome layers. A recent experimental

study of a pyrochlore lattice material Tb2+xTi2−xO7+y showed that a minute change

of stoichiometry with x ∼ 0.005 can drive the material from a disordered to an

ordered state.30 This demonstrates that the properties of frustrated magnets can

11
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be extremely sensitive to crystal defects so that potential model materials must be

carefully characterized.

This thesis presents an experimental study of frustrated magnets that do not form

conventional magnetic long range order. The aim is to investigate their magnetic

ground state and the corresponding excitations under the influence of frustration,

which arises from competing interaction and/or geometrical frustration, to explore

how a spin liquid state could be realized in real materials and the roles played by

perturbations to the model spin Hamiltonians. Pr2Zr2O7, NiGa2S4, and SrHo2O4,

whose magnetic lattices are the 3D pyrochlore lattice, the 2D triangular lattice, and

the 1D zig-zig ladders respectively, were studied extensively through a combination

of neutron scattering and bulk physical property characterizations. Each of these

compounds forms an individual chapter in the thesis:

Chapter 2 describes the material synthesis and the experimental characterization

of low temperature spin correlations for Pr2Zr2O7. A strong correlation between

physical properties and stoichiometry of Pr2+xZr2−xO7−x/2 was found and an optimal

single crystal growth condition of stoichiometric Pr2Zr2O7 was established. Despite

apparent similarity to classical spin ice, Pr2Zr2O7 was found to be dominated by

quantum spin fluctuations at low temperature that originate from a combination of

inter-spin interactions and peculiar single ion magnetic properties.

Chapter 3 focuses on the the low temperature magnetic excitation from the spin-1

triangular lattices in NiGa2S4, where the spin correlation length remains anomalously

12
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short down to temperatures much lower than the interaction energy scale. Our neu-

tron scattering experiment shows an unconventional broad continuum of excitations

that cannot be explained by conventional spin wave theory.

Chapter 4 presents an experimental realization of J1 − J2 Ising spin chains in

SrHo2O4. A “disorder by order” mechanism among these chains that ultimately

prevents 3-dimensional long range order of the Ising spins was uncovered.

Most thermomagnetic measurements presented in this thesis were carried out on

an in-house Quantum Design Physical Properties Measurement System equipped with

a 14 T magnet and a dilution refrigerator. The neutron scattering experiments were

performed at the NIST Center for Neutron Research and the Oak Ridge National

Lab. A brief introduction of the neutron scattering technique and interpretation of

the scattering data can be find in Appendix. A.

Although the search for quantum spin liquid remains open, this thesis highlights

the various unexpected and interesting phenomena that occur near the spin liquid

phase. This indicates that frustrated magnets will continue to be a fruitful research

arena with great potential to expose novel forms of magnetism.

13



Chapter 2

Quantum Spin Ice Pr2Zr2O7

2.1 Introduction

As was introduced in Chapter 1, classical Ising spins with ferromagnetic interac-

tions on the pyrochlore lattice realize a spin analog of the disordered configuration

of protons in cubic water ice, so called spin ice. The ground state of the model is

a classical spin liquid that locally obeys the 2-in 2-out ice rule. This leads to dipo-

lar spin-spin correlations and a macroscopic ground state degeneracy that results in

residual entropy. The elementary excitations from spin ice can be described in terms

of deconfined magnetic monopoles.23

The classical spin ice model is realized in materials such as Ho2Ti2O7 and Dy2Ti2O7.

Here due to crystalline electric field (CEF) effects,14 Ho3+ and Dy3+ have a magnetic

doublet ground state with spins mainly along the local 〈111〉 directions of the tetrahe-
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dra. The gap to the first excited CEF level is large (Δ ∼ 300 K), so at temperatures

comparable or lower than the interaction energy scale (∼ 1 K) the doublet can be

regarded as a classical Ising spin. The ferromagnetic interactions, a key ingredient

in the spin ice model, is provided by the dipole-dipole interactions between the large

magnetic moments (∼ 10 μB) of Ho3+ and Dy3+.23 The defining characteristics of

spin ice including residual entropy, dipolar spin correlations, and magnetic monopole

excitations have been observed experimentally in these materials.7,31,32

In classical spin ice, spin dynamics is driven by thermal fluctuations or exter-

nal magnetic fields and the motion of magnetic monopoles is diffusive. Also, since

magnetic monopoles cost a finite energy determined by the exchange constant J , the

system falls into a frozen state with negligible spin dynamics for T 
 J .

Spin ice becomes more interesting when dressed by quantum effects. By introduc-

ing quantum tunnelling processes between different ice states, the ground state can

become a coherent superposition of the ice manifold with an emergent U(1) gauge

symmetry. This state is called a U(1) quantum spin liquid.2,33 Correspondingly,

fluctuations in the gauge fields generate gapless gauge bosons that are analogues to

photons in conventional electromagnetism. The existence of these artificial photons

can be indicated from features in the bulk measurements, such as saturation in DC

magnetic susceptibility in the zero temperature limit and a large low temperature

T 3 contribution to the heat capacity. The most direct indication however, would be

through the dynamical structure factor which can be measured by inelastic neutron
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scattering.34

Quantum tunnelling among ice states can be enhanced by quantum mechanical

exchange interactions.35 A generic spin Hamiltonian on the pyrochlore lattice that

captures the nearest neighbor exchange interactions between the Ising spins can be

cast in the following form:6

H = −∑
<i,j>{JzzSz

i S
z
j − J±(S+

i S
−
j + S−

i S
+
j ) + J±±(γijS+

i S
−
j + γ∗

ijS
−
i S

+
j ) (2.1)

+Jz±[Sz
i (ζijS

+
j + ζ∗ijS

−
j ) + (ζijS

+
i + ζ∗ijS

−
i )S

z
j ]}.

Here Si is a pseudo spin-1
2
operator that represents the Ising doublet. γ, ζ are phase

factors that depend on the bond direction between Si, Sj. In classical spin ice, the only

non-zero interaction is Jzz that is provided by combination of crystal field and dipolar

interactions. The additional transverse terms that arise from exchange interactions

induce quantum dynamics within the ice manifold. Theoretical calculations show that

around the classical spin ice a U(1) quantum spin liquid phase exists in an extended

parameter space (Fig. 2.1)6

The first step towards an experimental study of quantum spin ice is to identify py-

rochlore materials with dominant exchange interactions. In Ho2Ti2O7 and Dy2Ti2O7

exchange interactions are much smaller than dipolar interaction as a result of large

magnetic moment size of Ho3+ and Dy3+. One way to overcome this is to use rare

earth elements with much smaller moment sizes, such as Pr and Yb. Strong low

16



CHAPTER 2. QUANTUM SPIN ICE PR2ZR2O7

Figure 2.1: U(1) quantum spin liquid exist in an extended parameter space around
the classical spin ice.6

temperature spin fluctuations have been observed in Pr2Sn2O7
36 and Yb2Ti2O7,

37,38

making them promising candidates.

Another Pr based candidate compound Pr2Zr2O7 is studied comprehensively in

this thesis.4,5 As has been seen in materials such as Tb2Ti2O7
30 and Yb2Ti2O7,

39

there can be strong correlations between physical properties and minute changes in

stoichiometry, so to obtain meaningful results it is crucial to systematically establish

this correlation and optimize the synthesis condition for Pr2Zr2O7. In the following

sections, I will first present the detail synthesis work that forms the foundation for

the study of the physical characteristics of this materials in the later sections.

17
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2.2 Pr2Zr2O7 Sample Synthesis

Pr2Zr2O7 crystallizes in space group Fd3̄m (Fig. 2.2). It is informative to write

the chemical formula as Pr2Zr2O6O
′, which highlights the fact that there are two

types of oxygen positions: O at 48f (x, 1/8, 1/8) and O′ at 8b (3/8, 3/8, 3/8). Pr

and Zr respectively occupy the 16d (1/2, 1/2, 1/2) and 16c (0, 0, 0) positions, and

the the pyrochlore structure is defined by just two parameters: the lattice constant

and the positional parameter x for O. For rare earth zirconates with general formula

Ln2Zr2O7, it has been shown the pyrochlore structure is favored when the lanthanoid

radius is larger than Gd, while smaller lanthanoids lead to a defect fluorite structure

(space group Fm3̄m) where Ln and Zr are disordered and O′ is randomly distributed

between 8b and 8a (1/8, 1/8, 1/8) sites.40 Pr has a radius larger than Gd and thus is

expected to form the pyrochlore structure, however site mixing between Pr and Zr and

disorder in oxygen might still occur locally during synthesis requiring careful post-

synthesis characterization. What is more, Pr was found to evaporate during floating

zone synthesis of single crystal Pr2Zr2O7,
41 so the stoichiometry of floating zone grown

Pr2Zr2O7 is a key factor that needs to be monitored and optimized. To this end, we

systematically synthesized and characterized polycrystalline Pr2+xZr2−xO7−x/2 with

−0.02 ≤ x ≤ 0.02.

18
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Figure 2.2: Crystal structure of Pr2Zr2O7. Yellow, green, and red spheres represent
Pr, Zr, and O atoms respectively. Pr and Zr each form interpenetrating pyrochlore
lattices.
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2.2.1 Polycrystalline Pr2+xZr2−xO7−x/2

Polycrystalline Pr2+xZr2−xO7−x/2 was prepared by heating the starting materials

Pr6O11 and ZrO2 at temperatures of 1250 ◦C, 1500 ◦C, and 1550 ◦C in air for 8 hr

respectively with intermediate grinding:

Pr6O11 + 6ZrO2 → 3Pr2Zr2O7 + O2 (2.2)

x in Pr2+xZr2−xO7−x/2 was controlled by the corresponding Pr/Zr ratio in the starting

materials. The powder was then sealed in a rubber tube, evacuated, and compacted

into a rod (typically 5 mm in diameter and 80 mm long) using a hydraulic press under

an isostatic pressure of 70 MPa. After removal from the rubber tube, the rods were

sintered again at 1550 ◦C for 10 hr in air. These sintered rods typically have a light

brownish color (Fig. 2.3(a)). It is known that the color of Pr ions changes from dark

black to green as its oxidation state changes from Pr4+ to Pr3+.42 Thus the brownish

color is an indication of extra oxygen inclusion that cause some Pr3+, the expected

oxidation state of Pr in Pr2Zr2O7, to be converted to Pr4+. This is not surprising

since the sintering is carried out in air. Zr ions generally have oxidation state of Zr4+

unless under extreme condition, so the Zr oxidation state is not considered a variable

in this material. To obtain the proper oxygen content, the rods were sintered once

more in a four-mirror optical floating zone furnace (Crystal Systems Inc. FZ-T-4000-
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H-VII-VPO-PC with 4×1 kW halogen lamps) using 80% of the lamp power in a 1

bar static high purity Argon atmosphere. After this extra sintering process, the color

of the rods turned green, the expected color for Pr3+ (Fig. 2.3(b)).

Figure 2.3: Polycrystalline Pr2Zr2O7 before(frame (a)) and after(frame (b)) sinter-
ing in Argon atmosphere. (c)A representative Pr2Zr2O7 single crystal grown under 1
bar static high-purity argon atmosphere using an optical floating zone image furnace.4

The first salient feature that changes systematically with x is the lattice parameter.

This was probed by room temperature powder X-ray diffraction using an in-house

Bruker D8 Focus X-ray diffractometer. Silicon was used as an internal normalization

standard for lattice constant. The result is shown in Fig. 2.4, which reveals a quasi-

linear relation between lattice constant and x, and that stoichiometric Pr2Zr2O7 has

a lattice constant of a = 10.70254(4) Å.

In addition to the lattice parameter, bulk properties of Pr2+xZr2−xO7−x/2 includ-

ing magnetic susceptibility and heat capacity show systematic correlation with x

21



CHAPTER 2. QUANTUM SPIN ICE PR2ZR2O7

Figure 2.4: Lattice parameters of polycrystalline Pr2+xZr2−xO7−x/2 at different x
shows an increase in lattice parameter as the Pr/Zr ratio increases. The solid line is
a linear fit through the data points, which corresponds to da/dx = 0.37 Å.4
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(Fig. 2.5). Temperature-dependent magnetization was measured under magnetic

fields of H = 0.1 T between T = 2 and 150 K and 0.5 T for T ≥ 150 K after

zero field cooling. The temperature dependent heat capacity was measured above

T = 2 K using the semiadiabatic relaxation technique. Both were measured using a

Quantum Design Physical Property Measurement System (PPMS).

The inverse magnetic susceptibility (Fig. 2.5(a)) shows a systematic shift with

x. To quantify the change, Curie-Weiss fittings were carried out for data points with

2 K ≤ T ≤ 20 K. The upper limit in temperature was chosen to reduce influences from

higher CEF levels (Fig. 2.6). The fitting results reveal both the Weiss temperature

and the effective moment size increase with x. It is worth noting that the Weiss

temperature changes by a factor of 5 for a minute change of x from −0.02 to 0.02,

illustrating the extreme sensitivity of the physical properties of Pr2+xZr2−xO7−x/2 to

stoichiometry. The specific heat also changes monotonically with x, for example, CP

at T ∼ 10 K changes by a factor of 2 over the range of x probed in this study.

These large changes in physical properties could indicate changes in crystal struc-

ture with x. To look for changes in the average crystal structure of Pr2+xZr2−xO7−x/2,

high resolution synchrotron X-ray diffraction measurements were carried out on 11-

BM at the Advanced Photon Source of Argonne National Laboratory. Surprisingly,

the Rietveld refinements (Fig. 2.7,Table. 2.1) show that all samples retain the ideal

pyrochlore structure, and apart from the expected inclusion of extra Pr on Zr sites for

positive x and extra Zr on Pr sites for negative x, there is no additional site mixing
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Figure 2.5: T− dependence of inverse magnetic susceptibility (a) and specific heat
(b) of polycrystalline Pr2+xZr2−xO7−x/2 samples. Insets zoom in at low temperatures
and demonstrate systematic changes in bulk properties as x varies.4
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Figure 2.6: Curie-Weiss fitting results of magnetic susceptibility show changes of
effective moment size Peff and Curie-Weiss temperature CW T as a function of x.

between Pr/Zr. Further test of possible oxygen vacancies on 48f and 8b sites or oxy-

gen inclusion on the vacant 8a site showed no statistically significant improvement in

fitting.

The change of Pr/Zr ratio in the range studied here thus does not seem to have

a significant effect on the average crystal structure of Pr2+xZr2−xO7−x/2, thus the

question arises as why the physical properties vary so drastically with x. A possible

scenario comes from the observation that the X-ray data is best fit with anisotropic

thermal parameters for Pr and the thermal ellipsoid of Pr takes a pancake-like shape

with the short axis along the local 〈111〉 directions. This is reminiscent of the situ-

ation in Bi2Ti2O7 and Bi2Ru2O7 where the pancake-like thermal ellipsoid was found
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Figure 2.7: Rietveld refinement of synchrotron X-ray data of Pr2+xZr2−xO7−x/2

for (a) x = 0, (b) x = 0.02, and (c) x = +0.02. (d) As an example of measurement
sensitivity to Pr/Zr site mixing, the change in model intensity for the (311) pyrochlore-
only reflection for various mixing ratios is compared to the observed data for x = 0.
(e) The changes in the (311) pyrochlore reflection with composition is accurately
modeled by the changes in Pr/Zr ratio, without any additional Pr/Zr mixing. (f)
The ratio of mean square displacements (< u2

1 > / < u2
3 >) of Pr versus x, with a

guide to the eye.4
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Table 2.1: Rietveld refinements results for Pr2+xZr2−xO7−x/2.
4

Parameter Pr2.02Zr1.98O6.99 Pr2Zr2O7 Pr1.98Zr2.02O7.01

a (Å) 10.710322(3) 10.703798(3) 10.694711(3)
Cell Volume 1228.5918(6) 1226.3480(6) 1223.2272(6)

Pr

occ*(Pr/Zr) 1.0/0 1.0/0 0.99/0.01
Ueq (Å2) 0.0083 0.0078 0.0084
U11 = U22 = U33 (Å2) 0.00825(3) 0.00776(3) 0.00844(2)
U12 = U23 = U13 (Å2) -0.00109(10) -0.00121(9) -0.00161(7)

Zr

occ*(Pr/Zr) 0.99/0.01 1.0/0 1.0/0
Ueq (Å2) 0.0044 0.0043 0.0054
U11 = U22 = U33 (Å2) 0.00440(4) 0.00428(4) 0.00559(3)
U12 = U23 = U13 (Å2) 0.00003(14) 0.00043(13) 0.00077(10)

O
x 0.33368(15) 0.33391(15) 0.33428(10)
occ* 1.0 1.0 1.0
Uiso (Å2) 0.0076(4) 0.0080(4) 0.0081(3)

O′ occ* 1.0 1.0 1.0
Uiso (Å2) 0.0113(10) 0.0085(9) 0.0069(6)
χ2 4.071 6.802 3.285
Rwp(%) 12.08 12.01 8.69
Rp(%) 9.83 9.68 7.31
R2

F(%) 4.96 5.15 3.47
*occupancies were fixed at nominal values.
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to be a result of incoherent Bi3+ off-centering due to the lone pair effect.43 If Pr off-

centering indeed occurs in Pr2+xZr2−xO7−x/2, one could expect the single ion magnetic

properties of Pr3+ to be strongly correlated with the extent of off-centering through

CEF effects and this would dramatically change the low temperature magnetic prop-

erties of Pr2+xZr2−xO7−x/2. In support of this, it is found that the ratio of the long

axis to the short axis of the thermal ellipsoid (< u2
1 > / < u2

3 >), which quantifies the

distortion, changes monotonically with x as shown in Fig. 2.7(f). The observation

that the distortion is not minimal at the stoichiometric point suggests intrinsic Pr

off-centering in Pr2Zr2O7 that warrants further investigation.

2.2.2 Single Crystal Synthesis of Pr2Zr2O7

Having established a phenomenological correlation between the stoichiometry of

Pr2Zr2O7 and physical properties including lattice parameter, magnetic susceptibility,

and specific heat, we are in a position to pursue synthesis of high quality stoichiometric

Pr2Zr2O7 single crystals.

Growth atmosphere and pressure, rotation rate, and growth rate are three key

parameters in floating zone synthesis of single crystals.44 Oxygen atmosphere was

found to enhance Pr evaporation during growth and the resultant crystals have black

color due to partial conversion of Pr3+ to Pr4+. Thus static 1 bar of high purity Argon

atmosphere was instead used and the crystals grown under such condition have the

correct green color (Fig. 2.3(c)).

28



CHAPTER 2. QUANTUM SPIN ICE PR2ZR2O7

To study the effect of rotation rate, floating zone growth of Pr2Zr2O7 was carried

out at fixed growth rate of 4 mm/hr at different rotation rates of 0, 3, 6, and 12

rpm. Back-scattered scanning electron microscope (SEM) was used to study the

microstructure of such grown crystals, as shown in Fig. 2.8. For the crystal grown at 0

rpm (Fig. 2.8(a)), there is an indication of spinodal decomposition where two kinds of

micro-size domains were formed. These can be qualitatively described as Pr-rich phase

(white region) and Zr-rich phase (dark region) since heavier Pr backscatters more

strongly than Zr. Application of rotation reduces the domain formation and produces

significantly more uniform microstructure, as shown in Fig. 2.8(b,c,d). A more careful

look at the microstructure near the surface of the crystals shows cumulation of Pr-rich

phase at the surface for fast rotation of 12 rpm, thus a rotation rate between 3 rpm

to 6 rpm is considered optimal.

Growth rate is another important parameter that needs optimization. In this

case, growth at rates from 1 mm/hr to 20 mm/hr were carried out. It was found that

the lattice parameter of the grown crystals increase monotonically as the growth rate

increases and saturates near that of stoichiometric polycrystalline Pr2Zr2O7 (Fig. 2.9).

This is consistent with the fact that Pr evaporates during growth so that slower growth

leads to more Pr deficiency, which results in a smaller Pr/Zr ratio and a smaller lattice

parameter as established in the powder study (Fig. 2.4). Correspondingly the growth

rate dependent physical properties (Fig. 2.10) follow the same trend as in the powder

study where the Pr/Zr ratio was tuned (Fig. 2.5). Crystals grown at high growth
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Figure 2.8: SEM back scattered micrographs of cross sections from the center (large
pictures) and surface (smaller pictures on the top right) of Pr2Zr2O7 single crystals
grown at (a) 0 rpm, (b) 3 rpm, (c) 6 rpm and (d) 12 rpm. A spinodal decomposition
is shown for the growth at 0 rpm, while application of the rotation of 3, 6 and 12
rpm produces a more uniform internal microstructure, with the highest rotation rates
driving excess Pr to the edges producing inhomogeneity at the surface.4
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rate, however, tend to develop cracks during growth due to more rapid temperature

change, thus an intermediate growth rate of 10 mm/hr was chosen to grow crack-free

crystals. In order to compensate for Pr loss during growth, an extra 1% Pr was

introduced in the starting feed rods.
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Figure 2.9: Lattice parameter of Pr2Zr2O7 single crystals grown at different growth
rates. Red dashed line shows the lattice parameter of stoichiometric polycrystalline
Pr2Zr2O7.

Thus the optimal floating zone growth condition for Pr2Zr2O7 was established as:

• Prepare starting feed rods with ∼ 1% extra Pr.

• Use growth rate of 10 mm/hr in combination with rotation rate of 6 rpm.

• Use 1 bar of static high purity Argon gas during growth.
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Figure 2.10: Temperature dependence of inverse magnetic susceptibility (a) and
specific heat (b) of single crystalline samples grown at different growth rates. Insets
show closer look at low temperatures. A crystal grown under optimized conditions
exhibits the same physical properties as the stoichiometric powder sample, demon-
strating its high quality.4
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A typical crystal grown under such optimal condition has a lattice parameter of

10.70227(5) Å, indistinguishable from the stoichiometric powder sample. And its

magnetic susceptibility and heat capacity also show close resemblance to that of the

stoichiometric powder (Fig. 2.10), which further confirms the high quality of the

crystal.

2.3 Spin Ice with Quantum Fluctuation

The successful synthesis of high quality single crystal Pr2Zr2O7 lays the foundation

for a detailed study of low temperature correlated magnetism of this material, which

will be described in the following two sections.

2.3.1 Crystalline Electric Field Level Scheme

The single ion magnetic properties of Pr3+ are the starting point for understanding

the low temperature magnetism of Pr2Zr2O7. Bulk magnetization measurements

along high symmetry axes revealed anisotropic magnetic moments that have easy

axes along local 〈111〉 direction,45 as in the classical spin ice materials Ho2Ti2O7 and

Dy2Ti2O7. For a direct probe of the CEF level scheme and wavefunctions we turn to

inelastic neutron scattering.

The experiment was performed on the ARCS spectrometer at SNS, ORNL46 on

single crystalline Pr2Zr2O7. Measurements were conducted at 7.8 K and 150 K with
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fixed incident neutron energies of 40 meV and 120 meV. For momentum space av-

eraging, the sample was rotated back and forth around the vertical [111] direction

during the measurements. CEF analysis focused on the data collected at 7.8 K.

CEF transitions being local excitations show up as flat modes in the Energy-

Momentum (E −Q) intensity maps. From the experimental data, 5 CEF transitions

were identified, as shown in Fig. 2.11. These are at energy transfers near 9.5 meV,

57.1 meV, 81.9 meV, 93.2 meV, and 108.7 meV. Two extra flat levels at around 66.5

meV and 71.7 meV were identified as vibrational excitations because the inelastic

scattering intensity was found to grow with increasing |Q| while the intensity of

magnetic excitations should decrease with |Q| due to the magnetic form factor.47

Figure 2.11: E − Q slices measured on Pr2Zr2O7 at 7.8 K with incident neutron
energy of 40 meV(a) and 120 meV(b). Blue arrows indicate the flat modes that are
inferred to be CEF transitions.

The two data sets with Ei of 40 meV and 120 meV were combined by matching

energy integrated incoherent nuclear scattering intensities. To reduce the effects from

phonon scattering, only data with scattering angles less than 24◦ for Ei = 40 meV and
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less than 30◦ for Ei = 120 meV were used. The spectra are shown in Fig. 2.12. CEF

peak positions and intensities were extracted by fitting the data to Gaussians with

polynomial backgrounds: the peak around 9.5 meV was fitted with one Gaussian and

a second order polynomial background. The peaks between 50 meV and 120 meV were

fitted with six Gaussians and a third order polynomial. The full width at half maxi-

mum (FWHM) for peaks near 57.1 meV, 81.9 meV, 93.2 meV, and 108.7 meV were

constrained to follow FWHM(E) =
√

(2�γ)2 + FWHMC(E)2, where FWHMC(E) is

the calculated FWHM for ARCS at energy transfer E. The best fit value of �γ was

2.2 ± 0.1 meV and can be associated with a level independent bandwidth resulting

from dispersion, a magneto-elastic decay rate, or a static disorder distribution. The

CEF peak positions and energy integrated intensities thus obtained were subsequently

used in the least squares fitting procedure described below.

The CEF Hamiltonian for Pr3+ in D3d symmetry in Pr2Zr2O7 takes the form of48

HCEF = B0
2O

0
2 +B0

4O
0
4 +B3

4O
3
4 +B0

6O
0
6 +B3

6O
3
6 +B6

6O
6
6. (2.3)

Here Om
n are Stevens Operator Equivalents.49 CEF levels and eigenvectors were ob-

tained through numerical diagonalization, and the transition matrix elements between

eigenvector |i〉 and |j〉 were calculated using Tij =
∑

α | 〈i| Jα |j〉 |2, where Jα is the

total angular momentum operator and α = x, y, z. A simultaneous fit of the neutron

spectrum as represented by the peak positions and integrated intensities and the tem-
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Figure 2.12: Combined neutron spectrum obtained with two different incident beam
energies, Ei = 40 meV and 120 meV at T = 7.8 K. The blue dashed line denotes
fitted backgrounds. The red solid line is the calculated best fit. Inset: Temperature
dependence of the inverse magnetic susceptibility. The red solid line in the inset is
the calculated best fit based on the same crystal field parameters (Table. 2.2 and
Table. 2.3) as used to described the inelastic neutron scattering data.5
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perature dependent magnetic susceptibility (50 K ≤ T ≤ 350 K, H ‖ (111)) was used

to determine the CEF parameters Bm
n . The magnetic susceptibility was assumed to

take the form of χ = χ0/(1 + λχ0), where χ0 is the single ion susceptibility calculated

using the Van Vleck formalism:50

χ0 =
∑

i,j,Ei=Ej

|〈i|m · eH |j〉|2
kBT

ρi +
∑

i,j,Ei �=Ej

|〈i|m · eH |j〉|2
Ej − Ei

(ρi − ρj). (2.4)

Herem is the magnetic moment operator, eH is the direction of the applied field, ρi =

e−βEj/Z with Z the partition function, and i, j run over all the crystal field eigenstates.

χ0 was averaged over four inequivalent Pr3+ sites. The best fit interaction parameter,

λ was found to be 14.6 ± 0.3 mole-Pr/emu. The CEF level scheme and transition

matrix elements were then used to fit the experimental intensity data, allowing an

overall intensity scale and the FWHM for each peak to vary. The corresponding

fitting result is shown in Fig. 2.12. A summary of the CEF scheme thus obtained is

shown in Table. 2.2 and Table. 2.3.

Table 2.2: Experimental CEF parameters for Pr2Zr2O7 in meV.5

B2
0 B4

0 B4
3 B6

0 B6
3 B6

6

-0.928 -0.0362 0.295 0.000664 -0.00228 0.00435

It was found that the CEF ground state is a magnetic doublet that is separated

from the first excited state by ∼ 9 meV. Thus at low temperatures (kBT 
 9 meV)

only the ground state doublet need be considered. The ground state doublet wave-

functions mainly consist of |±4〉 states, giving rise to the strong 〈111〉 anisotropy
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Table 2.3: CEF spectrum and wave functions for Pr2Zr2O7.
5

E (meV) | − 4〉 | − 3〉 | − 2〉 | − 1〉 |0〉 |1〉 |2〉 |3〉 |4〉
0 0 0 -0.094 0 0 -0.252 0 0 0.963
0 0.963 0 0 0.252 0 0 -0.094 0 0

9.53 0 -0.271 0 0 -0.924 0 0 0.271 0
57.15 0.008 0 -0.115 -0.028 0 -0.958 0.003 0 -0.262
57.15 -0.262 0 -0.003 0.958 0 -0.028 -0.115 0 -0.008
81.92 0 -0.653 0 0 0.383 0 0 0.653 0
93.21 0 0.707 0 0 0 0 0 0.707 0
108.73 0.060 0 0.147 0.134 0 -0.020 0.978 0 0.009
108.73 -0.009 0 0.978 -0.020 0 -0.134 -0.147 0 0.060

observed in magnetization measurements.45 While the non-negligible inclusion of

|±2〉 and |±1〉 enhances transverse fluctuations that are negligible in Ho2Ti2O7 and

Dy2Ti2O7.
51

2.3.2 Bulk Properties: Magnetic Susceptibility and

Specific Heat

To go from single ion magnetic properties to collective magnetism, I will start with

the thermomagnetic characterizations of Pr2Zr2O7. The DC magnetization above 2

K was measured using a commercial SQUID magnetometer at a field of 1000 Oe. The

temperature dependence of the AC susceptibility with an excitation field of 0.3 Oe

below 5 K was measured down to 20 mK in a dilution refrigerator through a mutual

inductance method. For both measurements, the field was applied along the [111]

direction. The AC susceptibility data sets were scaled to data collected at 1000 Oe
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for temperatures above 2 K. For all data, a demagnetization correction was made

with a demagnetization factor N = 0.2. The specific heat was measured using a

PPMS dilution refrigerator down to 0.07 K and a thin platelet single crystal with

[111] surface normal.

No sharp transition was found in the magnetic susceptibility down to 20 mK, as

shown in Fig. 2.13. This indicates the absence of magnetic long range order, which

is a necessary condition for a spin liquid ground state. Instead, a frequency depen-

dent response was observed, with peak positions T0(f) in the imaginary part of AC

susceptibility χ′′ that shift to lower temperatures for decreasing frequencies. The mea-

surement frequency versus 1/T0(f) follows the Arrhenius law f = f0exp(−Δχ/T0(f))

with an activation energy of Δχ = 1.62(3) K. This spin freezing phenomenon seems

similar to that in the classical spin ice Dy2Ti2O7,
52 however, the limiting frequency

f0 ∼ 1 MHz from the Arrhenius law fitting is three orders of magnitude larger than

for Dy2Ti2O7, and the low temperature limit in χ′ approaches half of the peak value

in Pr2Zr2O7 while it is vanishing in Dy2Ti2O7. All these point to a more dynamical

ground state in Pr2Zr2O7.

Specific heat measurements provide further supporting evidence, in the absence of

any sharp anomaly (Fig. 2.14). There are several contributors to the specific heat that

correspond to different degrees of freedom and energy scales. At high temperature,

lattice vibrations and higher CEF levels are the main players, and upon cooling

lower energy fluctuations due to collective correlations between the CEF ground state
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Figure 2.13: (a)Real part of the AC-susceptibility (χ′). Inset: Inverse DC-
susceptibility from 10 to 2 K. (b)Imaginary part of the AC-susceptibility (χ′′). Inset:
Measurement frequency vs. inverse freezing temperature defined as the peak temper-
ature for χ′′(T ). The solid line denotes a fit to the Arrhenius law, which yields an
activation energy Δχ = 1.6 K.5
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doublets become dominant. At even lower temperature nuclear spins will come into

play. The lattice contribution was estimated from measurements on the non-magnetic

analog La2Zr2O7 and the contribution from higher CEF levels was calculated from the

CEF level scheme determined from neutron CEF measurements. The low temperature

magnetic and nuclear part of the specific heat (CMN) was obtained after subtracting

these two contributions from the experimental data. CMN shows a broad peak at ∼ 3

K that indicates development of spin correlation, and an upturn for T ≤ 0.3 K. The

degenerate nuclear spin levels (I = 5/2) of Pr (141Pr, 100% natural abundance) can

be split through hyperfine coupling with the electronic magnetic moments and this

gives rise to a peak in the specific heat at low temperature called a nuclear Schottky

anomaly53 of the following form

CSch = NkB
α2

4I2
[

1

sinh2(α/2I)
− (2I + 1)2

sinh2((2I + 1)α/2I)
]. (2.5)

α = Ahf(μ
(Pr)
hyp /gJ)I/kBT. (2.6)

Here, N and kB are Avogadro’s number and the Boltzmann constant, I = 5/2, and

Ahf = 0.052 K54 are the nuclear spin and hyperfine coupling constant for 141Pr. gJ

= 4/5 and μ
(Pr)
hyp are Lande’s g-factor and the static Pr3+ magnetic dipole moment,

which determines the hyperfine field.

Assume μ
(Pr)
hyp to be the effective moment size (μeff = 2.5μB) of Pr3+ deduced

from Curie-Weiss fitting of DC susceptibility (Inset in Fig. 2.13(a)), the calculated
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CSch produced a specific heat peak that is much larger that the experimental low

temperature upturn. To account for the experimental data, a modified expression for

the nuclear hyperfine specific heat is instead used: CN = f × CSch (Solid blue curve

in Fig. 2.14(a)). Here, f = 0.37 is a dimension-less reduction factor representing

the fraction of Pr sites with a dipole moment μ
(Pr)
hyp = 0.82μB. The fact that f <

1 and μ
(Pr)
hyp < 2.5 μB may reflect low energy electronic spin fluctuations55 and/or

inhomogeneity associated with impurities.

Assigning in this way the low T upturn to nuclear spins, the electronic entropy ob-

tained by integrating CM/T = (CMN−CN)/T up to 20 K is ΔSM = 0.75R ln 2, which

is close to the value of R ln 2−R/2 ln(3/2) = 0.71R ln 2 for classical ice7 (Fig. 2.14(b)).

The inferred zero-field magnetic component CM shows activated T−dependence be-

tween 2 K and 0.2 K (Inset in Fig. 2.14(a)). The corresponding activation energy is

ΔC = 0.72(1) K, which is approximately half of that associated with AC-susceptibility

data Δχ = 1.62(3) K. Note that since there is no a priori reason to exclude the

possibility that the low T upturn might also contain electronic contribution, the in-

terpretation of specific data presented here is not unique.

2.3.3 Elastic and Inelastic Neutron Scattering

For a more direct view of the low energy spin dynamics in Pr2Zr2O7, neutron

scattering measurements were carried out on the Multi Axis Crystal Spectrometer

(MACS)56 at NIST Center for Neutron Research. One Pr2Zr2O7 crystal (40 mm ×
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Figure 2.14: (a)Magnetic and nuclear part of the specific heat CMN for Pr2Zr2O7

after subtracting lattice and CEF contributions in zero field (open blue circle). A re-
fined estimate CM = CMN−CN (filled blue circle) was obtained by subtracting a scaled
nuclear Schottky-like anomaly (solid blue line). CM for Dy2Ti2O7

7 is also shown for
comparison (filled green square). Inset: CM versus 1/T on a semi-logarithmic scale.
The solid line denotes a fit to an Arrhenius law between 2 to 0.2 K, which yields an ac-
tivation energy of 0.72(1) K. (b)Magnetic entropy ΔSM (filled blue circle) for Pr2Zr2O7

calculated from CM. Open green squares show ΔSM for Dy2Ti2O7.
7The dashed black

lines denote the entropy for a two level system (R ln 2) and the spin ice entropy defined
as the difference between R ln 2 and the Pauling entropy of (1/2)(ln(3/2)/ ln 2)R ln 2
= 0.292R ln 2.5
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20 mm2 cylindrical single crystal) was mounted on an oxygen free copper holder and

aligned in the (HHL) plane. The measured neutron scattering data were normalized

to absolute unit by comparing to scattering from a known quantity of Vanadium, and

the details of this normalization procedure can be found in Appendix B.

Nominal elastic scattering measured at 0.1 K with final neutron energy Ef =

5 meV is shown in Fig. 2.15(b). High temperature measurement at 22 K was used to

subtract nuclear scattering contribution. The energy resolution for this configuration

is δE = 0.38 meV, thus the elastic scattering should be considered to probe quasi-

static spin correlations on the time scale of τ = �/δE = 2 ps. The observed broad

intensity modulation in Q-space is characteristic of a short-range correlated state.

There are, however, sharp features at (002), (111), and (1̄1̄1) where the intensity

modulation resembles a bow-tie like shape. These are called “pinch points” that arise

from the local 2-in 2-out ice rule.26 This is a direct evidence that at 0.1 K over a time

scale of ∼ 2 ps the spins in Pr2Zr2O7 are correlated in a similar fashion as in classical

spin ice.

The transverse width of the pinch points is a measure of the density of Pr tetra-

hedra that violate the ice rule,26 whence the monopole density. To determine this

density we used a high resolution configuration (Ef = 2.7 meV, δE = 0.12 meV) to

measure the pattern of elastic neutron scattering for temperatures below 15 K within

the (HHL) plane near the Q = (002) pinch point (Fig. 2.16). The pinch point width

ξ was extracted by fitting the following phenomenological model of scattering to the
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Figure 2.15: (a) Inelastic Q-map with energy transfer of 0.25 meV obtained after
subtracting the corresponding data at 15 K as background. The broad diffuse scatter-
ing pattern carries the symmetry of the crystal but cannot be associated with phonon
scattering, which is concentrated around strong nuclear Bragg peaks at low energies.
Instead we associate it with inelastic magnetic scattering. The fact that the scat-
tering is wave vector dependent further links it to inter-site quantum spin dynamics.
(b) Elastic Q-map with pinch points at (002), (111), and (1̄1̄1). By subtracting 22 K
data from 0.1 K data to cancel elastic nuclear scattering processes at Bragg peaks, we
obtain quasi-static spin correlations on the time scale of τ = �/δE = 2 ps. The black
ellipses at (002) in a and b indicate the full width at half maximum instrumental
resolution.5
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two-dimensional intensity maps:

S(q) = S(0)
(c · (q − 2c))2 + ξ−2

(q − 2c)2 + ξ−2
. (2.7)

where c ≡ 2π
a
ec is the reciprocal lattice unit vector along the c direction.

Both the quasi-static (τ > �/δE = 5.5 ps) total moment S(0), and the spin ice

correlation length ξ increase on cooling (Fig. 2.18). The low T limit, ξ0, indicates a

quasi-static monopole density of 1.2%. This can be compared to the ∼ 1% concen-

tration of Zr on Pr sites determined by single crystal synchrotron X-ray diffraction

on this sample.5 The fitting function, 1/ξ = 1/ξ0 + A/ exp(Δχ/T ), (black solid line,

Fig. 2.18(a)) describes the data well with the activation energy fixed at the value of

Δχ = 1.6 K extracted from AC-χ(T ) data. Furthermore, momentum-space-averaged

elastic neutron cross-section (Fig. 2.18(b)) shows that the observed elastic scatter-

ing at 0.1 K represents just 7(2)% of the total scattering expected from the CEF

ground state doublet, pointing to a predominantly dynamic magnetic ground state in

Pr2Zr2O7.

Fig. 2.15(a) shows the inelastic neutron scattering intensity map measured at 0.1 K

with energy transfer of 0.25 meV (Ef = 2.7 meV). The existence of low energy inelastic

neutron scattering at low temperature provides strong contrast with classical spin ice

materials where no inelastic neutron scattering is expected at similar temperatures.

As energy transfer �ω 	 kBT , these excitations are of a quantum - as opposed to a
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Figure 2.16: Temperature dependent elastic neutron scattering maps around the
absent Bragg peak (002) measured with Ef = 2.7 meV. A map of intensity acquired
at 15 K was used to subtract out nuclear scattering contributions. (a), (c), (e), and
(g) show experimental data at 4.25 K, 1.5 K, 0.5 K, and 0.1 K, while (b), (d), (f),
and (h) show the corresponding best fit based on Eq. 2.7.
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thermal - nature. The overall shape of the intensity modulation in momentum space

is similar to the elastic intensity map, but the pinch points have vanished. Since

pinch are associated with spin configurations that satisfy the ice rule, this suggests

the exited states are different from the ground state with the appearance of ice-rule

breaking tetrahedra, namely the creation of magnetic monopoles through a quantum

process.

To characterize in detail the excitation spectrum, energy scans at temperatures be-

tween 0.1 K and 15 K were carried out at Q = (003) (Fig. 2.17). No energy gap is ob-

served in the low temperature spectrum which sets an upper limit of ΔE = 0.2 meV on

any excitation gap. The spectrum takes the form of a continuum that broadens upon

warming. The 15 K data were used to subtract the temperature independent scat-

tering contribution from lower temperature measurements. Assuming the magnetic

response can be approximated by a single pole response function, χ = χ0Γ/(Γ− iω),

for all T , the function describing the difference between low T and 15 K data takes

the following form

I(T, ω) = (1 + n(T, ω))
χ0(T )Γ(T )ω

Γ(T )2 + ω2
− (1 + n(15 K, ω))

χ0(15 K)Γ(15 K)ω

Γ(15 K)2 + ω2
. (2.8)

Here n(T, ω) = 1/(eβ�ω − 1) and β = 1/kBT . Because there was no filter in the

incident beam, all monitor normalized data were corrected by an energy dependent

factor to account for the contribution to the monitor count rate from λ/2 neutrons.
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After subtracting the 15 K data the difference data sets were simultaneously fitted to

Eq. (2.8) convoluted with energy resolution function and with common parameters

for the 15 K response function. Data points where |�ω| ≤ 0.1 meV were excluded from

this analysis because they are affected by proximity to the elastic line and cannot be

described by Eq. 2.8. In this fashion we extracted a temperature dependent relaxation

rate, Γ(T ), as shown by the red solid symbols in Fig. 2.18(a). The red solid line

shows Γ(T ) =
√
(Γ0)2 + (CkBT )2, where C = 1.4(2). The crossover to linearity and

thus ω/T scaling is evidence of a regime for T > Jff where T is the only relevant

energy scale. In the low T limit, Γ ∼ 0.17 meV is similar to the spin flip energy

2Jff = Δχ ∼ 1.6 K inferred from AC-χ(T ).

The combination of thermomagnetic measurements and neutron scattering data

leads to several compelling characteristics of low temperature magnetism in Pr2Zr2O7:

• Strong quantum fluctuations: At T = 0.1 K, more than 90% of the magnetic

scattering cross section is inelastic, the attempt frequency associated with the

activated AC susceptibility is three orders of magnitude larger than for classi-

cal spin ice, and the nuclear Schottky anomaly is suppressed below that for a

classical frozen state both in terms of moment density and magnitude.

• Weak static correlations: Exponentially activated specific heat and AC sus-

ceptibility data, elastic magnetic neutron scattering, and the nuclear Schottky

anomaly consistently indicate some spin-freezing.
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Figure 2.17: Temperature dependent inelastic neutron scattering spectra at Q =
(003) after subtraction of data measured at 15 K. A correction to the monitor rate
was applied to account for order contamination in the unfiltered incident beam. The
fitting curve and the corresponding background resulting from subtraction of magnetic
scattering at T = 15 K to derive Γ are shown by red solid and blue dashed curves,
respectively. The solid black bar represents the instrumental energy resolution.
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Figure 2.18: (a)Temperature dependence of the spin ice correlation length ξice
(left) and the relaxation rate Γ (right). The black solid line denotes 1/ξice =
1/ξ0+A/ exp(Δχ/T ) with the activation energy fixed at the value of Δχ = 1.62(3) K.

The red solid line shows Γ(T ) =
√
(Γ0)2 + (CkBT )2, where C = 1.4(2). The black

horizontal dashed line indicates the mean distance between 1% of the Pr sites, which
according to synchrotron X-ray analysis are occupied by Zr. (b)Temperature depen-
dent elastic magnetic neutron scattering cross section from Pr2Zr2O7 inferred from
fits in Fig. 2.16. These data represent the quasi-static total moment squared, aver-
aged over the momentum space where the data were collected. The observed elastic
scattering represents just 7(2)% of the elastic scattering cross section associated with
a fully frozen state.5
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• Spin-ice-like correlations at long times: The wave vector dependence of the

lowest energy scattering detected features pinch points, the width of which is

consistent with the inferred chemical defect density.

All of these observations make Pr2Zr2O7 an unique material that is spin-ice-like

but with strong quantum fluctuations. A better understanding of the excitation

spectrum could provide further insight and constraint regarding the magnetic ground

state in Pr2Zr2O7 and this is the subject of the next section.

2.4 Random Transverse Fields on a Quan-

tum Spin Ice

In this section, through systematic inelastic neutron scattering measurements in

extensive temperature-magnetic field (T−H) phase space, the nature of the excitation

spectrum of Pr2Zr2O7 is explored, revealing an intricate interplay between spin and

lattice degrees of freedom in this non-Kramers spin system.

Single crystalline Pr2Zr2O7 samples were prepared by floating zone growth tech-

nique under optimized conditions as discussed in Sec. 2.2. 5 and 3 single crystals were

co-aligned for measurements in the (HHL) and (HK0) plane respectively, with total

mass of 9.5 g and 8.8 g (Fig. 2.19). Neutron scattering measurements were carried out

on the Disk Chopper Time-of-Flight Spectrometer (DCS)57 at NIST Center for Neu-
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Figure 2.19: Single crystalline Pr2Zr2O7 assemblies used for neutron scattering
measurements in (a) (HHL) plane and (b) (HK0) plane respectively.

tron Research. Unless otherwise noted data were collected with 5 Å incident neutron

wavelength. Experimental data were converted to absolute unit by normalization

with respect to nuclear Bragg peak (220).

Momentum space averaged data provide an overview of the excitation spectrum of

Pr2Zr2O7 and are shown in Fig. 2.20. At T = 1.4 K and H = 0 T, the spectrum takes

the form of a broad peak that extends to at lease 2 meV, consistent with previous

measurements on MACS (Fig. 2.17). This spectrum is rather broad considering the

energy gap ΔAC extracted from AC magnetic susceptibility measurement is only

1.6 K (Fig. 2.13). To understand why we examine temperature and magnetic field

dependence.

The field dependence of the spectrum provides the first insight. Strong 〈111〉 Ising

anisotropy of the spins predicts that for H ‖ (11̄0), spins are partitioned into two

sets of chains with different field projections along the easy axes, while for H ‖ (001),
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the angle from easy (111) type directions to the field axis are identical. As shown

in Fig. 2.20(a), spectrum measured under these two field directions show 2 and 1

components respectively, revealing that these excitations are influenced by the field

component along the easy axis and are of magnetic origin. The spectra measured

for different magnetic field strengths along (001) (Fig. 2.20(b)) show that the field

dependence is in fact rather nontrivial. For normal magnetic materials the application

of a magnetic field shifts the inelastic neutron scattering intensities to higher energies,

however in Pr2Zr2O7 there is only a loss of spectral weight at lower energies while the

spectral weight at higher energies stays almost invariant.

The unusual thermal evolution of the spectrum is a defining character of the

underlying excitations. Fig. 2.20(c) shows the spectrum measured with H = 4 T

‖ (001) at temperatures from 1.1 K up to 200 K. The Q-average inelastic neutron

scattering intensity was multiplied by a thermal factor Fth(T, �ω)

Fth(T, �ω) = (
eβ�ω/2

eβ�ω/2 + e−β�ω/2 + Z ′ )
−1 (2.9)

= (1 + e−β�ω + e−β�ω/2Z ′)

where β = 1/kBT , Z
′ =

∑
E′ e−βE′

with E ′ running through all CEF levels above

the ground state doublet as determined in Sec. 2.3. If the excitations correspond to

transitions between CEF ground state doublet levels that are, for some reason, split

by an energy gap of �ω, the normalized spectrum at different temperatures should fall
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on a single curve.58 This is found to hold true for measurements with |�ω| ≥ 0.9 meV.

This suggests that a quenched and perhaps inhomogeneous distribution of doublet

splitting is responsible for the higher energy part of the spectrum.

A closer look at the spectrum with momentum space resolution provides essen-

tial information regarding spin-spin correlations. This was done by making 2D cuts

through the 3D Q − E data set. Fig. 2.21 shows a series of such cuts along the

(H20) direction for various magnetic fields along (001) direction. A broad spectrum

is observed throughout Q space that moves up in energy with increasing field. No

discernible dispersion is observed. This contrasts with Yb2Ti2O7, another quantum

spin ice candidate material, where sharp spin wave modes emerge under field.37 The

main wave vector dependent aspect of the data is intensity modulation at the lower

edge with a maximum around (020). This modulation is more than what is expected

from magnetic form factor in the Q range probed, so it is inferred to be due to inter-

site spin correlations. The modulation diminishes at higher energies, consistent with

Fig. 2.20(c) where the high energy part of the spectrum is associated with splitting

of the CEF ground state doublet, a local excitation that carries no modulation in Q

space.

More information regarding spatial spin correlations is extracted through con-

stant energy slices through the data. Fig. 2.22 shows such slices covering the (HHL)

plane, with data folded into first quadrant for better statistics. Figs. 2.22(a)(c)

show measurements at H = 0 T. While no modulation is observed at high ener-

55



CHAPTER 2. QUANTUM SPIN ICE PR2ZR2O7

0.0

0.2

0.4
H || (001) 2 T
H || (1-10) 2 T

k i/
k f

 d
2 σ

/d
Ω

dE
(b

 S
r-1

 m
eV

-1
) (001)

(1-10)
(a)

0.0

0.4

0.8

0 T
2 T
4 T
6 T

H || (001)

k i/
k f

 d
2 σ

/d
Ω

dE
(b

 S
r-1

 m
eV

-1
)

(b)

0.0 0.5 1.0
Δ (meV)

0

2

4

ρ
 (Δ

) Jz
eff = 3.76

-2 -1 0 1 2
E (meV)

0.0

0.2

0.4
1.1 K
5.2 K
20 K
50 K
100 K
200 K

H || (001) 4 T

k i/
k f

 d
2 σ

/d
Ω

dE
 (1

+e
(-

β
ω

) +e
(-

β
ω

/2
) Z’

)
(b

 S
r-1

 m
eV

-1
)

(c)

Figure 2.20: Momentum space averaged spectrum for 0.5 Å−1 ≤ |Q| ≤ 2.2 Å−1 in
the corresponding scattering plane. (a) Spectrum for H ‖ (001), T = 1.4 K (black
circle) and H ‖ (11̄0), T = 0.2 K (red circle). |H| = 2 T in both measurements.
Inset is a schematic representation of the relative orientation of the applied field and
the spin directions. (b) Field dependent spectrum for H ‖ (001) at T = 1.4 K. The
distribution of transverse field ρ(Δ) extracted from the spectrum was shown in the
inset. The corresponding Zeeman gap energies are shown as dashed vertical lines,
data points above which were used to calculated ρ(Δ). For 0 field, data points with
E ≥ 0.1 meV were used to avoid elastic line. (c) Temperature dependent spectrum
for H ‖ (001), 4 T. A thermal distribution factor Fth were applied to the data.
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gies (Fig. 2.22(a)), a star-fish-like intensity modulation (Fig. 2.22(c)) is observed at

low energies that is consistent with previous measurements on MACS (Fig. 2.15(a)).

By applying a magnetic field along the (11̄0) direction, the low energy modulation

evolves into a single rod along (00L) that is characteristic of low dimensional corre-

lations (Fig. 2.22(e)). As previously mentioned, a magnetic field along this direction

segregates the pyrochlore lattice into two sets of disentangled chains. Correspond-

ingly this low energy scattering can be associated with Pr chains extending along the

(110) direction. For those spins the magnetic field lies perpendicular to the easy axis.

In Fig. 2.22(c), the intensity maxima at (111),(112),(113), and (222) are instrumen-

tal spurions that result from leakage of strong elastic scattering intensity, which has

contribution from both nuclear scattering and field induced magnetic scattering, into

the inelastic channel.

To sum up the experimental observation so far: (1) the high energy part of the

spectrum is consistent with scattering from split doublets, the distribution of which is

temperature independent up to 200 K. This is supported by the temperature depen-

dence of the spectrum (Fig. 2.20(c)) and the lack of Q dependence which is charac-

teristic of scattering from local excitations that do not involve inter-site interactions.

(2) Inter-site correlations are however, apparent for the the low energy part of the

spectrum which is modulated in Q space.

To understand the data I will start with the description of the single ion part

of the problem. Since the relevant energy range is well below the first excited CEF
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Figure 2.22: Q-maps in (HHL) plane. Data were folded into the first quadrant
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level (∼ 10 meV), it is a good approximation to work in the sub Hilbert space of

the ground state doublet. In this subspace, the total spin operator in the local frame

takes the form of Jx = 0, Jy = 0, Jz = Jz
effσz, with z the local 〈111〉 direction. Here σi

are the Pauli matrices and Jz
eff is the effective spin size of the ground state doublet.

Any splitting of this doublet can be effectively described in terms of a transverse field

Δ. Thus without loss of generality the single ion part of the spin Hamiltonian can be

written as

HSI = −gH · ezJ
z
effσz +Δσx (2.10)

Here g is the Landé g-factor, ez is the unit vector along the local easy axis. The first

term describes the Zeeman coupling and the second term accounts for the “intrinsic”

splitting of the doublet. I fix Jz
eff = 〈Jz〉 = 3.76 to the value determined from the

ground state doublet wavefunction as deduced from the neutron CEF study presented

in Sec. 2.3. This should be considered as a sample averaged value. The distribution

of energy gaps between the split doublets will be described in terms of ρ(Δ), the

distribution of transverse field Δ. For a certain distribution ρ(Δ) the corresponding

inelastic neutron scattering cross section can be calculated by

I(E) = C · (γr0)2(g/2)2| 〈φ1| Jz |φ2〉 |2ρ(Δ)
E

Δ · Fth(T,E)
(2.11)
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Here γ is the gyromagnetic ratio of neutron and r0 is the classical electron radius,

|φ1〉 , |φ2〉 are the two eigenstates of HSI, E = 2
√
(gH · Jz

effez)2 +Δ2 is the energy

splitting of the doublet, C is a numerical constant that contains information includ-

ing the average of the magnetic form factor and polarization factor. Thus through

Eq. (2.11) ρ(Δ) can be extracted from the measured spectrum, up to a numerical con-

stant. Eq. (2.11) also predicts the way the spectrum should change as a function of

magnetic field, thus if the proposed HSI is a good approximation of the real material

then ρ(Δ) extracted from data measured at different fields should be consistent. This

extraction of ρ(Δ) was carried out for the field dependent spectra in Fig. 2.20(b).

C in Eq. 2.11 was determined such that ρ(Δ) obtained from the 0 field spectrum is

normalized to unity, i.e.,
∫
ρ(Δ)dΔ = 1. As shown in the inset to Fig. 2.20(b), ρ(Δ)

extracted from data acquired at different fields all fall onto a single curve. This lends

strong support to HSI as a description of the low energy magnetism of Pr2Zr2O7.

For the zero field spectrum only data points with �ω ≥ 0.1 meV were used to avoid

influences from the elastic line. For finite fields, data points with �ω larger than the

Zeeman gap (2gH · Jz
effez) were used to extract ρ(Δ). The success of a single ion

description and the associated continuous distribution function ρ(Δ) indicates that

for Pr in Pr2Zr2O7 there is a broad range of random transverse fields on the CEF

ground state doublet extending at least up to 2 meV.

Elastic scattering measurements provide further information regarding the inho-

mogeneity of spins in Pr2Zr2O7. For H ‖ (001) all spins have the same field pro-
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jection, thus homogeneous spins should be uniformly magnetized and produce sharp

magnetic Bragg diffraction. In contrast, a broader line shape is expected for inhomo-

geneous spins due to inhomogeneous magnetization. Fig. 2.23(b) shows a comparison

between the line shape of (220) nuclear Bragg peak and that of the (200) magnetic

Bragg peak. There is indeed an additional tail to the magnetic peak shape. Note that

slight misalignment of H from (001) will not induce the long tale in the homogenous

case since as long as each unit cell is uniformly magnetized, the (200) magnetic peak

should be sharp like a nuclear Bragg peak.
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Figure 2.23: Longitudinal elastic cuts for magnetic (200) and nuclear (220) peaks
with H = 6 T ‖ (001), T = 1.5 K.

The Ising model with inhomogeneous transverse field (HSI) provides a good de-

scription of the high energy part of the inelastic spectrum. As for the lower energy

part of the spectrum where inter-site interactions are important, I consider the mini-

mal interacting Hamiltonian relevant to this material with only Spin Ice interactions
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(Jzz in Eq. 2.2):

HIT = −J
∑
〈i,j〉

JizJjz(eiz · ejz) +
∑
i

HSI (2.12)

Here 〈i, j〉 runs over distinct nearest neighbors. If ΔAC is regarded as the energy cost

for creating a single monopole, J can be estimated to be J = 0.016 meV. We treat the

interaction on the level of Random Phase Approximation (RPA),59 where the RPA

susceptibility χ(ij, ω) is solved self consistently through

χ(ij, ω) = χ0
i (ω)(δij +

∑
j′

J(ij′)χ(j′j, ω)) (2.13)

Here χ0(ω) is the single ion susceptibility due to non-interacting part of the Hamilto-

nian and J(ij) is the exchange constant between the spins at site i and j. The detail

implementation of the RPA calculation is described in Appendix. C.

The inhomogeneity in HSI makes it difficult to carry out the standard RPA cal-

culation, where χ0
i has the periodicity of the lattice. To a first approximation, I first

calculated the RPA susceptibility χ(ω,Δ) assuming all spins have homogeneous trans-

verse field Δ, then approximated the final susceptibility as a weighted average ρ(Δ),

χ(ω) =
∫
ρ(Δ)χ(ω,Δ)dΔ. The ρ(Δ) as calculated from the 0 T data in Fig. 2.20(b)

was used in this averaging procedure. Such an approach is expected to work well for

small Δ where ρ(Δ) is large, while for large Δ it is expected to overestimate corre-

lations since in reality a spin with large Δ is unlikely to find its neighbors to have
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similar Δ. The neutron cross section is related the imaginary part of the susceptibility

through Fluctuation Dissipation theorem:47

d2σ

dΩdE
(Q, ω) ∼ S(Q, ω) ∼ 1

1− e−β�ω
χ′′(Q, ω) (2.14)

Here S(Q, ω) is the correlation function that is measured by neutron scattering. All

the RPA results were scaled by a single factor to compare to the experimental data.

Fig. 2.22 (b),(d), and (f) show the RPA calculations are in excellent agreement with

the corresponding experimental results.

HIT has been shown to provide a good description of the excitation spectrum in

Pr2Zr2O7. A natural question at this point is what might be the physical origin of

the doublet splitting. Being a non-Kramers ion with an even number of electrons,

the CEF ground state doublet of Pr3+ is not protected by time reversal symmetry,

but instead by the local D3d point group symmetry. Thus the split doublet suggests

lowering of the local symmetry at the Pr site. Single crystal X-ray diffraction from

high quality Pr2Zr2O7 at 110 K shows no sign of a structural distortion from the ideal

pyrochlore structure, placing strict limits on any cooperative Jahn-Teller distortion.60

The deviation from pyrochlore symmetry is thus expected to occur locally and in a

manner that breaks translational symmetry. Recall that the structural study on

polycrystalline Pr2+xZr2−xO7−x/2 in Sec. 2.2 suggests Pr off-centering even in the

stoichiometric sample, thus this distortion is likely to be intrinsic to this material.
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The distortion can be static or dynamic. In the dynamic scenario Pr ions interact

with the lattice environment through magneto-elastic effect. Each Pr site is still

equivalent but exhibit a spectrum of splitting reflecting the phonon density of state.

The observation that the doublet splitting is stable up to 200 K ( Fig. 2.20(c)) and the

existence of inhomogeneous magnetization indicated by the tails of the field induced

Bragg like scattering (Fig. 2.23) suggests that the local distortion is in fact quenched.

This quenched transverse field is expected to have crucial influence on the low

temperature magnetism. On the single ion level, sites with Δ 	 max{T, Jff (Jz
eff )

2}

will be essentially non-magnetic and act as dilution to the magnetic pyrochlore lattice.

In addition, a distribution of splitting implies inhomogeneous exchange interactions

J since exchange is sensitive to the Pr-O configurations that determine the exchange

pathways. Thus Pr2Zr2O7 might be expected to be in or close to a spin glass ground

state as a result of frustration and site/bond disorder. Frequency dependent AC sus-

ceptibility shows indications of glassiness for T ≤∼ 0.3 K (Fig. 2.13). However, low

temperature magnetic specific heat CM shows activated behavior instead of the char-

acteristic T -linear dependence for a spin glass61 (Fig. 2.14). Strong low temperature

spin fluctuations as seen by inelastic neutron scattering are also inconsistent with a

conventional spin glass ground state.
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2.5 Conclusion

Our comprehensive study of Pr2Zr2O7 reveals a rather unique and complicated

low temperature magnetic state. On one hand, over long time scales spins are corre-

lated with each other according to ice rule as in the classical spin ice. On the other

hand, these spins remain highly dynamical down to temperatures much lower than

the interaction energy scale. There are two distinct contributions to the low temper-

ature quantum spin dynamics: a high energy part that corresponds to splitting of

the CEF ground state doublet and a low energy part that is influenced by inter-site

correlations. The persistence of correlated quantum spin dynamics down to low tem-

peratures makes Pr2Zr2O7 of interest in the pursuit of a quantum spin liquid ground

state. However, the existence of inhomogeneous doublet splitting raises the question

of whether a coherent quantum ground state can occur in a seemingly inhomogeneous

spin system.

One way to check whether Pr2Zr2O7 can realize a quantum spin liquid ground state

is to tune the doublet splitting through solid state chemistry. X-ray diffraction results

(Fig. 2.7(f)) show that the anisotropy of the thermal ellipsoid of Pr3+, a parameter

that might be related to the degree of Pr3+ off centering, decreases as the Pr/Zr ratio

increases. This means that by tuning the Pr/Zr ratio one can effectively modify the

degree of doublet splitting. Thus it might be possible to get close to a homogeneous

limit with minimal doublet splitting by adding more Pr, if the pyrochlore structure

remains stable at the required doping level.

66



CHAPTER 2. QUANTUM SPIN ICE PR2ZR2O7

Further study in these directions will not only deepen our understanding of Pr2Zr2O7

as a candidate material to realize quantum spin ice, but may elucidate the peculiar

properties of non-Kramers frustrated spin systems where lattice degrees of freedom

inevitably are closely linked to magnetism.
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Chapter 3

Continuum Excitation in NiGa2S4

3.1 Introduction

The triangular lattice antiferromagnet is a structurally simple realization of geo-

metrical frustration. While frustration and quantum fluctuations have the potential

to suppress ordering, it has been established that the nearest neighbor spin-1
2
trian-

gular lattice antiferromagnet enters a long range order ground state with 120◦ spiral

structure at the absolute zero temperature.62 This tendency to magnetic long range

order has been demonstrated in various materials that host triangular lattice anti-

ferromagnets63–73 with finite temperature transitions into magnetic long range order.

Several triangular lattice based materials however have been discovered that elude

long range order.74–77 Apart from weaker interlayer interactions, interactions beyond

the usual bilinear Heisenberg exchange interactions are believed to play important
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roles in suppressing conventional three-sublattice ordering. For example in the spin

liquid candidate triangular lattice compound κ-(BEDT-TTF)2Cu2(CN)3,
74 it was sug-

gested that charge fluctuations due to proximity to a metal insulator transition is key

to the putative spin liquid ground state.

NiGa2S4
76 is another triangular lattice material that remains magnetically disor-

dered at low temperatures. In this compound, Ni2+ ions form layers of apparently

un-distorted spin-1 triangular lattices that are attached though van der Waals dipolar

interactions. Consequently the magnetic inter-layer interactions are expected to be

extremely weak (Fig. 3.1). DC magnetic susceptibility measurements yield a Curie-

Weiss temperature θCW = −80(2) K indicating antiferromagnetic interactions with

an average strength of J̃ = |3θCW|/z/S(S + 1) = 1.72(4) meV where an average

coordination number of z = 6 was employed. A bifurcation between field cooled and

zero field cooled susceptibility at T ∗ = 8.5 K suggests some form of low tempera-

ture spin freezing. The temperature dependence of the magnetic specific heat has

no sharp anomaly down to 0.35 K but instead two broad peaks near |θCW| and T ∗.

The low temperature specific heat for T < T ∗ varies as T 2 which is consistent with

linearly dispersive excitations in 2-dimensions. Local magnetic susceptibility probes

such as NMR and μSR reveal critical slowing down of spin dynamics at T ∗. Spin

fluctuations on the MHz frequency scale however remain down to 2 K.78–80 Magnetic

neutron scattering uncovered development of an incommensurate short range ordered

state below T ∗ with a correlation length of only 6.9(8) lattice sites at 2 K.76,81 The
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characteristic ordering wave vector q0 was found to be incommensurate and close to

(1/6, 1/6, 0), which together with photoemission spectroscopy82 and first principle cal-

culation83 suggested the dominant exchange interaction is antiferromagnetic between

third nearest neighbors, J3. Weak ferromagnetic interactions, J1, between nearest

neighbors may account for the incommensurate shift to lower Q than (1/6,1/6,0).

The J1 − J3 triangular lattice Heisenberg model, however, has been shown to

develop a first order phase transition at a finite temperature where 3−fold rotation

symmetry is spontaneously broken.84 This seems to be at odds with the experimental

observations for NiGa2S4. It was also suggested that in addition to J1 and J3, a nearest

neighbor biquadratic interaction of the form −K
∑

〈i,j〉(SiSj)
2 might be relevant in

this material and gives rise to nematic spin-correlations.85–89 In particular, it was

proposed that the double peak structure in specific heat could be due to proximity

to a quantum critical point that separates a spiral and a nematic ground state in

the J1 − J3 −K model. The absence of the first order transition might be related to

nonmagnetic defects such as putative sulfur vacancies that might act as random fields

on the C3 bond order parameter.89 Whether nematic correlations are significant in

this material needs further investigation. One indication of nematic correlations is

the rather short spin-correlation length, which would seem to require an implausibly

high impurity density for a model with bilinear spin-spin interactions only.

The microscopic mechanism that induces spin disorder in NiGa2S4 remains unclear

at this point. Probing the excitations from the exotic low temperature state might
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provide useful information to resolve the mystery. In this chapter, a comprehensive

study of magnetic excitations in NiGa2S4 by inelastic neutron scattering will be re-

ported. A broad yet dispersive spectrum was observed, with an overall bandwidth

similar to |θCW|.

Figure 3.1: Crystal structure of NiGa2S4. (a) NiGa2S4 consists of a central layer
of NiS6 sandwiched between two layers of GaS4. (b) The diffraction data indicate
magnetic Ni2+ ions form perfect triangular lattices.

3.2 Experimental Techniques

19 single crystals of NiGa2S4 with total mass ∼ 1 g were co-aligned (with mosaic

∼ 1.5◦) in the (HK0) plane for the measurement (Fig. 3.2). The experiment was

carried out on the MACS instrument56 at the NIST Center for Neutron Research.

A final neutron energy of Ef = 3.6 meV (with energy resolution at the elastic line

δE = 0.20 meV56) was used for measurements with energy transfer �ω ≤ 4.5 meV,
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while Ef = 5 meV (δE = 0.39 meV56) was employed for measurement with �ω ≥

4.5 meV. Comparison of the scattering intensity at E = 4.5 meV measured under

both configurations showed that the neutron count rate with Ef = 5 meV is 2.0(1)

as large as that with Ef = 3.6 meV, thus a factor of 0.5 was applied to neutron

scattering intensities measured with Ef = 5 meV. To subtract out the contributions

in scattering from the aluminum sample holder and the cryostat, an aluminum sample

with similar mass to the sample holder as well as the empty cryostat were measured

separately at all experimental settings for background subtraction. Thus the data

presented below is mainly due to scattering from NiGa2S4. Since there was no filter

in the incident beam, monitor normalized data were corrected by an energy dependent

factor to correct for the contribution to the monitor count rate from λ/2 neutrons.

Considering from the 6-fold symmetry of NiGa2S4, constant energy slices collected for

an 180 degree range of sample rotation were folded into a sextant for better statistics.

3.3 Experimental Results

The development of short range magnetic order was probed by elastic scattering

maps measured at 2 K which show the appearance of magnetic superlattice peaks

(Fig. 3.3(d)). High temperature measurements at 20 K were used to subtract out

nuclear contributions. A cut along the Γ − K direction through the peak shows

the detailed line shape in Fig. 3.3(c). The peak is well described by a Gaussian
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Figure 3.2: Assembly of 19 single crystalline NiGa2S4 (∼ 1 g) co-aligned in (HK0)
plane.
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centered at an incommensurate position of q0 = (0.155(1), 0.155(1), 0), consistent

with previous neutron measurements on this material.76,81 The correlation length

derived from the data is 2/FWHM where FWHM is the full width at half maximum

of the peak, and yielded a rather short correlation length of ξ = 17.2(2) Å, which is

not inconsistent with ξ = 26(3) Å determined from previous measurements on this

material.81 The difference could be due to the relatively coarser energy resolution in

the current experiment.
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Figure 3.3: Neutron spectrum of NiGa2S4 measured at 2 K along different directions.
(a) Spectrum originating from the critical wave vector q0 perpendicular to Γ − K
direction. (b) Spectrum along three high symmetry directions of the reciprocal lattice:
Γ−K, K−M , andM−Γ. Black ellipses show representative instrumental resolutions.
(c) Elastic scan along Γ−K direction in frame (d). Solid line shows a Gaussian fit to
the data. The vertical dashed line shows the commensurate position of (1/6, 1/6, 0).
(d) Elastic scattering map measured at 2 K. Measurement at 20 K were used to
subtract out nuclear contributions. Dashed lines show Brillouin zone boundaries.
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Figure 3.4: Neutron spectrum of NiGa2S4 at q0, K, and M points obtained by
constant q cuts through data presented in Fig. 3.3(b). Black bars at E = 3 meV and
E = 8 meV show the corresponding energy resolution.
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The spectrum of magnetic scattering from NiGa2S4 was obtained by measuring

constant energy slices at 2 K with energy transfer �ω from 0.5 meV to 10.5 meV in

steps of 0.25 meV for �ω < 2.5 meV and 1 meV at higher energy transfer. Represen-

tative slices are shown in Fig. 3.5. At low energies, the inelastic scattering intensity

maps take the form of broad peaks centered around equivalent q0 positions. A broad

and weak intensity maximum is also visible at the K point. With increasing energy

transfer, �ω, the relative intensity ratio between K and q0 increases, and becomes

similar for �ω ∼ 4.5 meV. This is consistent with a dominant third neighbor interac-

tion J3. In fact, if only J3 was present the unit cell quadruples and (1/6,1/6,0), which

is close to q0, and K are equivalent locations in the Brillouin zone. At even higher

energy transfer, the intensity at K actually becomes dominant over that at q0, and

the top of the band is reached there for �ω ∼ 10 meV.

A slice through the three dimensional data set that contains the energy axis and

select directions in momentum space, rather than producing sharp dispersion relations

as expected for conventional spin wave excitations, produces ridges that are broad in

both E and q (Fig. 3.3(a) and (b)). Fig. 3.3(b) shows the spectrum along three high

symmetry directions of the Brillouin zone. A strong intensity ridge stems from q0,

and disperses along the Γ −K direction. Softening is apparent at the K point, but

consistent with the presence of nearest neighbor interaction J1 the gap does not close

as it does at q0. The M point is a quiet position with minimal magnetic scattering

intensity. Along the M−Γ direction, there is another intensity ridge near the position
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where q0 is closest to the M − Γ axis. An energy-momentum slice through the data

starting from q0 and extending along the direction perpendicular to Γ−K is shown

in Fig. 3.3(a).
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Figure 3.5: Representative constant energy slices of NiGa2S4 measured at 2 K.
Black circles at the K points show calculations of instrumental momentum space
resolutions.

The thermal evolution of the magnetic excitations provides another essential piece

of information to understand the nature of magnetism in NiGa2S4. This was probed
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by measuring temperature dependent constant �ω = 1.5 meV slices between 1.5

K and 130 K. Considering that the Curie Weiss temperature |θCW| ∼ 80 K sets the

temperature scale below which significant spin correlations are expected to develop, it

was assumed that the inelastic scattering intensity measured at 130 K is dominated by

phonon scattering. Since the temperature dependence of the one-phonon scattering at

different temperatures is governed by the Bose population factor,47 the measurement

at 130 K can then used to subtract the phonon scattering contribution from the lower

temperature measurements as follows:

Ĩ(T ) = I(T )− 1− e−�ω0/(kBT0)

1− e−�ω0/(kBT )
I(T0). (3.1)

Here I(T ) and Ĩ(T ) are intensities before and after phonon subtraction at temperature

T , respectively, and �ω0 = 1.5 meV, T0 = 130 K, and kB is the Boltzmann constant.

The resultant maps of Ĩ(T ) are shown in Fig. 3.6(a). The broad intensity peaks at

q0 sharpens upon cooling which provides evidence for the development of correlated

spin dynamics. The short range dynamical correlation persist up to at least |θCW| as

manifested by a still relatively well defined peak at q0 for temperature as high as 90

K.

To quantify temperature dependent dynamic correlations, the slices in Fig. 3.6(a)

were fit to a phenomenological scattering function based on a result from the random
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phase approximation (RPA):59

Ĩ(T ) =
1

1− e−E0/(kBT )

C0

1− χ0J(q)
F(|q|)2. (3.2)

Here J(q) = J1
∑

〈0j〉 e
−q·(rj−r0)+J3

∑
〈〈0j〉〉 e

−q·(rj−r0) is the lattice Fourier transform

of exchange constants. 〈 〉 and 〈〈 〉〉 represent restricted summation over nearest

neighbors and third nearest neighbors. We used J3 = −2.8 meV and J1 = −0.35J3

which were previously determined based on the Curie-Weiss constant and the critical

wave vector.81 F(|q|) is the magnetic form factor for Ni2+. The best fits are shown

in Fig. 3.6(b). It is apparent from Fig. 3.6 that Eq. 3.2 captures the salient features

of the experimental data: a strong peak around q0 and a weak response around the

K point. The parameters extracted from the fit C0 and χ0, are shown as a function

of temperature in Fig. 3.7. Both C0 and χ0 increase monotonically with decreasing

temperatures. If we take the RPA analogy a bit further and assume an isotropic

Curie response at the single ion level, χ0 is expected to follow a 1/T dependence.

The experimental χ0 has a rather weak T−dependence in the temperature range

probed and appears to saturate to a finite value at low temperatures. This could

be considered as a reflection of the strong correlations from frustration that cannot

be captured in a RPA description. The non-diverging nature of χ0 as T → 0 could

also be associated with the easy plane magnetic anisotropy, which is present in this
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material.77

I shall now discuss possible origins of the observed broad spectrum of excitations

that are observed. One possibility is that the finite correlation length of the under-

lying magnetic order implies that q is no longer a good quantum number for excited

states so a continuous spectrum is observed for fixed momentum transfer. In this

scenario, the long wave length low energy spin wave modes with the highest group

velocity near q0 are most severely broadened and could be expected to produce a ridge

of intensities centered around q0 as seen in the experiment. From the 0 K limit of the

magnetic specific heat and its T 2 dependence below T ∗, it was suggested that the low

energy excitations (�ω < kBT
∗) in NiGa2S4 are linearly dispersive modes that have a

coherence length of at least 500 lattice sites.3 To account for these inferred coherent

modes, it was proposed that they could be the Halperin-Saslow hydrodynamic modes

in the background of the short range ordered frozen moments.90 It seems that the

frozen short range order scenario is able to account for both the broad intensity ridges

observed in inelastic neutron scattering and the low temperature heat capacity. How-

ever, in this scenario the spin wave modes near the zone boundary, where the group

velocity vanishes, are not expected to be broadened by the finite correlation length

in the ground state, which is at odds with the experimental observation. Detailed

comparison between the experimental neutron spectrum with calculations such as the

spin wave spectrum from a short range order state could help to clarify this situation.

Another more exotic scenario is that the continuum neutron spectrum is due to
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Figure 3.6: Thermal evolution of dynamical spin correlations in NiGa2S4. (a) Con-
stant energy slices measured with E = 1.5 meV at different temperatures. Intensity
at 90 K were scaled by a factor of 2 for better visualization. (b) Fitting results of
experimental data in frame (a) as described in the main text.
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multi-particle scattering. The coherent modes seen in the specific heat could then be

some kind of exotic quasiparticles that can not be singly excited by neutrons, such

as excitations from a nematic ground state91 or a spin-1/2 spinon in a quantum spin

liquid. However, if the scattering involves only a small number of quasiparticles, there

should be a sharp lower bound to the continuum, as for the 2 spinon continuum in the

1D antiferromagnetic spin-1/2 chain.92,93 As shown in Fig. 3.4, the energy spectrum

for NiGa2S4 is rather broad with no sharp edges. It was recently proposed in the

case of spin-1/2 kagome lattice antiferromagnet that the lower bound of the 2 spinon

continuum could be dramatically blurred due to couplings between spinons and flat

bands of topological vison excitations, which act as momentum sinks.94 Whether a

similar mechanism is relevant to NiGa2S4 calls for further theoretical studies.
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3.4 Conclusion

In conclusion, we have carried out comprehensive measurements of magnetic ex-

citations in NiGa2S4 by inelastic neutron scattering. The neutron spectrum was

found to be broad in q and E throughout the Brillouin zone and bounded in energy

by ∼ 10 meV. The temperature dependence of dynamic correlations as reflected by

the Q-dependence of inelastic scattering measured at E = 1.5 meV can be semi-

quantitatively described by expressions associated with the Random Phase Approx-

imation, and showed dynamical correlations persist up to temperatures of at least

|θCW|. These results provide a crucial piece of information to test any theoretical

proposal to explain the magnetically disorder ground state in this crystalline trian-

gular lattice spin-1 antiferromagnet.
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Chapter 4

Disorder from Order among

ANNNI Spin Chains in SrHo2O4

4.1 Introduction

An interesting byproduct of the intense pursuit of materials that can host spin-

liquids has been the discovery of nominally pure crystalline solids with frozen short

range correlated magnetism.3,95–98 In some cases quenched disorder simply alters the

ground state and defines a short spin correlation length, but for materials such as two

dimensional NiGa2S4 studied in the previous chapter where the spin correlation length

is much shorter than a plausible impurity spacing such explanations seem untenable.

In this chapter, we propose spin disorder in frustrated low dimensional magnets can

result from a complex thermalization process in the absence of quenched disorder.
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Comprising two types of Ising spin chains with nearest neighbor (J1) and next

nearest neighbor (J2) interactions (ANNNI models8) organized on a honeycomb-like

lattice, SrHo2O4 will be shown to provide a striking example.99–104 We show the

chains straddle the J2/J1 = 1/2 critical point so that “red” chains have a ground

state that doubles the unit cell (↑↓↑↓) while the ground state for “blue” chains is

(↑↑↓↓). While red chains develop 3D LRO, blue chains in the very same crystal cease

further equilibration towards their more complex ground state when the red spins

saturate in an ordered state.

Before going into the experimental results, I will first introduce the 1D ANNNI

model which forms the foundation for understanding the low temperature magnetism

in SrHo2O4.

4.2 1 Dimensional ANNNI Model

1D ANNNI model is one of the simplest models that host modulated spin corre-

lations.8 The Hamiltonian takes the form of

HANNNI = −
∑
i

(J1SiSi+1 + J2SiSi+2) (4.1)

where S = ±1. It describes a linear chain of Ising spins with nearest neighbor

interaction J1 and next nearest neighbor interaction J2. This linear chain is also

identical to a zig-zag ladder with inter-leg interaction J1 and intra-leg interaction J2,
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as shown in Fig. 4.1. This mapping between a linear chain and a zig-zag ladder will

be important in SrHo2O4.

Figure 4.1: (a)A linear spin chain with nearest neighbor interaction J1 and
next nearest neighbor interaction J2 as described by the 1D ANNNI model.
(b)Equivalently the 1D ANNNI model also describes a zig-zag spin ladder with inter-
leg interaction J1 and intra-leg interaction J2.

Only the Ferromagnetic J1 > 0 case needs to be considered since the corresponding

results for the antiferromagnetic J1 < 0 case can readily be obtained by redefining

the spin direction on every other site: S ′
2i+1 = −S2i+1. When J2 < 0, J1/2 compete as

they favor different spin configurations. It is easy to see that there are two different

ground states depending on the ratio of J2/J1:
105 a ferromagnetic state (↑↑↑↑) for

J2/J1 > −1/2, while a double Néel state (↑↑↓↓) is the ground state for J2/J1 < −1/2.

Magnetic long range order can be obtained only at the absolute zero temperature since

HANNNI belongs to the 1D Ising universality.

By introducing a new variable σi = SiSi+1,
106 HANNNI can be mapped to the

familiar Ising model in a magnetic field:

H′
ANNNI = −

∑
i

(J1σi + J2σiσi+1) (4.2)
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Thus the finite temperature properties ofHANNNI can be calculated analytically by

transfer matrix technique through H′
ANNNI. The eigenvalues of the relevant transfer

matrices are:8

λ1/2 = eκ2cosh κ1 ± (e2κ2sinh2 κ1 + e−2κ2)1/2 (4.3)

λ̃1/2 = eκ2sinh κ1 ± (e2κ2cosh2 κ1 − e−2κ2)1/2 (4.4)

where κ1/2 = J1/2/kBT . The two point spin correlation function G(r), which describes

many aspects of the magnetic state, can be calculated as follows:

G(r) =

⎧⎪⎪⎪⎨
⎪⎪⎪⎩
a exp[−rln(λ1/λ̃1)] + (1− a) exp[−rln(λ1/λ̃2)] , for λ̃1 �= λ̃2

exp[−rln(λ1/λ̃)](1 + br/λ̃) , for λ̃1 = λ̃2 = λ̃

(4.5)

where

a = 1/2 {1 + e2κ2 sinh κ1 cosh κ1[(e
2κ2 sinh2κ1 + e−2κ2)

×(e2κ2 cosh2κ1 − e−2κ2)]−1/2} (4.6)

b = e2κ2 sinhκ1 coshκ1(e
2κ2 sinh2κ1 + e−2κ2)−1/2 (4.7)
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When cosh κ1 > e−2κ2 both λ1/2 and λ̃1/2 are real and G(r) is a pure exponential

decay with correlation length ξ

ξ = [ln(λ1/λ̃1)]
−1 (4.8)

For cosh κ1 < e−2κ2 , λ̃1/2 is complex so that G(r) is a exponential envelope func-

tion controlling the amplitude of an oscillatory function cos(qr). q is a temperature

dependent wave vector given by

q = arctan(Im λ̃1/Re λ̃1) (4.9)

The analytical results presented above are illustrated in Fig. 4.2.8 For κ ≡

−J2/J1 > 0.5 , the modulation wave vector q changes continuously with temper-

ature approaching the ground state value of π/2 as temperature approaches 0 K. For

κ < 0.5 on the other hand, G(r) is modulated at high temperature, and becomes a

non-oscillatory exponential decay below a disorder line defined by cosh κ1 = e−2κ2 .

The analytical results forG(r) allow a comprehensive comparison between theoret-

ical and experimental results. Neutron scattering directly measures G̃(q), the Fourier

transform of G(r), and the magnetic susceptibility χ can be readily calculated from

G(r) through

χ ≡ lim
h→0

∂〈M ∑
i Si〉

∂h
= NM2βG̃(q = 0) (4.10)
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Figure 4.2: Contours of constant modulation q for 1D ANNNI model in (kBT/J1, κ =
−J2/J1) plane. The solid line is the disorder line below which G(r) is a pure expo-
nential function.8
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where N is the number of sites in the spin chain, M is the dipole moment of each

spin, h is the magnetic field, and β = 1/kBT . The comparisons of both G̃(q) and χ

will be employed below to understand the correlated magnetism of SrHo2O4.

4.3 Experimental Results

SrHo2O4 single crystals were synthesized by the floating zone technique at the

Institute for Quantum Matter. Elastic neutron scattering (ENS) maps down to 1.5

K were acquired on MACS56 at NIST with Ef = 5 meV neutrons with a room

temperature Be filter in the scattered beam. A 4.3 g single crystal was mounted

for consecutive experiments in the (HK0) and (0KL) planes. Single crystal elastic

neutron scattering down to 0.28 K was carried out on HB-1A at the HFIR of ORNL.

0.34 g and 0.19 g crystals cut to the shape of small cubes to reduce effect from

absorption were used for measurements in the (0KL) and (H0L) planes respectively.

4.3.1 Single Ion Magnetic Anisotropy

SrHo2O4 crystallizes in space group Pnam99 with two inequivalent Ho sites (Fig. 4.3(a)).

Both are Wyckoff 4c sites with mirror planes perpendicular to the c axis wherein Ho is

surrounded by 6 oxygen atoms forming a distorted octahedron. The magnetic lattice

consists of zig-zag ladders which extend along c and form a honeycomb-like pattern

in the ab plane (Fig. 4.3(b)).
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Figure 4.3: (a) Crystallographic unit cell of SrHo2O4. Sr atoms were omitted for
clarity. Red and Blue spheres show two distinct Ho sites, and the corresponding
arrows show the Ising spin directions. (b) Magnetic lattice formed by Ho and a
schematic representation of the spin structure determined by neutron diffraction.9

Indicating the Ising character of SrHo2O4, the magnetic susceptibility χ, approx-

imated by M/H, is shown in Fig. 4.4(a). χb and χc are found to be an order of

magnitude larger than χa. In the anisotropic environment of a solid, the J = 8 mul-

tiplet of Ho3+ is split into multiple levels resulting in the anisotropic susceptibility.59

The Cs point group symmetry of the Ho3+ site implies an easy magnetic axis either

along c or within the ab plane. To gain more insight into the magnetic anisotropy

a CEF calculation based on the point charge approximation48 was carried out, and

the level schemes for the two different sites are shown in Fig. 4.11. Calculations of

single ion magnetic susceptibility based on these level schemes show that red Ho1

(blue Ho2) sites have an Ising doublet ground state with easy axis along c (b), as
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shown in Fig. 4.6. We thus infer the T -dependent susceptibility for fields along c and

b are due to red and blue sites respectively. For blue sites a finite moment along a is

allowed by symmetry, however, since χa is minimal it will be neglected.

4.3.2 Neutron Scattering from the Short Range

Ordered State

The broad peaks for T ≈ 4 K in M/H (Fig. 4.4(a)) are indicative of antiferromag-

netic short range order.99–101 For a direct view of these correlations, Fig. 4.7(a)-(d)

show elastic neutrons scattering intensity maps covering the (HK0) and (0KL) re-

ciprocal lattice planes. These show quasi-1D correlations along the c-axis consistent

with previous data.100,103 The modulation in the (HK0) plane forms of a checker-

board-like structure (Fig. 4.7(a) and (c)). The maxima correspond to the inter-leg

distances of zig-zag spin ladders, indicating intra-ladder correlations. The scattering

in the (HK0) plane can be unambiguously assigned to red ladders because there is

no decrease in intensity for q ‖ (0K0) which would be the case for easy b-axis blue

sites due to the polarization factor in the magnetic neutron scattering cross section.47

The fact that this scattering occurs for qc = 0 but vanishes near q = 0 indicates an

antiferromagnetic structure that is not modulated along c as depicted for the red spin

ladders in Fig. 4.3(b). The (0KL) intensity map reveals another type of correlations

with qc ∼ 0.5c∗, where c∗ ≡ 2π
c
. An analogous polarization argument shows this scat-
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Figure 4.4: (a) Magnetic susceptibility of SrHo2O4 along three axes measured under
200 Oe. Dashed lines show fits to J1 − J2 Ising models. (b) Magnetic heat capacity
over T versus T . (c) shows the entropy versus T . The dashed line shows the entropy
of an Ising doublet.9
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Figure 4.5: CEF level schemes for Ho1 and Ho2 calculated with point charge ap-
proximation. Thick and thin lines represent doublets and singlets. Both sites are
found to have a magnetic doublet ground state.

tering arises from blue sites. The intensity maximum near qc ∼ 0.5c∗ indicates spins

displaced by c are anti-parallel (blue spins in Fig. 4.3(b)). The correlation lengths

were estimated by 2/(FWHM2
exp-FWHM2

reso)
− 1

2 , where FWHMexp, FWHMreso are ex-

perimental and instrumental full width at half maximum in Å−1. The correlation

lengths along c at T = 1.5 K were found to be indistinguishable at 13.3(3)Å and

13.6(3) Å for red and blue ladders respectively.

4.3.3 Zig-Zag Spin Ladders and the ANNNI Model

The minimal model of SrHo2O4 is a collection of two types of independent Ising

zig-zag spin ladders with inter-leg interaction J1 and intra-leg interaction J2. This

can be described by the exactly solvable 1D ANNNI model that was introduced in

Sec. 4.2. Dipolar interactions between NN spins in SrHo2O4 are estimated to be of

order 0.1 meV, which indicates significant longer range interactions. The ANNNI
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Figure 4.6: Magnetic susceptibility along three crystalline axes calculated based the
point charge model CEF level scheme for (a)Ho1 and (b)Ho2. Ho1 is found to have
an Ising doublet ground state along c while Ho2 has an Ising doublet along b.
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Figure 4.7: T−dependent elastic magnetic neutron scattering from the SRO of
SrHo2O4. (a)(c) show measurements in the (HK0) plane while (b)(d) are from the
(0KL) plane. Measurements at 50 K were subtracted to eliminate nuclear scatter-
ing. (e) and (f) show J1 − J2 model calculations at 1.4 K with exchange constants
determined from Fig. 4.2(a).9
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model should thus be considered as a minimal effective model for SrHo2O4.

To determine the exchange constants we fit the anisotropic susceptibility to the

analytical ANNNI susceptibility. The uniform magnetic susceptibility χ is calculated

by Eq. 4.10. The fits were restricted to data points with T ≤ 20 K to minimize

the influence from higher CEF levels. For red chains (accessible through χc), the

best fit is achieved for J1 = −0.10(2) meV, J2 = 0.04(3) meV. These exchange pa-

rameters define an unfrustrated spin chain where all interactions are simultaneously

satisfied by the Néel structure (↑↓↑↓). χb for blue chains is best fit with J1 = −0.14(3)

meV, J2 = −0.21(1) meV. While these competing interactions produce incommensu-

rate correlations at finite temperatures the ground state is the double Néel structure

(↑↑↓↓).8 The magnetic moment sizes extracted from fitting for red and blue sites

are 5.5(3) μB and 8.1(2) μB, which are consistent with neutron diffraction measure-

ments.102,104

A critical test of this quasi-1D model for SrHo2O4 is offered by Fig. 4.7. Frames (e)

and (f) show a calculation of the diffuse magnetic neutron scattering intensity from

such spin chains based on the Fourier transformation of the two-point correlation

function G(r) for the exchange constants derived from χc and χb and the structure

of the ladders. Only an overall scale factor and a constant background were varied to

achieve the excellent account of the elastic neutron scattering data in Fig. 4.7(c)-(d).

Though no correlations between spin chains are included, the finite width of the zig-

zag spin ladders and the two different red ladder orientations in SrHo2O4 (Fig. 4.3(b))
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produce the checker-board-like structure in the (HK0) plane. It is remarkable that

a purely 1D model can account for the magnetism of a dense 3D assembly of spin

chains. Contributing to this is surely the different spin orientations for red and blue

sites and the incompatible modulation wave vectors.

4.3.4 Magnetic Long Range Order

While the strictly 1D ANNNI model can only form long range order at T = 0

K, finite inter-chain interactions induce long range order at finite T . Fig. 4.4(b)

shows evidence for such a bulk phase transition in low T heat capacity. Here the

magnetic part of heat capacity Cmag was obtained after subtracting a Nuclear Schot-

tky Anomaly associated with the hyperfine field on the holmium nuclei.53 The peak

position in Cmag/T at 0.61(2) K, is consistent with the onset of magnetic Bragg

diffractions (Fig. 4.10(a)).102,103 The corresponding change in entropy (Fig. 4.4(c))

exceeds Rln(2) because of higher lying crystal field levels.

We now investigate the low temperature static spin configuration in detail through

single crystal elastic neutron scattering in the (0KL) and (H0L) planes. Firstly

L− scans at all reachable (na, nb, nc) and (na, nb, nc + 1/2) positions (na, nb, nc being

integers) in both planes are resolution limited at T = 0.28 K. This is evidence of quasi-

1D correlations exceeding 286(5) Å and 100(1) Å for red and blue chains, respectively.

The different limits arise because the different longitudinal and transverse resolutions

come into play: the L− scan is a rocking scan for red chains but a longitudinal scan
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for blue chains, which results in better resolution for red chains.

T− dependent (0K0) scans forK ∈ [0.5, 4.5] between 0.28 K and 10 K were carried

out to probe correlation between red chains along b. As shown in Fig. 4.12(a), upon

cooling, a broad intensity modulation develops and turns into resolution limited Bragg

peaks for T below TN = 0.68(2) K. Measurements at (200) and (030) indicate the

correlation length for red spins exceeds 57(1) Å and 64(1) Å respectively along a and

b below TN.

Despite a spin correlation length exceeding 100(1) Å along c, blue chains fail to

develop conventional long range inter-chain correlations, as shown in Fig. 4.12(b)(c).

Significant inter-chain correlations develops at low temperatures as manifested by

sharpening of peak shapes, but no long range order is formed. For a closer look at

the low temperature correlations between blue chains, H− and K− scans through

(001
2
) at 0.28 K are shown in Fig. 4.9. The broad modulations are well described

by Lorentzian fits that correspond to correlation length along a and b of just 6.0(1)

Å and 17.5(3) Å respectively. The H− scan includes a small sharp component that

indicates some correlations between blue chains persists to a separation of 165(9) Å

perpendicular to their easy axis, a curious discovery that merits further exploration.

To understand the interplay between the two types of spin chains, detailed T

dependent scans were carried out through the (030) and (001
2
) peaks, which respec-

tively arise from red and blue chains (Fig. 4.10). The result for red sites is shown in

Fig. 4.10(a). The integrated intensity of the peak, a measure of the staggered magneti-
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Figure 4.8: Thermal evolution of inter-chain correlations for (a)red Ho1 chains along
b, and blue Ho2 chains (b)along b and (c)along a.
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2
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lines show fits to the data. Insert shows sharp component of H− scan in detail, the
horizontal bar is the instrumental resolution. Data from different sample orientations
are normalized by the peak count rate.9

zation, grows below TN then saturates at TS = 0.52(2) K. This saturation is consistent

with a second order phase transition in a uniaxial spin system where the gap in the

magnetic excitation spectrum produces a characteristic saturation temperature. Near

TN, the critical exponent β = 0.36(2) is consistent with that for the 3D Ising model

(β3DI = 0.3258(14)), but also indistinguishable from 3D XY (β3DXY = 0.3470(14))

and 3D Heisenberg models (β3DH = 0.3662(25)).107 The peak width (not shown)

decreases markedly upon cooling towards TN signalling the development of commen-

surate long range correlations among red spins.

A rather different situation is found for the blue chains. There is no anomaly in T

dependent L− integrated intensity of the (001
2
) peak at TN but a gradual increase upon

cooling that terminates at TS. The nature of spin correlations along the blue chains is
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probed by the position and width of the (001
2
) peak. Both evolve continuously across

TN in semi-quantitative agreement with the ANNNI model, using the parameters

that also describe the susceptibility and diffuse neutron scattering data. The trend

however, ceases abruptly at TS with a peak center position of 0.501c∗. The deviation,

Δqc, from the commensurate position c∗/2 is significant and a long wave length

modulated structure is also apparent as an oscillation of the centers for other (0K 1
2
)

type peaks withK = 1, 2, 3, 4, 5, which is consistent withG(r) for the incommensurate

zig-zag ladder (insert to Fig. 4.10(c)).

To understand the very different behaviors of red and blue spin chains it is useful

to consult the 3D ANNNI model.8 For the red chains, where J2/J1 = −0.4(3),

the mean field phase diagram predicts a single phase transition from paramagnetic

(PM) phase to 3D Néel order, which is consistent with the experimental observation.

The exchange parameters of the blue chains however, place these in a complicated

part of the phase diagram. Between the PM phase and the 3D double-Néel order

exists a large number of 3D LRO phases with different modulation wave vectors.

These can be described in terms of different arrangements of domain-wall-like defects

within the double Néel structure. Effective interactions between defects stabilize these

various phases at different temperatures. With this picture in mind, the continuous

peak center shift observed in Fig. 4.10(c) actually reflects domain wall rearrangement

along the chains. With four sites per magnetic unit cell there are four different

types of domains that correspond to shifting the (↑↑↓↓) motif with respect to the
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origin. Focusing on domain walls, full 3D LRO requires registry in the placement of

transitions between domains along all blue spin chains. Such collective domain wall

motion requires rearrangement of large numbers of spins and so can be a slow process.

Further, in the non-Kramers doublet ground state of Ho3+, a spin flip can only take

place through tunneling or a thermal process involving higher CEF levels. In the

recently proposed CEF level scheme based on neutron scattering measurements,104

which is in qualitative agreement with our point charge model calculations, blue sites

have a large energy gap (∼ 12 meV) to the first excited state (compared to ∼ 1 meV

for red sites), which reduces the tunneling and thermal rate for blue spin flips at

low temperature. The experimental observation that the spin configuration on blue

chains ceases to evolve when red chains become fully ordered for T < TS (Fig. 4.10)

indicates fluctuating exchange fields from spin dynamics in the red chains - which

have a lower barrier to spin flips - are the dominant source of spin dynamics on blue

chains. Ironically, it is then the development of saturated order on red chains that

increases the relaxation time for domain wall motion in blue chains and stunts their

inter-chain correlations.

4.3.5 Static magnetic moment size

The static magnetic moment sizes of Ho ions below TS can be estimated by the

elastic scattering intensities measured at 0.3 K.

First consider Ho1 ions which form the 3D long range order. Since the propagation
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vector k = 0, the Bragg peak intensities are in general a mixture of nuclear and

magnetic scattering. For unpolarized neutrons which were used in this study, the

total scattering intensity is simply the sum of these two contributions:

I1(q) = C0[SN(q) +
∑
αβ

(δαβ − qαqβ

|q|2 )S
αβ
M (q)F (|q|)2]R(q) (4.11)

here I1(q) is the integrated intensity of a scan through the peak position q, C0 is

the overall scale factor, SN(q) is the nuclear structure factor, Sαβ
M (q) is the magnetic

structure factor, F (|q|) is the magnetic form factor of Ho3+, and R(q) is the corre-

sponding integrated instrumental resolution at q. Note that Debye-Waller factor was

neglected in the analysis since its |q| dependence is negligible at the temperature and

in the range of |q| where the measurements were done.

Representation analysis using SARAh108 showed that with k = 0 there are only

two magnetic structures that are compatible with the easy c-axis anisotropy and the

short range magnetic order inferred from the diffusive scattering pattern. Using the

labeling of red Ho1 atoms in the unit cell as shown in Fig. 4.11, these two structures

can be represented as φ1,2 ≡ (m1,m2,m3,m4) = mĉ(1,±1,−1,∓1), where mi is

the magnetic moment on atom i, m is the moment size, and ĉ is the unit vector along

c-axis. The experimental observation that all nuclear forbidden Bragg peaks in the

(H0L) plane with even H indices have negligible magnetic scattering intensity shows
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that φ1 is the appropriate magnetic structure, since φ2 would give rise to magnetic

Bragg peaks at such locations.

In order to extract the magnetic moment size for Ho1, the L−integrated intensities

of all reachable Bragg peak positions with integer indices were compared to calcu-

lations of Eq. 4.11. Measurements in the (0KL) and (H0L) planes were co-refined

together while keeping the ratio of pre-factors, C0 in the two reciprocal lattice planes

fixed at the mass ratio of the samples used in the corresponding settings. The best

fit is shown in Fig. 4.12(a)with the moment size extracted for Ho1 of 6.8± 0.4 μB.

Figure 4.11: .Schematic representation of the spin structure in SrHo2O4. 4 Ho1
spins and 4 Ho2 spins in the unit cell are labeled by 1-4 respectively.

As for the Ho2 ions, since the correlation length is short along a and b directions,
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we assume that the peak shape is a direct production of a sharp Gaussian along c with

two broad Lorentzians along a and b. For measurements in (0KL) plane, the peak

width of the Gaussian and the in-plane Lorentzian were taken from fittings to the

experimental data, while the peak width for the out of plane Lorentzian was assumed

to be the same at all peak positions and was approximated by the average peak

width along a measured in (H0L) plane. Note that when taking the average, each

peak width was weighted by the corresponding integrated intensity so that stronger

peaks, whose peak width are more reliable, have large weights during the averaging:

¯FWHM =
∑

i FWHMi · Ii/
∑

i Ii. Following the same procedure, the out of plane

width for peaks within the (H0L) plane were obtained from measurements in the

(0KL) plane.

The integrated intensities are related to the magnetic structure factor through

I2(q) = C0

∑
αβ

(δαβ − qαqβ

|q|2 )S
αβ
M (q)F (|q|)2R′(q), (4.12)

where R′(q) was obtained by integrating the convolution of the instrumental resolu-

tion and the peak shape. Representation analysis for k = (0, 0, 0.5) allows for spin

structures of the form ψ = m1b̂(1, 1, 0, 0) + m2b̂(0, 0, 1, 1). Since there is no 3D long

range order, this magnetic structure only reflects the local ordered pattern. It was

assumed |m1| = |m2| since all four Ho2 ions in the unit cell are equivalent in the
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paramagnetic phase, and no significant improvement in refinement was obtained by

allowing them to vary separately. After enforcing this constraint, there are still two

different magnetic structures ψ1,2 = mb̂(1, 1,±1,±1), which can be considered as

two domain types that are related by mirror reflection about the ab plane. With no

a priori reason to favor one domain over the other, it was assumed that both domains

contribute equally. Using the same C0 values obtained from refinement of the Ho1

moment size, a fitting of Eq. 4.12 to all the L−intergrated intensities of peaks in

(0KL) and (H0L) planes with half-odd integer L index was carried out, and resulted

in a moment size of 11.6 ± 0.8 μB for Ho2, as shown in Fig. 4.12(b). The difference

in the moment sizes for Ho1 and Ho2 is allowed by the different CEF environments

for these two sites.

The magnetic moment sizes extracted from the neutron measurements (6.8(4) μB

and 11.6(8) μB for red and blue Ho) are in good agreement with those obtained from

ANNNI susceptibility fit (5.5(3) μB and 8.1(2) μB respectively). 11.6(8) μB for blue

Ho2 is close to the maximal magnetic moment size of 10 μB for a Ho3+ ion, indicating

an extremely strong Ising character for blue Ho2 ions. Note that the corresponding

magnetic moment sizes calculated according to the point charge model CEF ground

state (Fig. 4.11) are 9.3 μB and 9.8 μB for red and blue sites respectively.
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4.4 Conclusion

In conclusion, our experiments on SrHo2O4 show a magnetically disordered state

can be realized within a high quality crystal not because it is energetically favorable

but because it is the thermodynamic equilibrium state when, upon cooling, ergodic-

ity is lost. SrHo2O4 also illustrates the remarkably disruptive impact of topological

defects in d dimensions (here d = 1) on d+1 dimensional order. Combining the ingre-

dients of large scale emergent structures from frustration and reduced dimensionality,

kinetically trapped spin disorder may actually be possible without quenched disorder.
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Conclusion

Through the experimental study of unconventional magnetism in three frustrated

magnets Pr2Zr2O7, NiGa2S4, and SrHo2S4, this thesis showcases the emergence of

various types of short range order at low temperatures in nominally pure crystalline

samples, which arise as a result of the intricate interplay between magnetic frustration

and other degrees of freedom at play in the particular material.

In Pr2Zr2O7, the discovery of extreme sensitivity of the magnetic state to material

physical properties and details in sample synthesis emphasizes the importance of

careful synthesis work in research on frustrated magnetism where details do matter

in significant ways. Through elastic neutron scattering measurements, the spins are

found to correlated according to the local “2-in 2-out” ice rule over long time scales.

Inelastic neutron scattering revealed a continuous spectrum that carries most of the

neutron scattering spectral weight, consistent with the theoretical proposal that Pr
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based spin ice should be more dynamical at low temperatures. From the temperature

and magnetic field dependence of the spectrum, an inhomogeneous distribution of

transverse field that splits the non-Kramers doublet ground state of Pr3+ was inferred,

suggesting reduced symmetry at the Pr site. Such effects might also be relevant in

other non-Kramers pyrochlore materials. The physical origin of the disorder at the

Pr site requires further investigation of local structure. Efforts in such direction will

help to resolve whether there is an intrinsic lattice instability in Pr2Zr2O7.

NiGa2S4 is a case where an elusive factor beyond the frustrated inter-spin inter-

actions leads to the short range ordered state. The continuum neutron spectrum

that was reported in this thesis provides an essential test for any theoretical model

proposed for this material. The magnetic field dependence of the spectrum will be

informative to determine the origin of the continuum. Another future direction will

be to try to drive this material close/into a long range ordered state by perturbations

such as pressure or uniaxial strain. Successfully producing an ordered state is likely

to reveal insight into the relevant degrees of freedom that precludes ordering under

ambient conditions.

The detailed study of magnetic ordering in SrHo2O4 brings out another aspect of

frustrated magnetism that could be responsible for precluding long range order: The

spin relaxation time scale in this Ising spin system becomes extremely long as a result

of the formation of weakly interacting large scale incommensurate structures due to

frustration, and single ion crystal field effects that hinder spin flips. Because of this
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inability to equilibrate, the spin system is not ergodic but trapped in a short range

ordered state. To directly probe the changing of relaxation time scale it will be inter-

esting to measure the frequency dependent AC magnetic susceptibility of SrHo2O4 at

low temperatures. The measurement of the evolution of magnetic correlations under

the influence of a transverse field along the a direction, which should facilitate spin

flips and reduce the relaxation time scale, is also worth pursuing to elucidate the

proposed “disorder by order” mechanism.

The materials studied in this thesis provides only a minuscule view into the vast

possibilities of novel correlated magnetism in frustrated magnets. With advances in

solid state chemistry more frustrated compounds with interesting properties will come

to the table, and with its unique sensitivity to magnetic and structural properties, and

advances in instrumentation and sources neutron scattering will continue to play a

very important role in this exploration of the exotic properties of quantum correlated

spins.
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Neutron Scattering

A.1 Basic Properties of Neutrons

Some properties of neutrons make them an ideal experimental tool for condensed

matter systems. Charge neutral and thus highly penetrating, neutrons are easy to

work with in different sample environments such as cryostats, furnaces, and pressure

cells. The mass of the neutron is such that neutrons with de Broglie wavelength

1 Å have a kinetic energy of 81.81 meV, thus both the length and energy scales are

appropriate for probing most crystals. Furthermore, neutrons carry spin-1/2 which

allows investigation of magnetic materials.
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A.2 Production and Detection of Neutrons

Neutrons can be produced through nuclear reactions such as fission, photofission,

fusion, and spallation.109 Fission of 235U or 239Pu and proton induced spallation of

heavy target such as Hg, U, W, Ta, Pb are the dominant methods for generating

neutrons from nuclei at neutron scattering facilities.

Due to the weakness of interaction between neutrons and matter it is difficult to

detect neutrons directly, and they are usually detected through secondary ionization

after neutron absorption. In the commonly used 3He gas proportional detector, a

neutron captured by 3He goes through the following reaction

3He + n → 3H+ p + 0.8 MeV (A.1)

The reaction products cause ionization in the gas, which is picked up by an anode

wire at high voltage and produces an electric signal for neutron detection.109

A.3 Neutron Scattering Cross-Section and

Correlation Functions

The quantity measured in a neutron scattering experiment is the neutron scatter-

ing cross-section.
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The differential cross-section which is measured in a diffraction experiment is

defined as109

dσ

dΩ
=

N(Ω)

φ0 dΩ
, (A.2)

where N(Ω) is the number of neutrons scattered per second into a solid angle dΩ, φ0

is the incident flux.

The double differential cross-section where the change of neutron energy is also

measured is defined by109

d2σ

dΩ dEf

=
N(Ω, Ef )

φ0 dΩ dEf

, (A.3)

where N(Ω, Ef ) is the number of neutrons scattered per second into a solid angle dΩ

with final energy between Ef and Ef+ dEf .

Since neutrons act only as a weak perturbation, the Born approximation can

be used to calculate the scattering cross-section, which allows a direct connection be-

tween the neutron scattering cross-section and various correlation functions associated

with the material under investigation:

d2σ

dΩ dEf

(q, ω) ∼
∫

dt 〈O(q)O(−q, t)〉 e−iωt, (A.4)

where O(q, t) ≡ ∑
r e

iq·r(t) for nuclear scattering, while O(q, t) ≡ ∑
r S(r, t)e

iq·r for
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magnetic scattering with S the spin operator. This correspondence between cross-

section and correlation function is used extensively in the interpretation and modeling

of neutron scattering data in this thesis. The detail derivations can be found in books

by Squires47 and Lovesey.110
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Vanadium Normalization of

neutron scattering from Pr2Zr2O7

B.1 Basic Idea

The neutron scattering intensity I measured on a spectrometer is related to the

cross section by (assume I is monitor normalized):

I(q, ω) = C ·
∫

ki
kf

d2σ

dΩ dE
(q′, ω′)R(q − q′, ω − ω′)dq′ dω′ (B.1)

where C is a numerical constant that depends on the specific instrumental configura-

tion, R(q, ω) is the unity normalized instrumental resolution function. In order to put

the measured scattering cross section in absolute unit, we need to obtain the value of
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C. One way to do this is to measure with the same instrumental configuration a well

known scattering cross section. This could be a nuclear Bragg peak with a known

structure factor, or an acoustic phonon, or it could be the incoherent elastic scattering

from a known quantity of Vanadium. Here the latter Vanadium measurement was

used for the normalization. The neutron cross section from Vanadium takes a simple

form:

(
d2σ

dΩ dE
)V(q, ω) = NV

σi

4π
exp(−〈q · u〉2)δ(�ω) (B.2)

where NV is the number of Vanadium atom, σi

4π
is the incoherent neutron scattering

cross section of Vanadium, u is the thermal displacement parameter. exp(−〈q · u〉2)

is near unity for the relevant range of temperatures and momentum transfer and will

be neglected in the following analysis.

Thus the measured neutron scattering intensity from Vanadium sample is

IV(q, ω) = C ·NV
σi

4π

∫
R(q − q′, ω)dq′ (B.3)

B.2 Elastic VS Inelastic

Elastic scattering from Pr2Zr2O7 is sharp in energy and broad in q, thus the elastic

scattering intensity is related to elastic cross section by
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IEL(q) = C ·NPr(
dσ

dΩ
)EL(q)

∫
R(q − q′, 0)dq′ (B.4)

where NPr is the number of Pr in the sample.

By comparing to Eq. B.3, we get the normalized elastic cross section for Pr2Zr2O7:

(
dσ

dΩ
)EL(q) =

IEL(q)

IV(q, ω = 0)

NV
σi

4π

NPr

(B.5)

Following the same procedure and noticing that inelastic scattering from Pr2Zr2O7

is broad in both energy and q, we obtain the normalized inelastic cross section as

follows:

ki
kf

(
d2σ

dΩ dE
)IN(q, ω) =

IIN(q, ω)∫
IV(q, ω′) dω′

NV
σi

4π

NPr

(B.6)
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Pr2Zr2O7 Random Phase

Approximation

Before going into the details of RPA calculation on pyrochlore lattice, I will first

establish a convenient way of labeling spins on the lattice. The pyrochlore lattice can

be described in terms of a FCC lattice of tetrahedra. Fig. C.1 indicates a particular

way of labeling sites. All spins (J) on the pyrochlore lattice can be labelled by a

two component index: Ji, i ≡ (Ri, σ). Here R points to the center of a tetrahedron

and σ = 1, 2, 3, 4 label the particular spins on the tetrahedron. The spatial position

of a spin is then ri = Ri + eσ, where e1 = a/8(1,−1, 1), e2 = a/8(−1, 1, 1), e3 =

a/8(−1,−1,−1), e4 = a/8(1, 1,−1), with a the lattice constant.

The RPA calculation of the magnetic susceptibility takes the forms of (Eq. 2.13
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Figure C.1: (a)Conventional unit cell of Pyrochlore lattice. It can be considered as
a FCC lattice of tetrahedra as shown in (b). One particular way of labeling spins is
shown.

in Chapt. 2)

χ(ij, ω) = χ0
i (ω)(δij +

∑
j′

J(ij′)χ(j′j, ω)) (C.1)

Here χ0(ω) is the single ion susceptibility due to non-interacting part of the Hamil-

tonian and J(ij) is the exchange constant between spins at site i and j.

It is convenient to do the calculation in reciprocal space. For this purpose I will

first define the Fourier transform of the two point susceptibility as

χσ(q, ω) =
∑
j

χ(ij, ω)e−iq·(rj−ri), (C.2)

where i = (Ri, σ). Fourier transforming Eq. C.1 considering only nearest neighbor
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interaction, we get

χσ(q, ω) = χ0
σ(ω){1 + 2J

∑
σ′ �=σ

χσ′(q, ω)cos[q · (eσ′ − eσ)]} (C.3)

From χσ(q, ω), the neutron cross section can then readily be calculated as follows59

d2σ

dΩdE
(q, E) ∼

∑
αβ

(δαβ − qαqβ
|q|2 )S

αβ(q, ω)|F (q)|2 (C.4)

Sαβ(q, ω) =
∑
σ

2�
1

1− e−E/kBT
(χαβ

σ )′′(q, E/�). (C.5)

Here F (q) is the magnetic form factor for Pr3+, and α, β = x, y, z are Cartesian

coordinate axes.

To calculate χσ(q, ω), the non-interacting single ion susceptibility χ0
σ(ω) needs to

be calculated first. Recall that the single ion part of the Hamiltonian is

HSI = −gH · ezJ
z
effσz +Δσx (C.6)

with two eigenstates |φ〉, φ = 1, 2, whose eigenenergies are E = ±
√
(gH · ezJz

eff )
2 +Δ2

respectively.

The single ion susceptibility χ0
σ(ω) can be calculated using standard linear re-
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sponse theory:59

(χ0αβ
σ )′′(ω) = π

(eα · eσ)(eβ · eσ)

|eσ|2 (Jz
eff )

2×
∑
φφ′

〈φ| σz |φ′〉 〈φ′| σz |φ〉 (nφ − nφ′)δ(�ω − (Eφ′ − Eφ)) (C.7)

(χ0αβ
σ )′(ω) =

(eα · eσ)(eβ · eσ)

|eσ|2 (Jz
eff )

2×
Eφ �=Eφ′∑

φφ′

〈φ| σz |φ′〉 〈φ′| σz |φ〉
Eφ′ − Eφ − �ω

(nφ − nφ′) + (χ0αβ
σ )′(el)δω0 (C.8)

where eα,β are the unit vectors along the corresponding Cartesian coordinate axes

and nφ = e
−Eφ/kBT

∑
φ′ e

−Eφ′/kBT is the population factor. (χ0αβ
σ )′(el) is the Curie-Weiss suscep-

tibility

(χ0αβ
σ )′(el) =

1

kBT

(eα · eσ)(eβ · eσ)

|eσ|2 (Jz
eff )

2(

Eφ′=Eφ∑
φφ′

〈φ| σz |φ′〉 〈φ′| σz |φ〉nφ) (C.9)

Due to the Ising anisotropy of the spins, the susceptibility is not isotropic and

Eq. C.1 is a tensorial equation. The most convenient way to obtain χσ(q, ω) is by

solving this set of linear equations numerically. For a numerical representation of the

δ functions, I will introduce two damping factors Γi and Γe that respectively gives a

small finite width to the δ functions for inelastic and elastic peaks. These damping
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factors were set to be 0.001 meV in the calculation. The single ion susceptibility is

then calculated by

(χ0αβ
σ )′′(ω) =

(eα · eσ)(eβ · eσ)

|eσ|2 (Jz
eff )

2×
∑
φφ′

〈φ| σz |φ′〉 〈φ′| σz |φ〉
(Eφ′ − Eφ − �ω)2 + Γ2

i

Γi(nφ − nφ′) +
�ωΓe

(�ω)2 + Γ2
e

(χ0αβ
σ )′(el) (C.10)

(χ0αβ
σ )′(ω) =

(eα · eσ)(eβ · eσ)

|eσ|2 (Jz
eff )

2×
Eφ �=Eφ′∑

φφ′

〈φ| σz |φ′〉 〈φ′| σz |φ〉
(Eφ′ − Eφ − �ω)2 + Γ2

i

(Eφ′ − Eφ − �ω)(nφ − nφ′) +
Γ2
e

(�ω)2 + Γ2
e

(χ0αβ
σ )′(el)

(C.11)

χσ(q, ω,Δ) calculated is this way describes a spin system with homogeneous trans-

verse field, Δ. To account for the fact that in Pr2Zr2O7 there is a continuous distri-

bution of Δ, the final susceptibility is approximated by a weighted sum of χσ(q, ω,Δ)

as

χσ(q, ω) =

∫
ρ(Δ)χ(q, ω,Δ)dΔ (C.12)

where ρ(Δ) is extracted from the 0 T data in Fig. 2.20(b).
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