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Abstract

Weconsideranextensionof model-basedclusteringtothesemi-supervisedcase,

wheresomeofthedataarepre-labeled. WeprovideaderivationoftheBayesian

InformationCriterion(BIC)approximationtotheBayesfactorinthissetting. We

thenusetheBICtotheselectnumberofclustersandthevariablesusefulforclus-

tering. WediscusssomeconsiderationsforO(1)termsininformationcriteriawhen

performingmodel-basedclustering.

Next,weexploreanovel methodfortheinitializationoftheEMalgorithmfor

thesemi-supervisedcaseusingmodificationstothek-means++algorithmtoaccount

forthelabels. Then,wederiveanimprovedtheoreticalboundonexpectedcostand

observeimprovedperformanceinsimulatedandrealdataexamples. Thisanalysis

providestheoreticaljustificationforatypicallylineartimesemi-supervisedcluster-

ingalgorithm. Weshowhowthisalgorithmsoutperformsrelatedsemi-supervised

k-means-stylealgorithmsonseveraldatasets.

Finally,wedemonstratesemi-supervisedmodelbasedclusteringwithourimproved

k-means++initializationontwoapplications.First,weidentifybehaviotypesinafly
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ABSTRACT

larvadataset. Next,wenominateinterestingverticesingraphsusingtwotypesof

supervision.
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Chapter1

Introduction

Don’tworryifyourjobissmalland

yourrewardsarefew. Remember

thatthe mightyoakwasonceanut

likeyou.

Unknown

Clusteringistheartofpartitioningdataintodistinctandscientificallyrelevant

classesbyassigninglabelstoobservations. Clusteringistypicallyperformedinan

unsupervisedsetting,wherenoneoftheobserveddatainitiallyhavelabels.Thereare

a myriadofapplicationsforclustering. Clusteringisoftenperformedinexploratory

dataanalysis. Forexample,oneparticularlyromanticgraduatestudentclustered

womenonthepopularonlinedatingwebsite OKCupid.[43]Byfindinggroupsof

women,hepositedthathecouldcraftatargeteddatingprofileinordertosucceedin
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CHAPTER1.INTRODUCTION

theexploitationtaskoffindingtruelove.

Insemi-supervisedlearning,someofthedatahavelabels,butothersdonot;the

goalistypicallytoclassifytheunlabeleddatabyassigningthemtothesameclasses

asthelabeleddata. Forinstance, Murphyetal. [41]verifiedtheauthenticityof

extravirginoliveoilbyaspectralanalysisoftheoilfollowedbysemi-supervised

classification.

Whenthegoalisinsteadtogroupthedata,thereissemi-supervisedclustering.

Thistaskmaybefurthercomplicatedbythefactthatthetotalnumberofclassesmay

beunknown.Justasinsemi-supervisedlearning,leveragingtheknownlabelsallows

fora moreinformedclustering. Thereare manyreal-lifeexamplesofapplicationsof

semi-supervisedclustering. Forinstance,Basuetal. [9]usetheirsemi-supervised

clusteringalgorithmstodetectnewsgroupsfromraw messages.InChapter4, we

detectflowerspeciesfrom measurementsandterraintypefromhyper-spectralim-

ages.InChapter5,weidentifybiologicalbehaviotypesoflobotomizedmaggotsfrom

dataderivedfromtimeseriesoftheiractionsandalsoproduceanominationlistof

interestingverticesinagraph.

Wewillnowintroducethesetopicsmoreformallyandexplaintheirrelatedness.

2



CHAPTER1.INTRODUCTION

1.1 SupervisedLearning(Classification)

Supposethatweobservelabeleddata

(X1,Y1),(X2,Y2),...,(Xn,Yn),

whereXirepresentssomeobjectlivinginX (typicallyRd)andYiisthelabelofthe

objectlivinginY (typicallyY ⊂Z).Inclassification,weusethedatatolearna

classificationrule,oramapping

g:X →Y.

[16,29] Wecanseparatethetwo mainbranchesofclassificationalgorithmsbyob-

servingthatP(X,Y)=P(X|Y)P(Y)=P(Y|X)P(X).

Thefirstbranch,discriminativealgorithms,directlyestimatestheclassification

ruleg,oftenbyfocusingonlearningP(Y|X).Examplesofdiscriminativealgorithms

includesupportvectormachines(SVN),logisticregression,andk-nearestneighbors.

Thesecondbranch, generativealgorithms,seekto modelthedistributionof

theconditionaldataandtheclassestogether(i.e.learnbothP(X|Y)andP(Y)).

Then,giventhislearneddistribution,predicttheythatwouldbe mostlikelyfor

thegiveninstancex. Examplesofgenerativealgorithmsarek-means,Gaussian

MixtureModeling(GMM),andNaiveBayes. Whencomparingdiscriminativeand

generativealgorithms,thereisanoftencitedprincipleattributedtoVapnik,which

3



CHAPTER1.INTRODUCTION

roughlystatesthatoneshouldneverdoanythingmorecomplicatedthanyouhaveto

inordertosolveyourproblem. Thisisthecruxofwhysomepreferdiscriminative

togenerativealgorithms,althoughgenerativealgorithmscanincorporateunlabeled

dataandbenefitfromsomenaturalwaystoanswersomechallenging(andimportant)

questions,likehowmanyclustersarethere.

1.2 UnsupervisedLearning(Clustering)

Intheunsupervisedlearningparadigm,wehavedataX1,X2,...,Xn∈Xandwe

wishtogroupthedatainto meaningfulcategories,orclusters. Here, meaningfulis

somewhatvague,butgenerallyadesirableclusterwouldhavestrongscientificsignifi-

cance.Forinstance,consideraclusteringofpatientswithsimilarphysiologicaltraits

whereoneclusterofpatientsrespondsverywelltoatreatment. Suchaclustering

maygiverisetofurtherstudyofthosetraitsandhowtheyarerelatedto(orperhaps

evencause)thepositivetreatmentoutcome. Thisisthe mostoptimisticoutcomeof

clustering.

Typicallyclusteringintoyexampleshave“obvious”categories,suchasspeciesof

Irisflower[19],andthusitisreadilyapparenthowgoodaclusteringisbycomparing

thepartitioningtothetrue(andknown)partition.Inthisway,wecanviewclustering

asclassificationwithunlabeleddata.However,whenthenumberofgroupsisunknown

(andthereforemustbeestimated),suchacorrespondenceisnotsosimple.Figure1.1

4
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CHAPTER1.INTRODUCTION

representsaclusteringproblem,wheretheexamplesarecoloredandshapedaccording

totheirtrue(andunknown!)cluster,whereclustercorrespondstowhichdistribution

thepointwasdrawnfrom. Theproblemathandwouldthenbetopartitionthe

clustersinto1ormoregroups,withthehopeofrecoveringsomemeaningfulclusters.

Figure1.1:Anexampleofaclusteringproblem.Colorsrepresentthetrueclusters.

Therearemanystrategiesforclustering.Someofthesearebasedonheuristics

like“clustersareformedbysimilarobjects,”wheresimilarmightmeanhavingsmall

pairwiseobjectdistance.Othersaremodel-basedandusealearnedgenerativedistri-

butiontomodelthedata. Model-basedmethodsallowforsomewhatstraightforward

5



CHAPTER1.INTRODUCTION

incorporationofsupervisiontypeconstraints(cf.Section3.1).

1.3 Semi-supervisedLearning

Semi-supervisedlearningproblemshavedatawithlabels:

(Xs
1,Ys

1),(Xs
2,Ys

2),...,(Xs
n,Ys

n),

withoutlabels:

Xu
1,Xu

2,...,Xu
m,

and/ordatawithhardorsoftconstraintssuchasXi1 andXi2 mustbe(mustnotbe)in

thesamecluster.Theconstraintsaremoregeneralthanlabeleddata,sinceparticular

pairwiseconstraintscantransmitidenticalinformationaslabels. Generally,whenwe

refertosemi-supervisedproblems,wewilluseonlythefirsttwotypesofdata. That

is,wewillonlyallowthedatatobelabeledandunlabeled,withnoadditionalpairwise

constraints.

1.4 Semi-supervised Clustering

Semi-supervisedclusteringisasemi-supervisedlearningproblemwherethereare

labeledandunlabeleddataandthefullsetY isprobablyunknownandthereare

possiblynoexemplarsforsomeofthegroups.Figure1.2depictsaclusteringproblem,

6



CHAPTER1.INTRODUCTION

wherethereare40pointsinR2,
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fifteenofwhichhavelabelsalready,asrepresented

bythecircleshapeinsteadofthestar. Notethatoneoftheclusters(denotedby

thecolor),hasnolabeledpoints–itisallstars. Thisistypicalofsemi-supervised

clustering.

Figure1.2:Anexampleofasemi-supervisedclusteringproblem.Colorsrepresent
thetrueclusters.Symbolrepresentsunlabeled(star)orlabeled(circle).
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Chapter2

Literature Review: Clustering

Learnfromthe mistakesofothers.

Youcanneverlivelongenoughto

makethemallyourself.

Groucho Marx

Someofthischapterappearsintheintroductionsin[58,59].

Thereareawealthofstrategiesforsolvinglearningproblems. Duetotherelated

natureofclusteringandsemi-supervisedclustering,wefirstexpoundonsomeselected

strategiesforclustering,thendetailthemodificationsinvolvedforthesemi-supervised

caseeitherinthisorsubsequentchapters.
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CHAPTER2. LITERATUREREVIEW:CLUSTERING

2.1 Hierarchical

Hierarchicalclusteringstrategiesfocusonbuildingadendrogramthatcanbecut

ataspecificleveltoproduceadesirednumberofclusters.Clustersarebuiltontopof

thepreviouslevel’sbyeitherdividing(divisivehierarchicalclustering)orcombining

clusters(agglomerativehierarchicalclustering)usinganoptimizationofanobjective

function. Hierarchicalclusteringhasseveralpros:itcanproduceanydesirednumber

ofclusters(between1andn,wherenisthetotalnumberofpointstobeclustered);

itisrelativelysimpletoexplain;anditiseasytoimplement(naively).Itsmaincon

isthatit’sslow. MostimplementationsareO(n3)and“efficient”versionsarestill

O(n2).Thus,itisnotwellsuitedforbigdata.

Thekeydifferencebetweendifferenthierarchicalclusteringmethodsisthechoice

ofobjectivefunctionastheclusteringcriterion. LetX ⊂Rdbethedata.Suppose

AandB aretwoclusters(consistingofelementsofX)atthecurrentlevel. Often,

wechooseadistancefunctiond:Rd×Rd→ R+ actingonpairsofpoints.Some

selecteddistancefunctionsare

1.Lpdistance:d(x,y)= x−yp= d
i=1(xi−yi)

p
1
p
forp≥1(particularlyL2

orEuclideandistance)

2. Ellipsoidalor Mahalanobisdistance:d(x,y)=(x−y),A−1(x−y)forpositive

definitematrixA

Westillneedtodefinethedistancefunction g:2X ×2X → R+ betweenAand

9



CHAPTER2. LITERATUREREVIEW:CLUSTERING

B,setsofpoints,sincemerging(dividing)clustersisbasedontheoptimizationover

pairsofpoints. Generally,thisisdonebyinvolvingdonpairsofpointsinthetwo

clusters.Someselectedexamplesofdistancefunctionsbetweensetsofpointsare

1. Maximumlinkage:g(A,B)=maxx∈A,y∈Bd(x,y)

2. Minimumlinkage:g(A,B)=minx∈A,y∈Bd(x,y)

3. Averagelinkage:g(A,B)= 1
card(A)card(B) x∈A,y∈Bd(x,y)

4.Likelihoodbasedwhere(a)mixturemodelsarepositedforthedata(b)g(A,B)

isthechangeinoverall(maximized)likelihoodifamergeweretooccur(cf.[23]

formoredetails)

Onceadistancefunctionisdefined,thehierarchicalclusteringgenerallystarts

with nor1clustersforagglomerativeordivisivealgorithms,respectively. Then,

overnrounds,asingle mergeorsplitisperformedbasedonwhatwouldbeopti-

malaccordingtothedistancefunctionappliedtoallcurrentclusters.SeeAlgorithm

1forpseudocodeofanagglomerativehierarchicalscheme. Thatparticularpseu-

docodeistoogeneraltoincorporatesomestandardshortcutsthatapplytoparticular

link/distancefunctions. Figure2.1depictsahierarchicalclusteringof US Arrests

databystatefromtheUSArrestsdatasetincludedinR.[38]Thisdataisgivenas

thenumberofarrestsper105individualsfor3violentcrimesandpopulation.

10
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Figure2.1: DendrogramofagglomerativehierarchicalclusteringappliedtoUS
ArrestdatausingthemaximumlinkagewithEuclideandistanceobjective.
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CHAPTER2. LITERATUREREVIEW:CLUSTERING

Algorithm1: AgglomerativeHierarchicalClustering

Input:X (ndatapoints)
g:2X ×2X → R+ (clusterdistancefunction)
k(desirednumberofclusters)

Output: :X →{1,2,...,k}(clusterassignmentmapping)
1 DefineAi={x:(x)=i}fori=1,2,...,nbethecurrentclusters.
2 LetK ={1,2,...n}bethelabelsofthecurrentclusters.
3 Define (xi)=ifori=1,2,...,n.
4 repeat
5 Let(i∗,j∗)=argmin

i,j∈K withi<j
g(Ai,Aj).

6 Mergeclusters Ai∗ andAj∗. Removej∗fromK.

7 untilcard(K)>k
8 RelabelallclusterssothatifK ={a1,a2,...,ak},Aaj

becomesAj.
9 Update (x)=jforeachx∈Ajforj∈K.

10 return

2.1.1 Semi-supervised Hierarchical Clustering

Oneofthe maindifficultiesinsemi-supervisedlearningisincorporatingthesu-

pervisioninformation. Severalauthorshavenotedthatthegeneral mustlinkand

cannotlinkpairwiseconstraintsarenotappropriateforhierarchicalclusteringdue

tothe multiplelevelsofclustering(see,forexample,[60,7]). Namely,howcanany

pairshaveamust-linkconstraintwhenallclustersareinitiallysize1?ZhengandLi

modifiedtheconstraintsallowedto“mustlinkbefore”andusingamodifiedpairwise

distancematrixusinganuberdistancethatdistortstheoriginalpairwisedistancesto

takeintoaccounttheconstraints. Duetofactthatthesemodificationsarenecessary

forsemi-supervisedhierarchicalclusteringtobeimplemented,weprefertouseother

semi-supervisedmethods.

12



CHAPTER2. LITERATUREREVIEW:CLUSTERING

2.2 Parametric

2.2.1 Model Based Clustering

Someclusteringproceduresarebasedonheuristicsthatlackaprincipledjustifi-

cation,and manyofthebasicquestionsofclustering(e.g.,how manyclassesthere

are)areoftenlefttotheintuitionofthepractitioner.FraleyandRaftery[24]review

model-basedclustering,whichrecaststhetaskofclusteringasamodelselectionprob-

lem,whichiswell-studiedinthefieldofstatistics. The mainassumptionin model-

basedclusteringisthatthedataaredrawnfromoneofGdistributions,whereeach

distributionrepresentsacluster. Modelselectioncanbeaccomplishedbycomputing

approximateBayesfactorsforcompetingmodelswithdifferentnumbersand/ortypes

ofcomponents.

Formally,assumethatthedataX1,X2,...,Xn aredistributedi.i.d.accordingto

amixturemodel,

fθ(·)=
G

k=1

πkfθk
(·),

whereθkaretheparametersofthekthcomponentofthe mixtureandGisthetotal

numberofcomponents. Itcanbeshownthatthisisequivalenttothefollowing

generativeprocess:foreachi∈{1,2,...,n}

(1)drawZifrommultinomial(π1,π2,...,πG)

(2)drawXifromfθZi
.

13



CHAPTER2. LITERATUREREVIEW:CLUSTERING

IfweconsidereachoftheGcomponentsasrepresentingasinglecluster,thenthe

problemofclusteringthedataisthatofunveilingeachlatentZifromthegenerative

process. Theexpectation-maximization(EM)algorithmcanbeusedtofindthe

maximumlikelihoodestimatesfortheparametersofthe modelandtheposterior

probabilitiesofclustermembershipforeachXi(cf.[15]).

Withthisformulation,wehaveafullyprobabilisticclusteringscheme. Wecan

settheclusteroftheithobservationtothemaximumaposterioriestimate:

Ẑi=argmaxkπkfk(xi).

Notethattheposteriorprobabilitycangiveusameasureofconfidenceabouttheith

classification.

Here,wehaveusedfθk
asageneraldensityfunction,butitshouldbenotedthat

the multivariate Gaussiandistributionisthe mostcommonchoiceofdistribution.

Wewilleventuallyuseaninformationcriterion,suchastheBayesianInformation

Criterion(BIC),toassesstherelativequalityofdifferentclusterings. Then,the

numberofclusterscanbechosenusingtheBIC,whichrewardsmodelfitandpenalizes

modelcomplexity.

Figure2.2depictsthemodelbasedclusteringofthefamousOldFaithfuldataset.

[2] Wehave272observationson2variables:eruptiondurationandwaitingtimeuntil

thenexteruption. Weuse Mclust,[25]anRimplementationof Gaussian Mixture

14
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Figure2.2: ModelbasedclusteringoftheOldFaithfuldataset. Colors/shapes
representclusterassignments.Blackellipsoidsrepresentorientationsofthetwocom-
ponentsinthefinalmodel.

Modeling(GMM)(modelbasedclusteringusingGaussiancomponents),tocluster

theobservationsbyallowingittoconsiderbetween2and5componentswithdif-

ferentcovarianceparameterizationsallowed(VII,VVI,andVVV,cf. Table2.1for

descriptions).Notethatitselectstwocomponents,whichmatcheswiththeintuitive

“byeye”clustering.

ByconsideringdifferentconstraintstothecovariancematricesintheGaussian

components,wecanreducethenumberofparametersestimated,thusloweringthe

influenceofthepenaltytermintheBIC.Thisallowsforsimplerclusterstobechosen

15
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overcomplexclusters.CeleuxandGovaert[13]consideraspectraldecompositionof

thekthcomponent’scovariancematrix,

Σk=λkDT
kAkDk,

where λk representsthelargesteigenvalue,Ak isadiagonal matrix whoselargest

entryis1,andDkisa matrixofthecorrespondingeigenvectors. Theinterpretation

ofeachtermasitrelatestoclusterkisasfollows:λkrepresentsthevolume,Dkthe

orientation,andAktheshape.Byforcingoneormoreofthesetermstobethesame

acrossallclusters, wecanreducethenumberofparameterstobeestimatedfrom

Gd+Gd(d+1)
2

intheunconstrainedcase(Σk=λkDT
kAkDk)toGd+G−1+d(d+1)

2
in

themostconstrainedcase(Σk=λDTAD). Wecanalsoforceadditionalconstraints,

suchDk = Iand/orAk = I,leadingtothesimplest model: Σk = λIwithonly

G(d+1)parameterstoestimate.

Mclustbreaksdowndifferentchoicesoftheconstraintsonthecovariancematrices

usingshort(≤3)letterdescriptions(cf. Table2.1). Multivariateparameterizations

receivetheirbytheconcatenationof3letters. Position1indicateseither(E)qual

or(V)aryingvolume(i.e.λk). Position2indicates(I)dentity,(E)qual,or(V)arying

shape(i.e.Ak).Position3indicates(I)dentity,(E)qual,or(V)aryingorientation(i.e.

Dk). Univariateparameterizationsdonothaveshapeororientation,andthusonly

arenamedbyoneletter.

16
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Name ApplicableTo Σk Volume Shape Orientation
E R λ Equal NA NA
V R λk Varying NA NA
X R,G=1 λ NA NA NA
EII Rd λJ Equal Equal,spherical Coordinateaxes
VII Rd λkJ Varying Equal,spherical Coordinateaxes
EEI Rd λA Equal Equal,ellipsoidal Coordinateaxes
VEI Rd λkA Varying Equal,ellipsoidal Coordinateaxes
EVI Rd λAk Equal Varying,ellipsoidal Coordinateaxes
VVI Rd λkAk Varying Varying,ellipsoidal Coordinateaxes
EEE Rd λDTAD Equal Equal,ellipsoidal Equal
EVE Rd λDTAkD Equal Varying,ellipsoidal Equal
VEE Rd λkD

TAD Varying Equal,ellipsoidal Equal
VVE Rd λkD

TAkD Varying Varying,ellipsoidal Equal
EEV Rd λDTkADk Equal Equal,ellipsoidal Varying
VEV Rd λkD

T
kADk Varying Equal,ellipsoidal Varying

EVV Rd λDTkAkDk Equal Varying,ellipsoidal Varying
VVV Rd λkD

T
kAkDk Varying Varying,ellipsoidal Varying

XII Rd,G=1 λJ NA Spherical CoordinateAxes
XXI Rd,G=1 λA NA Ellipsoidal CoordinateAxes
XXX Rd,G=1 λDTAD NA Ellipsoidal NA

Table2.1: Mclustcovarianceparameterizations. Let Jbetheidentitymatrix.
ExpandedfromTable1in[46].

2.2.1.1 ModelSelectionin ModelBasedClustering

BayesianmodelselectioncanbeaccomplishedthroughBayesFactors,orratios

ofposteriorprobabilitiesofthedata. Supposethattherearetwomodelsunder

competitionforselection,sayM1andM2.TheBayesFactorcomparingM1toM2is

B1,2≡
P(D|M1)P(M1)

P(D|M2)P(M2)
,

17
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whereP(D|M1)istheposteriorlikelihoodofthedataunder modelM1andP(M1)

isthepriorprobabilityofM1. AftercalculatingtheBayesFactorcomparingM1to

M2,onewouldchooseM1ifB1,2>1andM2otherwise.

TheBICfora modelunderconsideration(indexedbytheformofΣk andG)is

definedas

BICM ≡2LM −dM log(n),

where LM isthe maximizedlog-likelihoodunder modelM,dM isthenumberof

parametersestimated,andnisthenumberofpointsusedtoestimatethoseparame-

ters. Heuristically,theBICrewardsmodelfitwiththefirsttermandpenalizesmodel

complexitywiththesecondterm. Highervaluesarepreferred.

ItcanbeshownthattheBIC≈ 2log(P(D|M))(cf. Section3.2forarelated

derivation).Thus,underaflatprioroverallmodels,BICM1−BICM2 >0ifandonly

ifB1,2>1.Hence,calculatingtheBICforallmodelsandchoosingtheargmaxgives

thesameresultsascomputingpairwiseBayesFactors(underaflatprior).Therefore,

decisionsbetweendifferentparameterizationsofΣkandnumberofcomponentsGcan

bemadeonthebasisoftheBICapproximationtothelogoftheposteriorlikelihood.

18
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2.2.2 SimultaneousClusteringand VariableSelec-

tion

Muchoftherecentworkinmodel-basedclusteringhascenteredonvariableselec-

tion. RafteryandDean[46]proposedagreedyalgorithmformodel-basedclustering

intheunsupervisedsetting;itusedtheBICtochoosethenumberofclustersand

thefeaturestoconsiderwhileclusteringbyproposinglinearrelationshipsbetween

variablesthatinfluenceclusteringandthoseindependentofclustering. Murphyetal.

[41]adaptedRafteryandDean’salgorithmtosemi-supervisedlearning. Maugisetal.

[36,35]considermanymorescenariosofdependencystructuresbetweenthecluster-

ingvariablesandtheremainingvariablesthanin[46]. Takingadifferentapproach,

Witten etal.[56]offeraframeworkforvariableselectioninclusteringusingsparse

k-meansorsparsehierarchicalalgorithmsby modifyingthecorrespondingobjective

functiontoincludepenaltyconstraints.Intheirsimulations,theyoutperformthe

methodsof[46]considerably.

2.2.3 K-Means

K-means[22,33]isoneofthemostwidelyknownclusteringalgorithms.Thebasic

problemitsolvesisasfollows:forafixednaturalnumberkanddatasetX ⊂Rd,

returnasetofcentersC={ci∈Rd:i=1,2,...k}suchthatitisthesolutionto

19



CHAPTER2. LITERATUREREVIEW:CLUSTERING

thek-meansproblem.

C=argmin{A⊂Rd s.t.|A|=k}φA(X), (2.1)

whereφA(X)= x∈Xminc∈A x−c2.Then,usingthissetofcenters,returnoneof

klabelsforeachdatum:

(x)=argmini∈{1,2,...,k} x−ci.

Lloyd’salgorithm[31]isaparticularlylong-livedstrategyforlocallysolvingthe

k-meansproblem(cf. Algorithm2);itsuggestsrandomlyselectingasubsetofsize

kfromX asinitialcenters,thenalternatingupdatestoclusterassignmentsand

newcenters. Lloyd’salgorithmdoesnothaveanapproximationguarantee.Sucha

guarantee,ifitexisted,wouldhavethefollowingform:

E[φ(X)]≤αφOPT(X),

whereφOPT istheoptimalvalueofφcorrespondingtoexactlysolvingthek-means

problem. Ifαwasconstant,thenthis wouldbean O(1)approximationbound.

Boundsofotherorders,suchasthosescalingwithkwouldhaveanαthatdepended

onk. BecauseLloyd’salgorithmdoesnothavesuchanapproximationbound,we

havethatforcertaindatasets,itcanreturncentersthatresultinalargevalueof

20
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theobjectivefunctioninequation(2.1)withhighprobability. Thus,evenrunning

independentcopiesofthealgorithmandchoosingthebestresultcouldyieldpoor

results.

Macqueen[33]conjecturesthatexactlysolvingequation(2.1)isdifficult. Heis

correct; Mahajanetal.[34]showthatevenfortwodimensionaldata,k-meansisNP-

hard.Becauseofthis,practitionersinsteadseektoapproximatelysolvethek-means

problem. Arthurand Vassilvitskii[5]presentk-means++,arandomizedO(log(k))

approximationalgorithmrunninginO(kn)time(fortheirinitializationstep,which

isallthatisrequiredfortheapproximationbound)thatworksbymodifyingLloyd’s

algorithmtochooseinitialcenterswithunequalweighting(cf. Algorithm2). Their

resultsareremarkablebecausethealgorithmrunsinapracticalamountoftime.

ThisworkinspiredotherstoproposealternativerandomizedinitializationsforLloyd’s

algorithmforstreamingdata[4],parallelimplementations[8],andbi-approximations

withextra(>k)centersthatcanthenbere-clusteredtoyieldkcenters.[3,4]

K-meansisincludedasaparametricalgorithmduetoitsrelationshipto model

basedclusteringwithsphericalequallyorientedgaussians. Thatis,supposethata

setofkcentersCisalreadychosen.Then,forλ>0,considerthemixturemodelwith

Xi
i.i.d.
∼ f(x) =1

k
k
g=1fg(x;cg,λI),whereIistheidentity matrixandfg(·;cg,λI)

isthe multivariatenormalpdfwith meancg andcovarianceλI.Inthiscase,any

newpointx∈X willbeassignedbyK-meanstotheclosestcenter(asdetermined

byEuclideandistance). By GMM,itwillalsobeassignedtotheclosestcenterby
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Mahalanobisdistance,whichforequalandsphericalcovariancematrices,corresponds

totheEuclideandistance. Thus,thealgorithmshavethesamedecisionboundary.

Also,Lloyd’salgorithmupdateswillbeakintoE-Mupdateswithhardassignments

(insteadofsoftassignmentsasintypicalGMM).Thus,themovementofthecenters

willbesimilarinbothalgorithms.

Algorithm2: Lloyd’sk-meansalgorithm

Input:X (ndatapoints)
C(kinitialcenters)

Output:C(updatedcenters)
1 repeat
2 Assigneachxi∈Xtothenearestcenterc(xi)∈C.
3 Updateeachcj∈Xasthecentroidofthepointsx∈Xsuchthatc(x)=cj.

4 untilChasnotchanged
5 returnC

Algorithm3: Initializationofcentersfork-means++

Input:X (ndatapoints)
k(numberofcenters)

Output:C(setofinitialcenters)
1 Chooseanx∈Xuniformlyatrandom.
2 LetC={x}.
3 whilecard(C)<kdo
4 Chooseadatapointx∈XwithprobabilityproportionaltoD2(x).
5 UpdateC=C∪{x}.

6 returnC

2.2.3.1 Previous WorksonSemi-supervised K-means

Insemi-supervisedlearning,thereisadditionalinformationavailableaboutthe

truelabelsofsomeofthedata. Thesetypicallytaketheformoflabelinformation
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(e.g. (x1)=2)orpair-wiseconstrains(e.g. (x1)=(x2)or(x1)= (x2)).Inrecent

years,therehasbeenafairamountofinterestinsolvingproblemswiththeseaddi-

tionalconstraints. Wagstaffetal.[54]proposetheCOP-KMeansalgorithm,whichuses

amodifiedassignmentstepinLloyd’salgorithmtoavoidmakingclusterassignments

thatwouldbeinviolationoftheconstraints. Basuetal.[9]focusedonusinglabel

informationintheirSeeded-KMeansandConstrained-KMeansalgorithms. Bothal-

gorithmsusethecentroidsofthelabeledpointsasinitialstartingcenters.Basuetal.

[10]usetheExpectation-Maximization(EM)algorithm[15]asa modifiedLlyod’s

algorithmtomodifythepairwisesupervisionalgorithmstoincludeastepwhereinthe

distancemeasureismodified(sothattheydonotnecessarilyuseEuclideandistance).

FinleyandJoachims[18]learnpairwisesimilaritiestoaccountforsemi-supervision.
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Chapter3

ModelSelectionand

Semi-supervised Clustering

Itisbettertoberightthantobe

rigorous.

AndreyKolmogorov

Muchofthischapterappearsin[58].

Wewillformulatea modelencompassingthesemi-supervisedcase,deriveaBIC

approximationtotheposteriorloglikelihoodunderthismodel,thenapplyourresult

tothespecialcaseofsemi-supervisedclustering. The modifiedBICthenrepresents

aprincipledmeasurebywhichtochoosethenumberofclustersandthevariablesfor

clusteringwhenperformingsemi-supervisedclustering. Next,wewillconsidersome

aspectsofO(1)differencesininformationcriteriaformodelselectioninmodel-based
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semi-supervisedclusteringintheoryandforspecificexamples.

3.1 Modelencompassingthesemi-supervised

case

Considern= C
i=1niindependentrandomvariables

X
(1)
1 ,X

(1)
2 ,...,X(1)

n1

i.i.d.
∼ fθ1,

X
(2)
1 ,X

(2)
2 ,...,X(2)

n2

i.i.d.
∼ fθ2,

...

X
(C)
1 ,X

(C)
2 ,...,X(C)

nC

i.i.d.
∼ fθC

,

whereθ1∈Θ1⊂ Rd1 aretheparametersforthegroupofunsuperviseddata. The

otherrowsofsuperviseddataaredrawnusingdistributionswhoseparametersarein

restricted(fromΘ1)spaces;formally,θj∈Θj⊂Θ1forj=2,3,...C.Finally,

(fθ1,fθ2,...,fθC
)∈M ={(fθ(1),fθ(2),...,fθ(C)):θ=(θ(1),...,θ(C))∈Θ1×Θ2×···×ΘC}.

CollectalloftheXsintosetD.

Model M, while moregeneralthanstrictlynecessary,encompassesthesemi-

supervisedcase. Considerthefirstgroupofn1randomvariablesasthoseforwhich
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wedonothavelabelsandeachoftheotherC−1groupsasthosewhoselabelswe

know.Then,foraproposedtotalnumberofclustersG≥C−1,weassume

fθ1(x)=

G

j=1

πjφ(x;µj,Σj),

whereφ(·;µj,Σj)isa multivariatenormalpdfwith meanµjandcovariance matrix

Σj,and G
j=1πj=1. Also,foreachk∈{2,3,...,C},

fθk
(x)=φ(x;µjk

,Σjk
),

wherethedoublesubscriptjkistoaccountforpossiblerelabeling.Itfollowsthat

θ1=((π1,π2,...,πG),(µ1,µ2,...,µG),(Σ1,Σ2,...,ΣG))∈Θ1,

where

Θ1={((π1,π2,...,πG):
G

i=1

πi=1,πi∈[0,1]}×Rd×G ×{(Σ1,Σ2,...,ΣG)|Σi 0,Σi∈Rd×d}.

Then,foreachk∈{2,3,...,C}, Θk isthesameas Θ1 exceptthatthe mixing

coefficients(π1,π2,...,πG)areconstrainedsuchthatπjk
=1andallotherπi=0.

Withthismodel,wecanderivetheExpectationstep(E-step)and Maximization

(M-step)oftheEMalgorithm.Notethatsemi-supervisedEMisnotnew;indeed,sim-
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ilarcalculationscanbefoundin[37]Section2.19and[48]. Weincludeourderivation

oftheE-stepand M-stepforour modelbelowforconsistentnotationandcomplete-

ness.

E-Stepforsemi-supervisedclustering.

LetZi,k=✶{Xiisinclusterk}denotethe(hidden)clustermemberships,where✶{.}

istheindicatorfunction.LetZi= i,where iisclusterthatXiisamemberof.The

likelihoodofthecompletedata(X,Z)is

L(θ) =
n

i=1

f(Xi,Zi)

=
n

i=1

P(Zi= i)f(Xi|Zi= i)

=
n

i=1

π
i
fθ

i
(Xi)

=
n

i=1

π
i
fθ

i
(Xi)

Zi,i

=
n

i=1

G

k=1

(πkfθk
(Xi))

Zi,k,

wherethelaststepfollowsbecauseonlythe ithentryofZi,·is1(andtheothersare

0).Takinglogsandsubstitutingφ(·;µk,Σk)foreachfθk
,thecompletelog-likelihood

oftheparametersgiventhedataandlabelsis

l(θ|D)=

n

i=1

G

k=1

Zi,klog(πkφ(Xi;µk,Σk)).

27



CHAPTER3. MODELSELECTIONANDSEMI-SUPERVISEDCLUSTERING

Notethatforthen−n1datanotinthefirstgroup,weknowthetrueZi,k,butfor

then1unlabeleddatawedonot.Thus,theE-stepoftheEMalgorithmis

E[l(θ,Zi,k|D)]=

n1

i=1

G

k=1

E[Zi,k|D]log(πkφ(Xi;µk,Σk))+

C

k=2

nk

i=nk−1+1

log(φ(Xi;µjk
,Σjk

)).

BythedefinitionofZi,kandBayesTheorem,wehaveforalli=1,2,...,n1that

E[Zi,k|D]=P(Zi,k=1|D)=
πkφ(Xi;µk,Σk)
G
j=1πjφ(Xi;µj,Σj)

.

M-Stepforsemi-supervisedclustering.

Defineρi,k= E[Zi,k|D].We must maximize E[l(θ,Zi,k|D)]withrespecttothe mix-

ingcoefficientsπk,the meanvectorsµk,andthecovariance matrices Σk fork=

1,2,...,G.Itcanbeshownthattheupdateequationsforπkare

πk=
n1

i=1ρi,k

n1

.

Recallingthatρi,k=✶{Xiisinclusterk}fori=n1+1,n1+2,...n,wecannowuse

thestandardupdateequationsforµkandΣk.Specifically,

µk=
n
i=1ρi,kXi

n
i=1ρi,k

,

theweightedaverageofthedatawithweightsequaltotheposteriorprobabilitiesof
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clustermembership.TheexactequationsfortheupdateequationsforΣkvariesbased

ontheparsimoniousparameterizationchosen(e.g.EEE,cf. Table2.1). Celeuxand

Ǵovertderivetheclosedanditerativeformsforavarietyofparameterizationsin[13].

3.2 A DerivationoftheBICfortheSemi-

supervised Model

AssumethedataaredistributedaccordingtoamemberofmodelM describedin

Section3.1.InSection2.2.1.1,wementionedthattheBICapproximatestheposterior

loglikelihoodunder modelsome modelM1: BIC≈2log(P(D|M1)).Inthissection,

wewilljustifyamodifiedversionofthisequationformodelM specifically.Consider

theintegratedlikelihood:

P(D)= P(D|θ,M)P(θ|M)dθ, (3.1)

whereP(·)isaprobability,pmf,orpdfwhereappropriate.Let

Q(θ)=log(P(D|θ,M)P(θ|M)),

thelogoftheposteriorlikelihood.Supposethattheposteriormodeexists,saȳθ.
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AsecondorderTaylorexpansionaboutθ̄gives

Q(θ) = Q(̄θ)+(θ−θ̄)T∇Q(̄θ)+
1

2
(θ−θ̄)T∇2Q(̄θ)(θ−θ̄)+O((θ−θ̄)3

2).

Bythefirstorderoptimalitynecessaryconditions,weknow∇Q(̄θ)=0.Byignoring

thelastterm,wewillapproximateQ(θ)withthetruncatedTaylorexpansion:

Q(θ)≈Q(̄θ)+
1

2
(θ−θ̄)T∇2Q(̄θ)(θ−θ̄).

Recalling(3.1),wemayapproximateP(D|M)usingasaddlepointapproximation:

P(D|M) = exp(log(P(D|θ,M)P(θ|M)))dθ

= exp(Q(θ))dθ

≈ exp Q(̄θ)+
1

2
(θ−θ̄)T∇2Q(̄θ)(θ−θ̄) dθ

= exp Q(̄θ) exp
1

2
(θ−θ̄)T∇2Q(̄θ)(θ−θ̄) dθ

= exp Q(̄θ) exp −
1

2
(θ−θ̄)T(−∇2Q(̄θ))(θ−θ̄) dθ.

RecognizetheintegralasproportionaltothedensityofamultivariateGuassianwith

meanθ̄andcovariance−∇2Q(̄θ).LetH =−∇2Q(̄θ).
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Then,wehave

P(D|M) ≈
(2π)

d
2 expQ(̄θ)

det(H)
1
2

(3.2)

wheredisnumberoffreeparametersinθ.

NowwewillrelateH totheFisherinformationmatrixasdefinedby

I(θ)jk≡E
∂

∂θj

log(p(X,θ))
∂

∂θk

log(p(X,θ)).

Undertheconditions1,Proposition3.4.4.in[11]yields

I(θ)jk=−Eθ
∂2

∂θj∂θk

logP(X,θ).

Thus,ifP(θ|M)isuninformative,thenH =−∇2Q(̄θ)=− n
i=1

∂2

∂θj∂θk
logP(X,θ)≈

1ConditionsforProposition3.4.4in[11]. Assume

1.θ∈Θ,foropenΘ⊂Rd,

2.{P(x,θ):θ∈Θ}isaregularparametric model,

3.Pistwicecontinuouslydifferentiable,

4.foranystatisticTsuchthatEθ[|T|]<∞ forallθ∈Θ,wehavethat

∂

∂θj
T(x)P(x,θ)dx = T(x)

∂

∂θj
P(x,θ)dx,

5.foranystatisticTsuchthatEθ[|T|]<∞ forallθ∈Θ,wehavethat

∂2

∂θj∂θk
T(x)P(x,θ)dx = T(x)

∂

∂θj∂θk
P(x,θ)dx,

and

6.thesupportofP(·,θ)doesnotdependonθ.
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nI(θ).HisoftenreferredtoastheobservedFisherinformation.

ByconsistencyoftheobservedFisherinformation matrix,ifθ̂isthe Maximum

LikelihoodEstimator(MLE),thenH(̂θ)=I(θ0)+op(1),whereI(θ0)istheFisher

informationatthetruegeneratingparameters. Whentheposterior modeisnearly

orisequaltothe MLE,asisthecasewhentheprioronθisuniformandΘisfinite

(cf.BickelandDoksumpp.114),substitutêθ,the MLE,for̄θ,theposteriormode.

Taking2log(·)ofbothsides,(3.2)becomes

2log(P(D|M)) ≈ 2Q(̂θ)+dlog(2π)+log(det(I(̂θ)−1))

= 2log(P(D|̂θ,M))+2log(P(̂θ|M))+dlog(2π)−log(det(I(̂θ)).

Now,wemustcalculate−log(det(I(̂θ)). Definen≡ C
i=1ni.Observe

I(θ) = Var
∂

∂θ
log(p(X,θ)

= Var
n

i=1

∂

∂θ
log(p(Xi,θ))

=

C

i=1

niI(θi)byindependence.

Henceforth,wewilluseIjtodenoteI(θj). WewillassumethatI1ispositivedefinite,

sothatitcanbewrittenas

I1=ST
1S1
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forsomenon-singular matrixS1. LetJdenotethed-dimensionalidentity matrix.

Fornotationalpurposes,let

n∗:= max
2≤j≤C

(nj).

Observe

det
C

i=1

niI(θi) = det ST
1(n1J+ ST

1

−1
C

i=2

niI(θi) S−1
1 )S1

= det(I1)det n1J+n∗ ST
1

−1
C

i=2

ni

n∗
I(θi) S−1

1

= det(I1)n
d
1det J+

n∗

n1

ST
1

−1
C

i=2

ni

n∗
I(θi) S−1

1

= det(I1)n
d
1det J+

n∗

n1

B ,

whereB= ST
1

−1
( C

i=2
ni

n∗I(θi))S
−1
1 .AmatrixCisa∗−transformofanothermatrix

DifthereexistsanonsingularmatrixSsuchthatC=S∗DS (i.e.Ciscongruentto

D). NotethatsinceS1isnonsingular,Bisa∗−transformof( C
i=2

ni

n∗I(θi)). Then,

bySylvester’sLawofInertia,Bhasthesameinertiaas C
i=2

ni

n∗I(θi),whichisasum

ofpositivesemi-definitematrices.Therefore,Bisapositivesemi-definitematrix.

Next,wewouldliketodescribethegrowthofdet J+n∗

n1
B .Foranyeigenvalue

ofJ+n∗

n1
B,sayλ,wehaveby Weyl’stheorem

1≤λ≤1+
n∗

n1

B 2.
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Observe

B 2 = max
{x∈Rd:x2=1}

xTBx

≤ max
{x∈Rd1:x2=1}

S−11
2
2x
T

C

j=2

nj
n∗
Ij x

≤ S−11
2
2

C

j=2

nj
n∗
Ij
2
2

≤ S−11
2
2

C

j=2

Ij
2
2 ,

whichisindependentofn. LetM2≡ S−11
2
2

C
j=2 Ij

2
2 .Letσ(J+

n∗

n1
B)=

{λ1,λ2,...,λd}bethespectrumofJ+
n∗

n1
B,orderedindecreasingmagnitudeand

countingmultiplicities.Then,wehave

det(J+
n∗

n1
B) = Πdm=1λm

≤ 1+
n∗

n1
(M2)

d

≤ 1+
n−n1
n1
(M2)

d

Becausedisfixed,theonlytermgrowingwithnaboveisn−n1
n1
,theratioofthe

superviseddataovertheunsuperviseddata.Ingeneral,itisusuallymuchmore

expensivetoobtainadditionalsuperviseddatathanunsupervised;thus,wefindit

reasonabletopositthatn−n1
n1
→0inn(i.e.iso(1)).Inthiscase,logdet(J+n∗

n1
B)
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iso(1)bycontinuityandourbounds.

Hence,

log(det(I(θ))) =log(det(I1))+dlog(n1)+log det(J+
n∗

n1

B) (3.3)

=log(det(I1))+dlog(n1)+o(1). (3.4)

Whentheposterior modeisnearlyorisequaltothe MLE,asisthecasewhen

theprioronθisuniformandΘisfinite(cf.BickelandDoksumpp.114),substitute

θ̂,the MLE,for̄θ,theposteriormode.

Recallthatwehad

2log(P(D|M))≈2log(P(D|̂θ,M))+2log(P(̂θ|M))+dlog(2π)−log(det(I(̂θ)).

Wecanhandleeachtermintheaboveapproximation:

•2log(P(̄θ|M))=O(1)byflatprioronθ

•dlog(2π)=O(1)becausedisfixed

•log(det(I(̂θ))=log(det(I1))+dlog(n1)+o(1)byEquation3.4

Finally,notethatI1inistheFisherinformationmatrixforonedatumfromgroup1

evaluatedatthe MLE.Suppose.θ1,0werethetruegeneratingparametersofthedata

ingroup1. WewouldliketosaythatI1≈Iθ1,0.Weknow θ̂1→ θ1,0inprobabilityby

consistencyofthe MLE.SupposePisthricecontinuouslydifferentiablewithbounded
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thirdderivative.Since

I1(θ1,0)=E
∂2

∂θ2
log(P(X,θ=θ1,0)) =

1

n1

n1

i=1

∂2

∂θ2
log(P(x

(1)
i ,θ=θ1,0))+oP(1),

andP isthricedifferentiable,the meanvaluetheoremgivesthatthereexistsaθ

betweenθ̂1andθ1,0suchthat

1

n1

n1

i=1

∂2

∂θ2
log(P(x

(1)
i ,θ=θ1,0))−

1

n1

n1

i=1

∂2

∂θ2
log(P(x

(1)
i ,θ=θ̂1))

=
1

n1

n1

i=1

∂3

∂θ3
log(P(x

(1)
i ,θ=θ))θ̂1−θ1,0 .

Ifthethirdderivativeisboundedinprobability,wehavethatI1=I1(θ1,0)+oP(1).

Hence,log(det(I1))=OP(1).

Therefore,2log(P(D|M))≈2log(P(D|̂θ,M))−dlog(n1)+oP(1)+OP(1).Note

thatthetermsoforderlessthanOP(1)getwashedoutinthelimitasn→ ∞ inthe

sensethattheothertermsarediverging.Ifwedropthem,wehaveourderivationof

theadjustedBIC.

Remark Thechoicetokeepdlog(n1)aroundinsteadofdlog(n)issubtle.Suppose

wemadethelatterchoice,notingthat

log(n1)=log(
n1

n
n)=log(

n1

n
)+log(n)=o(1)+log(n).

Thusanapproximationofthistypeonlyaddserrorthatweapparentlyfeelcom-
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fortabledropping. Whydowenotdiscountthiserrornow? NotethattheBICis

usedinfinitesamplesituations;itwillperformdifferentlyiftheactualvalueforthe

penaltytermusesn1vs.n.Theuseofn1willleadtolessparsimoniousmodels. One

intuitivereasonwewouldwanttopenalizelessharshlythantheBICdoesisthatthe

complexityintroducedbythelargelyconstrainedknowndatumshouldbelowerthan

anunconstrainedpoint.

3.3 DiscussionofInclusionofO(1)Terms

inInformation Criteria

TheBayesianInformationCriterion(BIC)isgenerallydenotedas

BIC=2L−dlog(n),

whereListhemaximumofthelikelihood,disthenumberofparametersestimated,

andnisthenumberofdatausedtoestimatethoseparameters.

Alternativeinformationcriteriagenerallydifferbyhavingdifferentvaluesforthe

penaltyterm.Forexample,thesamplesizeadjustedBIC[12]isdefinedas

sBIC=2L−dlog(
n+2

24
).
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BecauseBIC−sBIC=O(1),one maywonderoftheefficacyofsuchadeviation

fromtheBIC.Thisquestionisparticularlysalientwhenconsideringthatthestandard

derivationoftheBICastheapproximationtotheintegratedloglikelihoodisonlyO(1)

accurateasymptotically(sothatotherO(1)termsaredropped). Here,wecomment

ontheuseofdifferentpenaltyterms.SupposethatwedefineanadjustedBIC,say

BIC asafunctionofm∈[1,n)asBIC(m)=2L−dlog(m)=BIC−dlog(m
n

).

Whendoesusingsuchanadjustmentmatter? Considertwomodels,say M0and

M1,incompetitionforselection.Fixanm.Supposethat

(i)d1>d0

(ii)BIC0>BIC1and

(iii)BIC0(m)<BIC1(m).

Inthiscase,weseethatundertheoriginaldefinitionoftheBIC,wewouldchoose

M1overM0,andwiththemodifieddefinition,wewoulddotheopposite.

Inordertoanalyzethisundersomeassumptions,definetwostatisticaltests:

T(ω)=✶{BIC1>BIC0}

and

Tm(ω)=✶{BIC1(m)>BIC0(m)}.

Whendo TandT differ?
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Case1: T=1andTm =0.Form≤nthisisimpossible.

Case2: T=0andTm =1.Wehavetwosubcases.

(a)SupposeM1isthetrue model. WewouldbecorrectinchoosingTm over

T.

(b)SupposeM0isthetrue model. Notethatinthiscase,wewould makea

mistakebychoosingTm overT.

WewouldliketoanalyzetheprobabilitiesinCase2. Preferably,(2.a)is much

moreprobablethan(2.b). Unfortunately,under(2.a)thedistributionofW1,0isonly

knownforcertaincases.Forexample,withlocalalternativesoftheformθn=θ0+ ∆√
n
,

W1,0(d1−d0)isknowntohavenoncentralchisquaredistributionwithdf=d1−d0

andtheappropriatenon-centralityparameter. Localalternativesareunrealisticin

theapplicationswehavein mind;in modelbasedclustering,wecompare modelsof

differentdimensions. Thereforelocalalternativesaregenerallynotapplicableinthe

motivatingapplication. Hence,wewilldeferouranalysisunder(2.a)toaspecific

example.

Wecansaymoreabout(2.b)withsomeassumptions.

Proposition3.3.1 Supposethemodelsarenested(sothatM0isasubmodelofM1).

DefineW1,0,n:=2(L1−L0)
(d1−d0)

.AssumethedistributionfunctionsofW1,0,nareuniformly

39



CHAPTER3. MODELSELECTIONANDSEMI-SUPERVISEDCLUSTERING

Lipschitzcontinuousinn. UnderM0,T=0andTm =1withprobability

PrM0(log(m)< W1,0,n<log(n))→ F(log(n))−F(log(m)), (3.5)

whereF(·)isthedistributionfunctionofanFdistributionwithdf=(d1−d0,∞).

Proof Wecandosomealgebraon(ii)and(iii)toobtainequivalentconditionthat

(d1−d0)log(m)<2(L1−L0)<(d1−d0)log(n).

Ifthe modelsarenested(sothatM0isasubmodelofM1),thenthenumerator

ofW1,0,nconvergesinlawtoaχ2distributionwithdf=d1−d0by Wilk’sTheorem.

Inthiscase,wenotethatbySlutsky’sTheorem,W1,0,nasymptoticallyhasthedistri-

butionofanF-statisticwithdf=(d1−d0,∞).ByuniformLipschitzcontinuity,the

probabilitythat(ii)and(iii)holdwhentheyshouldnot(i.e.chooseM1whenM0

isthetruth)isgivenbyequation(3.5).

3.3.1 IllustrativeExample

Wenowpresentananalysisforspecificnullandalternative models where we

canexplicitlycalculatetheprobabilitiesofcases(2.a)and(2.b). Thepurposeisto

demonstratethatforfiniten,thechoiceofpenaltytermisnontrivial.

Letd,d0∈Nwithd0<d.Considerthenestedmodels:
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•M1={N(µ,I):µ∈Rd}

•M0,d0 ={N(µd0
,I):µ∈Rd,µj=0forj=d0+1,d0+2,...,d},

whereIisthed−dimensionalidentitymatrix.

Let

µ∗= 1 1√
2

1√
3

... 1√
d

T

µ∗
0,d0

= 1 1√
2

1√
3

... 1√
d0

0 0 ...0

T

.

Then,f1:=N(µ∗,I)∈M1andf0,d0 :=N(µ∗
0,d0

,I)∈M0.SupposethatX1,X2,...,Xn
i.i.d.
∼

f1orf0,d0 accordingtowhetherornotM1isthetruemodel.

Fixarealizationofthedata(x1,x2,...,xn).Letx̄= 1
n

n
i=1xiandx̄0,d0 bex̄

withthecoordinatesafterd0setto0.Twicethemaximizedloglikelihoodofthedata

underM1is(uptoconstants)

2L1:=−

n

i=1

(xi−x̄)T(xi−x̄).
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UnderM0,d0 itis

2L0,d0 :=−

n

i=1

(xi−x̄0,d0)
T(xi−x̄0,d0)

= −

n

i=1

xi−x̄+̄x−x̄0,d0
2
2

= L1−2
n

i=1

(xi−x̄)T(̄x−x̄0,d0)−nx̄−x̄0,d0
2
2

= L1−nx̄−x̄0,d0
2
2,

sothatL0,d0 <L1.

(2.a)Underf1,

nx̄−x̄0,d0
2
2 =

d

j=d0+1

(
√

n̄xj)
2

= Y1,

whereY1∼noncentralχ2
df=(d−d0)(n

d
j=d0+1

1
j
).

Hence,foranym>0,

Prf1(2L1−dlog(m)<2L0,d0−d0log(m))=Pr(Y1<(d−d0)log(m)).

Therefore,Prf1(T=0andTm =1)=Pr((d−d0)log(m)<Y1<(d−d0)log(n)).

(2.b)Underf0,d0,
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nx̄−x̄0,d0
2
2=Yd0, (3.6)

whereYd0 ∼χ2
df=(d−d0)

Thus,

Prf0,d0
(2L1−dlog(m)<2L0,d0−d0log(m))=Pr(Yd0 <(d−d0)log(m)).

Hence,Prf0,d0
(T=0andTm =1)=Pr((d−d0)log(m)<Yd0 <(d−d0)log(n)).

Clearly,wecanvaryn,m,d,andd0toinfluencetheseprobabilities. Wewillnow

dosotoshowhow(a)somepenaltyisbetterthannone;(b)theAICpenaltycan

resultinmistakes;and(c)theoptimalpenaltydependsonn,m,d,andd0.

Figure3.1depictstheprobabilityof(2.a)and(2.b)whennandm varyforfixed

d=200andd0=190underthealternative(a)andnull(b)hypotheses.Lowerpenal-

tiesthantheBICwouldusegenerallyresultinbetterdecisionsunderf1. However,

thereisapproximatelya3%chanceoferrorunderf0whentheBICwouldbecorrect

withthepenaltyofexp(2),thatoftheAIC.

Figure3.2depictstheprobabilityof(2.a)and(2.b)whendandm varyforfixed

n=1000andd0=d−10underthealternative(a)andnull(b)hypotheses.Lower

penaltiesthantheBICwouldusegenerallyresultinbetterdecisionsunderf1without

sacrificingmakingtoomanynewmistakesunderf0.

Figure3.3depictstheprobabilityof(2.a)and(2.b)whend0andm varyforfixed
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(a)Prf1
(T=0andTm
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Figure3.1: Probabilitiesofcorrectly(a)ormistakingly(b)choosingthealternative
overthenullwhentheBICwouldnotdoso. Forallcurves,d=200andd0=190.
Notethat7.389...=exp(2),theAICpenalty.
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(a)Prf1
(T=0andTm
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Figure3.2: Probabilitiesofcorrectly(a)ormistakingly(b)choosingthealternative
overthenullwhentheBICwouldnotdoso.Forallcurves,n=1000andd0=d−10.
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n=1000and d=200underthealternative(a)andnull(b)hypotheses. Lower

penaltiesthantheBICwouldusegenerallyresultinbetterdecisionsunderf1and

nottoo muchworsedecisionsunderf0. However,thereisapproximatelyalarger

chanceoferrorunderf0whentheBICwouldbecorrectwiththeAICpenaltyfor

smallerd0.

Thisexample mayseemoverlysimplistic. Indeed,itdoesnotinvolvesemi-

supervisedclusteringatall. However,itdoesdemonstratethecomplexitiesofpe-

nalizationinmodelselectionwithfinitesamples.

3.3.2 SimulationStudy

We wouldliketodemonstratetheimpactofthepreviouslydiscussed model

selectioncomplexitiesfromtheillustrativeexampleontheinferencetaskofsemi-

supervisedclustering.Tothatend,considerthefollowingprocedureforconstructing

adatasetX ⊂R2,semi-supervisingit,andclusteringitusingmodel-basedclustering

withdifferentpenalties. WewillthencomparetheresultingARIscores.

Let

µ1=µ2=







0

0





 andµ3=







2

2





.

Also,let

Σ1=







.5 .35

.35 .5






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(a)Prf1
(T=0andTm
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Figure3.3: Probabilitiesofcorrectly(a)ormistakingly(b)choosingthealternative
overthenullwhentheBICwouldnotdoso.Forallcurves,n=1000andd=200.
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and

Σ2=







.5 −.35

−.35 .5





.

Considerthefollowingprocedureforgeneratingone MonteCarloReplicate.

1. Definethepdfofeachdatumasbeingfromamixturemodelf(X)= 3
k=1πkfk(X),

wherefk=N(µk,Σk)with6Σ3generatedusingtheonionmethodof[27]

2. DrawnS=100supervisedfromthefirsttwocomponents.

3. DrawnU =5,10,20,40,80,...,640unsupervisedfromthefullmixturemodel.

4. Clusterusing2−5Gaussianswithvariousconstraintsontheproposedcovari-

ancematrices.

5. Choosethe modelsforclusteringbasedondifferentvaluesofm inthepenalty

termdlog(m),wherem∈[nU,nU +nS].

6. CalculateresultingARIsusingthechosenmodels..

Figures3.4and3.5showshowdifferentpenaltiescanaffecttheoverallclustering

performanceontheunlabeleddata. Generally,weseethatwith moreunsupervised

data,therearelessdifferencesbetweenthedifferentchoicesofpenaltytermsinthe

interval[nU,nU +nS],which makessensegiventheasymptoticresults.Inthispar-

ticularexample,lesspenalizationallowedustodetectthethirdcomponentsooner,

improvingtheARIvaluesintheresultingclustering.Thus,wehaveshownthatinan
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exampleclosertoourproblemofinterest,therestrictedpenalizationderivedinthe

previoussectioncanbeefficaciousascomparedtothestandardpenalty.Additionally,

asngrows,thedifferencesbetweentheinformationcriteriathataredependentonn

tothesameorderbecomesnegligibleevenforrelativelysmallvaluesofn.

3.4 Conclusions

Inthischapter,weconsidersomeaspectsofmodel-basedsemi-supervisedcluster-

ing. First,wedefinea modelforthesemi-supervisedcase. Next,wederiveaBIC

applicableforit.Finally,weexplicatesomeaspectsofO(1)differencesininformation

criterion(liketheBIC)tojustifythe modificationswe makeinourderivation. To

assistusinthisexplanation,weexplicitlycalculatetheprobabilitiesofabenefitor

detrimentinusinga modifiedBICinanillustrativeexample. Finally,wepresenta

simulationstudyinthecontextofsemi-supervisedclustering.
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Figure3.4: ARIvspenaltyinBIC(m).Higherisbetter. Redcirclesrepresent
significantpaired WilcoxontestsforlargerARIvaluesthanvsthestandardBIC
(atthe.05level). Theareatotherightofthegreenlinerepresentstheinterval
[nU,nU+nS].
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Figure3.5:ARIvspenaltyinBIC(m)forlargestvalueofthetotaldatasetsim-
ulated. Higherisbetter.Redcirclesrepresentsignificantpaired Wilcoxontestsfor
largerARIvaluesthanvsthestandardBIC(atthe.05level).Theareatotheright
ofthegreenlinerepresentstheinterval[nU,nU+nS].
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Chapter4

Semi-supervised K-means++

Itisbettertoberightthantobe

wrong.

AndreyKolmogorov,asattributed

byTheodoreDrivas.

Mostofthischapterappearsin[59].

TheEMalgorithmforclusteringrequiresinitializationwitheitherinitialparam-

etersorinitial(possiblysoft)clusterassignments. Becauseitisgenerallyunrealistic

toobtainadequateinitialparameters,initialclusterassignmentsaretypicallyused.

Twomainstrategiesareemployedtothisend:

(1)randomlypartitionthedata,runtheEMalgorithm,savethelikelihood,and

repeat,savingtheresultscorrespondingtothehighestlikelihood;or
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(2)useanotheralgorithm(e.g.hierarchicalclustering)thatiseasiertoinitializein

aprincipledfashion.

Duetothe modificationsnecessaryforsemi-supervisedhierarchicalclustering

(namely, movingtowards must-link-beforestyleconstraints), we wouldprefernot

tousethatforthesecondstrategyofinitializingtheEMalgorithm.Thus,wepresent

anothersemi-supervisedclusteringalgorithminthischapter.

Inthischapter, weproposeasemi-supervisedversionofk-means++. Wefirst

introducethedefinitionsandnotationtobeusedafterwardsintheremainderof

thepaper. Next,wepresentthe mainalgorithm,wherewe modifythek-means++

algorithmforthesemi-supervisedwithlabelscase. Wethenproveanapproximation

boundthatimproveswiththeamountofsupervision.Finally,weincludenumerical

experimentsshowingtheefficacyofthealgorithmonsimulatedandrealdataunder

afewperformancemetrics.

4.1 Preliminaries

Wewillpresentafewdefinitionstoclarifythenotationusedinthetheoretical

results.RecallthatX ⊂Rdisourdata. WewilladditionallypartitionX=X(u)∪X(s)

intotheunsupervisedandsuperviseddata,respectively.

Clustering Aclustering,sayC,isasetofcentersthatareusedforclusterassign-

mentsofunlabeledpoints.
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Potentialfunction FixaclusteringC.DefinethepotentialfunctionasφC:2X →

R+ suchthatforA⊂X,

φC(A)=φ(A;C)=
a∈A

min
c∈C

a−c.

Optimalcluster LetC∗beaclusteringsolvingthek-meansproblemfromequation

(2.1).Letc∗∈C∗.AnoptimalclusterXc∗ isdefinedsuchthat

Xc∗ ={x∈X:c∗=argminc∈C∗ x−c2}

Distancesquared weightingfunction CallthecurrentclusteringC. DefineD2:

Rd→ R+ suchthat

D2(x)=φ({x};C).

Coveredcluster CallthecurrentclusteringC.AnoptimalclusterXc∗ iscoveredif

C∩Xc∗ =∅.

4.2 Semi-supervisedK-means++Algorithm

Wenowproposeanextensiontothe k-means++algorithmforthesemi-supervised

case. Wewillcalledthisthess-k-means++algorithm. Supposethatwewantto

partitionourdataX ⊂RdintoGgroups. Assumethatthesemi-supervisionoccurs
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inthefollowingway:

(1)chooseaclassciuniformlyatrandom;

(2)choosegiobservationsuniformlyatrandomfromXci

(3)andlabelthesegiobservationsasbeingfromclassi.

Weoptionallyallowrepetitionofsteps1−3togivemorepartiallysupervisedclasses.

The modifiedk-meansalgorithm, whichis Algorithm4followedby Algorithm2,

replacestheinitialstepofchoosingapointatrandombychoosinggipointsas

above,thensettingthefirstcentertothecentroidofthosepoints. Also,during

theD2 probabilisticselectionprocess, wedonotallowcenterstobechosenfrom

thesupervisedpoints. Notethatthisisessentiallythek-means++versionofthe

Constrained-KMeansalgorithm[9].

4.3 Theoretical Results

Considertheobjectivefunctionφ(X;C)= x∈Xminc∈C x−c2,thepotential

functionassociatedwithaclusteringC. ArthurandVassilvitskii[5]provethatthe

expectationofthepotentialfunctionaftertheseedingphaseofthek-means++algo-

rithmsatisfies

E[φ(X)]≤8(log(k)+2)φOPT,
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Algorithm4: Initializationofcentersforsemi-supervisedk-means++

Input:X(u)(nuunlabeleddatapoints)
X(s)(nslabeleddatapoints)
L∈{1,2,3,...,k}ns (labelscorrespondingtothedatainX(s)

k(numberofcenters)
Output:C(setofinitialcenters)

1 Letn bethenumberofsuperviseddatapointswithlabel .
2 LetC=∅.
3 for =1,2,...kdo
4 ifn >0then
5 Letcbethecentroidofthelabeleddatapointswithlabel .
6 UpdateC=C∪{c}.

7 whilecard(C)<kdo
8 Chooseadatapointx∈X(u)withprobabilityproportionaltoD2(x).
9 UpdateC=C∪{x}.

10 returnC

whereφOPT correspondstothepotentialusingtheoptimalGcenters. Wewillimprove

thisboundforouralgorithmbymostlyfollowingtheiranalysis,mutatismutandis.

Thesketchoftheproofisasfollows:

1. Boundtheexpectationofthepotentialforthefirstcluster(chosenbysemi-

supervision)

2. BoundtheexpectationofthepotentialforclusterswithcenterschosenviaD2

weightingconditionedonthecenterbeingfromanuncoveredcluster.

3. Boundtheexpectationofthepotentialwhenchoosinganumberofnewcenters

atonceinatechnicalresult

4.Specializethetechnicalresulttoouralgorithmandgettheoverallbound
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ConsideracollectionofdataAofsizen. Supposewehaveguniformlychosen

atrandom membersofAinasetS⊂Athatweconsiderpre-labeled. Considerthe

meanofthesedatum,say āS,tobetheproposedcenterofA,thentheexpectation

ofthepotentialfunctionis

E[φ(A;̄aS)]=E
a∈A

a−āS
2 ,

wheretheexpectationisoverthechoiceoftheelementsofS. Wecancomputethis

expectationexplicitly. Wewillfirstneedsomelemmas.

Lemma4.3.1 LetA⊂ Rd andcbethecentroidofA.Letn:=card(A).Forany

z∈Rd, a∈A a−z2= a∈A a−c2+nz−c2

Proof Observe

a∈A

a−c2 =
a∈A

(a−z)+(z−c)2

=
a∈A

a−z2+2(a−z)T(z−c)+nz−c2

=
a∈A

a−z2+2n(c−z)T(z−c)+nz−c2

=
a∈A

a−z2−nz−c2.

Hence,

a∈A

a−z2=
a∈A

a−c2+nz−c2,
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whichwaswhatwaswanted.

Lemma4.3.2 IfS⊂AisasubsetofA={xi∈Rd:i=1,2,...n}ofsizegchosen

uniformlyatrandomfromallsubsetsofAofsizeg,then

E[
xi∈S

xi]=
g

n
xi∈A

xi.

Proof LetXibetheindicatorrandomvariablethatis1ifxi∈Sand0otherwise

(i.e.Xi=✶{xi∈S}).Observe

E[
xi∈S

xi] =E[
n

i=1

xiXi|
n

i=1

Xi=g]

=
n

i=1

xiE[Xi|
n

i=1

Xi=g]

ObserveE[Xi|
n
i=1Xi=g]=

(n−1
g−1)
(n

g)
,theprobabilitythatxiischosenforagroup

ofsizegfromnobjectsinA.Theconclusionfollows.

Lemma4.3.3 IfS⊂AisasubsetofA={xi∈Rd:i=1,2,...n}ofsizegchosen

uniformlyatrandomfromallsubsetsofAofsizeg,then

E





xi∈S

xi

T

xi∈S

xi



=
g(g−1)

n(n−1)
i=j

xT
ixj+

g

n

n

i=1

xT
ixi.

Proof LetXibetheindicatorrandomvariablethatis1ifxi∈Sand0otherwise
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(i.e.Xi=χ{xi∈S}).Observe

E





xi∈S

xi

T

xi∈S

xi



 = E




n

i=1

xiXi

T n

j=1

xjXj |

n

=1

X =g





= E
n

i,j

xT
ixjXiXj|

n

=1

X =g

=
n

i,j

xT
ixjE XiXj|

n

=1

X =g .

Observe

E XiXj|
n

=1

X =g =






(n−2
g−2)
(n

g)
ifi=j

(n−1
g−1)
(n

g)
ifi=j

,

sincethefirstcaserepresentstheprobabilitythatxiandxj arechosentogether

andthesecondcaserepresentstheprobabilitythatxiischosen,asX2
i =Xi. The

conclusionfollows.

Nowwepresentthepromisedexpectation.

Lemma4.3.4 IfS⊂AisasubsetofA={xi∈Rd:i=1,2,...n}ofsizegchosen

uniformlyatrandomfromallsubsetsofAofsizeg,then

E[φ(A;̄aS)]= 1+
n−g

g(n−1)
φOPT(A),
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where

φOPT(A)=
ai∈A

ai−c(A)2,

c(A)isthecentroidofA(i.e.c(A)=1
n a∈Aa),and̄aS isthecentroidofS.

Proof Letn=card(A). Observe

E[φ(A;̄aS)] = E
a∈A

a−āS
2

= E
a∈A

a−c(A)2+nāS−c(A)2 byLemma4.3.1

=
a∈A

a−c(A)2+nE āS−c(A)2

= φOPT(A)+nE āS−c(A)2 .

LetusdetermineE[̄aS−c(A)2].Observe

E āS−c(A)2 = E āT
S̄aS −2c(A)TE[̄aS]+c(A)Tc(A)

= E āT
S̄aS −2g−1c(A)TE

n

a∈S

a +c(A)Tc(A)

= E āT
S̄aS −2g−1c(A)Tg

n

n

i=1

ai+c(A)Tc(A)byLemma4.3.2

= E āT
S̄aS −2c(A)Tc(A)+c(A)Tc(A)

= g−2E




n

a∈S

a

T n

a∈S

a



−c(A)Tc(A).

60



CHAPTER4. SEMI-SUPERVISEDK-MEANS++

ApplyingLemma4.3.3,wehave

E āS−c(A)2 = g−2 g(g−1)

n(n−1)
i=j

aT
iaj+

g

n

n

i=1

aT
iai −c(A)Tc(A)

=
1

gn

g−1

n−1
i,j

aT
iaj+ 1−

g−1

n−1

n

i=1

aT
iai −c(A)Tc(A)

=
1

gn

g−1

n−1
n2c(A)Tc(A)+ 1−

g−1

n−1

n

i=1

aT
iai −c(A)Tc(A)

=
g−1

g

n

n−1
−1 c(A)Tc(A)+

1

gn
1−

g−1

n−1

n

i=1

aT
iai

= −
n−g

g(n−1)
c(A)Tc(A)+

n−g

gn(n−1)

n

i=1

aT
iai

=
n−g

g(n−1)

1

n

n

i=1

aT
iai−c(A)Tc(A)

=
n−g

gn(n−1)

n

i=1

aT
iai−nc(A)Tc(A)

=
n−g

gn(n−1)
φOPT(A).

Hence,E[φ(A;̄aS)]= 1+ n−g
g(n−1)

φOPT(A).

Lemma4.3.4willhandlethesemi-supervisedclusters.SupposethatCOPT isthe

optimalsetofclustercenters. Now, weconsiderthecontributiontothepotential

functionofanoptimalclusterX∗ :={x∈X :c∗ = argminc∈COPT
x−c2}from

COPT whenacenterischosenfromCOPT withD2weighting.Ifwecanproveagood

approximationbound,thenwecansaythatconditionedonchoosingcentersfrom

uncoveredclusters,wewillhaveagoodresultonaverage.
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Lemma4.3.5 LetCbethecurrent(arbitrary)setofclustercenters.LetX∗beany

clusterinCOPT. Letx∗ beapointfromX∗ chosenatrandomwithD2 weighting.

Then,

E[φ(X∗;C∪{x∗})|x∗∈X∗]≤8φ(X∗;COPT),

wheretheexpectationisoverthechoiceofnewcenterx∗.

Proof ThisisessentiallytheprooffromLemma3.2[5]. Wewillpresentourown

versionforcompleteness,however.

ConditionedonthefactthatthenewclustercenterwillbechosenfromX∗,any

givenpointx∈X∗ischosenasthenewcenterwithprobability

D2(x)

x∈X∗D2(x)
=

minc∈C x−c2

x∈X∗minc∈C x−c2
.

Then,

Eφ(X∗;C∪{x∗})|x∗∈X∗ =
x∈X∗

P(xischosenfromX∗)φ(X∗;C∪{x})

=
x∈X∗

minc∈C x−c2

x∈X∗minc∈C x−c2
x ∈X∗

min D2(x),x −x2 .

Recallthat x−c ≤ x −x + x −c foreachcenterc∈Cbythetriangle

inequality.Takingtheminofbothsidesoverc,wehave

min
c∈C

x−c ≤ x −x +min
c∈C

x −c,

62



CHAPTER4. SEMI-SUPERVISEDK-MEANS++

implying

D(x)≤ x −x +D(x).

Squaringbothsides,wehavethat

D2(x)≤(x −x +D(x))
2
.

Thepower-meaninequalityimplies

x −x +D(x)

2

2

≤
x −x2+D2(x)

2
,

andhence

(x −x +D(x))
2

≤2x −x2+2D2(x).

Therefore,weknowthat

D2(x)≤2x −x2+2D2(x).

Summingoverallx ∈X∗,wehave

D2(x)≤
2

card(X∗)
x ∈X∗

x −x2+
2

card(X∗)
x ∈X∗

D2(x).
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Applyingthisinequality,wehave

E[φ(X∗;C∪{x∗})|x∗∈X∗]

≤
x∈X∗

2
card(X∗) x ∈X∗ x −x2

x∈X∗D(x)2
x ∈X∗

min D2(x),x −x2

+
2

card(X∗)
x∈X∗x ∈X∗

min D2(x),x −x2

≤
x∈X∗

2
card(X∗) x ∈X∗ x −x2

x∈X∗D(x)2
x ∈X∗

D2(x)+
2

card(X∗)
x∈X∗x ∈X∗

x −x2

=
4

card(X∗)
x∈X∗x ∈X∗

x −x2.

Since

1

card(X∗)
x∈X∗x ∈X∗

x −x2=E[φ(X∗;x)],

theexpectationofthepotentialfunctionofasingleclusterifacenterischosen

uniformlyatrandomfromitspoints, wecanapplyLemma4.3.4withg=1and

A=X∗. Hence,E[φ(X∗;C∪{x∗})|x∗∈X∗]≤8φ(X∗;COPT).

Beforeintroducingthemaintechnicalworkhorse,notethatφ(Q1∪Q2)=φ(Q1)+

φ(Q2)foranysetsQ1andQ2suchthatQ1∩Q2=∅.Also,φ(Q1\Q2)=φ(Q1)−φ(Q2)

foranysetsQ1andQ2suchthatQ2⊆Q1.

Lemma4.3.6 FixaclusteringC.Supposethereareu∈Nuncoveredclustersfrom

theoptimalclusteringCOPT.DenotethepointsintheseuncoveredclustersasXu(not
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tobeconfusedwithX(u)).Let

Xc=X\Xu

bethesetofpointsincoveredclusters. UseD2weighting(excludingsuperviseddata)

toaddt≤unewcenterstoC toformC.Inaslightabuseofnotation,letφ(·)=

φ(·;C),φ(·)=φ(·;C),andφOPT =φ(·;COPT).Then,

E[φ(X)]≤(φ(Xc)+8φOPT(Xu))(1+Ht)+
u−t

u
φ(Xu),

whereHt= t
j=1

1
j

isthepartialsumsoftheharmonicseries. WewilldefineH0=0.

Proof Wehavethattheprobabilityofchoosingapointfromafixedset AwithD2

weightingignoringsupervisedpointsis

Pr(newcenterc∈A)=
φ(A∩X(u))

φ(X(u))
.

Further,notethatX(s)∩Xu=∅,sinceallsupervisedclustersarecovered.

Followingtheargumentin[5]usingtheaboveprobabilities, we willhaveour

result. First,weplanonusinginductionoverbothtandubyprovingthatifthe

resultistruefor(t−1,u)and(t−1,u−1),itistruefor(t,u).Formostofthebase

cases,weshowthattheresultholdsfor(t=0,u)forallu∈N. Clearly,ift=0,

φ(X)=φ(Xc)+φ(Xu)≤(φ(Xc)+8φOPT(Xu))(1+H0)+u−0
u

φ(Xu),sinceH0=0.

Forthefinalbasecase,wechecktheresultfor(t=1,u=1),whereweareonly
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addingonecenterandonlyoneoptimalclusterisuncovered.Ithelpstobreakup

theexpectationofthenewpotentialintotwotermsbyconditioningonaneventand

itscomplementandcalculatingthe(boundsonthe)conditionalexpectationsinboth

cases.

DefineeventBastheeventthatwechooseournewcenterfromtheoneuncovered

cluster. NotethatP(B)=φ(Xu)

φ(X(u))
andP(Bc)=φ(Xc∩X(u))

φ(X(u))
.Then,

E[φ(X)] = P(B)E[φ(X)|B]+P(Bc)E[φ(X)|Bc]

=
φ(Xu)

φ(X(u))
E[φ(X)|B]+

φ(Xc∩X(u))

φ(X(u))
E[φ(X)|Bc]

Forthefirstterm, wecanapplyLemma4.3.5becauseweareconditioningon

choosingfromanuncoveredclusterwithD2weighting. Hence,

E[φ(X)|B] =E[φ(Xc)+φ(Xu)|B]

= E[φ(Xc)|B]+E[φ(Xu)|B]

≤ E[φ(Xc)|B]+8φOPT(Xu)byLemma4.3.5

≤ φ(Xc)+8φOPT(Xu),

wherethefinalinequalityisfromthefactthatφ(A)≤φ(A)foranysetAandfor

anynewcenter.
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Forthesecondterm,noteφ(X)≤φ(X)=φ(Xc)+φ(Xu).Hence,

E[φ(X)|Bc]≤φ(Xc)+φ(Xu).

Combiningterms,wehavethat

E[φ(X)] ≤
φ(Xu)+φ(Xc∩X(u))

φ(X(u))
φ(Xc)+

φ(Xu)

φ(X(u))
8φOPT(Xu)+

φ(Xc∩X(u))

φ(X(u))
φ(Xc)

= φ(Xc)+
φ(Xu)

φ(X(u))
8φOPT(Xu)+

φ(Xc∩X(u))

φ(X(u))
φ(Xc)

≤ φ(Xc)+
φ(Xu)

φ(X(u))
8φOPT(Xu)+φ(Xc)

= 2φ(Xc)+8φOPT.

Hence,thepropositionholdsfort=u=1.

Fortheinductivestep,supposethatthestatementholdsfor(t=t∗−1,u=u∗−1)

and(t=t∗−1,u=u∗).Wewillagainconsidertwocasesbyconditioningonanevent

anditscomplement. Definetheeventthatthefirstcenterischosenfromanuncovered

clusterasU.Clearly,

E[φ(X);(t=t∗,u=u∗)]=P(U)E[φ(X)|U;(t=t∗,u=u∗)]

+P(Uc)E[φ(X)|Uc;(t=t∗,u=u∗)].

Forthefirstterm,notethatthefirstcenterischosenfromacoveredclusterwith
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probabilityP(U)=φ(Xc∩X(u))

φ(X(u))
. Also,wehavetheloosebound

E[φ(X)|U;(t=t∗,u=u∗)]≤E[φ(X);(t=t∗−1,u=u∗)]

basedonthefactthatchoosinganynewcenterimprovesthepotentialovernot

choosinganewcenter.Thus,applyingtheinductivehypothesiswith(t=t∗−1,u=

u∗),wehave

P(U)E[φ(X)|U;(t=t∗,u=u∗)]

≤
φ(Xc∩X(u))

φ(X(u))
(φ(Xc)+8φOPT(Xu))(1+Ht∗−1)+

u∗−(t∗−1)

u∗
φ(Xu) .

Forthesecondterm,assumethatUcoccurs;thatis,wechoosethefirstcenter

fromanuncoveredcluster. Furtherconsiderthatwechosethenewcenterfroma

particularuncoveredcluster,sayA,whichoccurswithprobability φ(A)

φ(X(u))
.LetEabe

theeventthatapointa∈Awaschosenconditionedonthefactthatwechosefrom

AusingD2weighting. Definepa=Pr(Ea).Defineφa(·)asφ(·)conditionedonEa.

Notethatforanya∈Achosenasthenewcenter,Xu←Xu\AandXc←Xc∪A.

Then,thecontributiontotheexpectationofthefinalpotentialis

φ(A)

φ(X(u))
a∈A

(paE[φa(A∪Xc)+φa(Xu\A);(t=t∗−1,u=u∗−1)]), (4.1)

wheretheexpectationisoverthechoiceof t∗−1centers withu∗−1remaining
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uncoveredclusters.

DefineΞ =(φ(Xc)+8φOPT(Xu)(1+Ht∗−1)fornotationalpurposes. Applythe

inductivehypothesiswithu=u∗−1andt=t∗−1toboundthesuminEquation

(4.1)with

a∈A

pa (φa(A∪Xc)+8φOPT(Xu\A))(1+Ht∗−1)+
u∗−t∗

u∗−1
φa(Xu\A)

=
a∈A

pa (φa(A)+φa(Xc)+8φOPT(Xu)−8φOPT(A))(1+Ht∗−1)+
u∗−t∗

u∗−1
φa(Xu\A)

=
a∈A

pa (φa(A)−8φOPT(A))(1+Ht∗−1)+Ξ+
u∗−t∗

u∗−1
φa(Xu\A) .

Notethatφa(Xu\A)≤φ(Xu\A)=φ(Xu)−φ(A).Makingthissubstitutioninthe

equality,wehavethatthecontributiontothepotentialisboundedby

φ(A)

φ(X(u))
a∈A

pa (φa(A)−8φOPT(A))(1+Ht∗−1)+Ξ+
u∗−t∗

u∗−1
(φ(Xu)−φ(A)) .

Because a∈Apaφa(A) =E[φ(A)|x∈AchosenwithD2weighting],wecanapply

Lemma4.3.5toconclude a∈Apaφa(A)≤ 8φOPT(A).Hence, wereplacethefirst

termwith≤0.Next,notethattheremainingtermsdonotdependonaspecifically

beingchosen. Hence,thecontributiontothepotentialis

φ(A)

φ(X(u))
a∈A

pa (φa(A)−8φOPT(A))(1+Ht∗−1)+Ξ+
u∗−t∗

u∗−1
(φ(Xu)−φ(A))

≤
φ(A)

φ(X(u))
Ξ+

u∗−t∗

u∗−1
(φ(Xu)−φ(A)) .
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Weknowthat u∗

i=1φ(Ai)=φ(Xu).Hence,thepower-meaninequalitygivesthat

−

u∗

i=1

φ(Ai)
2≤−

1

u∗
φ(Xu)2. (4.2)

SumoveralluncoveredAitogivecontributionlessthanorequalto

φ(Xu)

φ(X(u))
Ξ+

1

φ(X(u))

u∗−t∗

u∗−1
(φ(Xu)2−

u∗

i=1

φ(Ai)
2)

≤
φ(Xu)

φ(X(u))
Ξ+

1

φ(X(u))

u∗−t∗

u∗−1
φ(Xu)2−

1

u∗
φ(Xu)2 byEquation(4.2)

=
φ(Xu)

φ(X(u))
Ξ+

u∗−t∗

u∗
φ(Xu) .

Therefore,

P(Uc)E[φ(X)|Uc;(t=t∗,u=u∗)]≤
φ(Xu)

φ(X(u))
Ξ+

u∗−t∗

u∗
φ(Xu) .

Combiningterms,wehavethat

E[φ(X);(t=t∗,u=u∗)]

≤Ξ+
φ(Xc∩X(u))

φ(X(u))

u∗−t∗+1

u∗
φ(Xu) +

φ(Xu)

φ(X(u))

u∗−t∗

u∗
φ(Xu)

=Ξ+
u∗−t∗

u∗
φ(Xu)+

φ(Xc∩X(u))

φ(X(u))

1

u∗
φ(Xu)

=(φ(Xc)+8φOPT(Xu))(1+Ht∗−1)+
u∗−t∗

u∗
φ(Xu)+

φ(Xu)

φ(X(u))

φ(Xc∩X(u))

u∗
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Because φ(Xu)

φ(X(u))
≤1andφ(Xc∩X(u))≤φ(Xc)≤φ(Xc)+8φOPT(Xu),wecancombine

thelastandfirsttermsinthefinalinequalitytoyield

E[φ(X);(t=t∗,u=u∗)]≤(φ(Xc)+8φOPT(Xu))(1+Ht∗−1+
1

u∗
)+

u∗−t∗

u∗
φ(Xu).

Finally,sinceHt∗−1+ 1
u∗ ≤Ht∗−1+ 1

t∗ =Ht∗,wehavethat

E[φ(X);(t=t∗,u=u∗)]≤(φ(Xc)+8φOPT(Xu))(1+Ht∗)+
u∗−t∗

u∗
φ(Xu),

asdesired.

Theorem4.3.7 Supposeourstoryabouthowthesupervisionoccursholds.LetC=

∅.Foreachlabel thatwehavesupervisedexemplarsof,addthecentroidofthe

superviseddatalabeled,sayctoC.Supposethatcard(C)=G.Letn
j

bethenumber

ofsupervisedexemplarswithlabel jforj=1,2,...,G.Then,wehaveu=k−G

uncoveredclusters. Addt=unewcentersusingD2weightingignoringthesupervised

points.Theexpectationoftheresultingpotential,φ,isthen

E[φ(X)]≤8φOPT(X)(2+log(k−G)).

Proof Notethataftersupervision,Xc= G
j=1X

j
,whereX

j
isanoptimalcluster

whichwehavecoveredthroughsupervisionandthedoublesubscripts jaretoaccount

forapossiblerelabeling. Hence,Xu=X\ G
j=1X

j
.Therefore,φ(Xc)= G

j=1φ(X
j
),
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andφOPT(Xu) =φOPT(X)− G
j=1φOPT(X

j
).Then,applyingLemma4.3.6 with

u=t=k−G,wehave

E[φ(X);(t=k−G,u=k−G)]

≤(φ(Xc)+8φOPT(Xu))(1+Hk−G)

=
G

j=1

φ(X
j
)−8φOPT(X

j
)+8φOPT(X) (1+Hk−G).

ApplyingLemma4.3.4toeachφ(X
j
),wehave

E[φ(X)]≤
G

j=1

−7+
n−n

j

n
j
(n−1)

φOPT(X
j
)+8φOPT(X) (1+Hk−G).

Finally,usingthefactthatHk−G ≤1+log(k−G),wehaveourresult.

Theendresultisamodestimprovementoverthatof[5]thatscaleswiththelevelof

supervision. Thefinalinequalityintheproofistighterthantheresultstatedinthe

theorem,sincethefactorof8couldbelowerdependingonthecontributionsofthe

supervisedclustersintheoptimalclustering.
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4.4 NumericalExperiments

4.4.1 Performance Measures

Weuseseveral measuresforeachexperiment. First, weusethecost,orthe

potentialfunctionwiththefinalcenters. Forcomparingtothetheoreticalbound,

wealsousethefractionofoptimalcost,where“optimal”isderivedbytakingthe

centroidsforeachclassasdeterminedbythegroundtruthlabels. Next,weusethe

numberofLloydsiterationsuntilconvergence.

Finally,wewillusetheAdjustedRandIndex(ARI)[26],whichisanindexthat

compareshowcloselytwopartitionsagree. TheARIistheRandindex,theratio

ofnumberofagreementsbetweentwopartitions,afteradjustingforchance.Itis

essentiallychanceat0, meaningless< 0,andperfectatits maximalvalue,unity.

Sincegroundtruthlabelsareavailableforourdatasets, wecancomparethemto

thepartitionsyieldedfromtheoutputofthealgorithmsinSection4.4.3. Thus,a

largeARIvalueindicatesgoodclusteringperformanceasdeterminedbyfidelityto

thegroundtruthpartition.

4.4.2 Data

Weshowcaseouralgorithmonthreedatasets(cf.Figure4.2fordepiction). The

first,GaussianMixturewasinspiredbyboth[5,8]. Wedrewk=24centersfrom
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the15-dimensionalhypercubewithsidelengthof10. Foreachcenterc,wedrew

n =100pointsfroma multivariateGuassianwith meancandidentitycovariance.

Thisdatasetisremarkablebecauseitiseasytoclusterbyinspection(atleastwith

largerside-length,asintheoriginalpapers)yetisdifficultforLloyd’salgorithmwhen

initializedwithbadcenters. Forourchosensidelength,itisnoteasytoclusterby

eye. Notethatthesupervisionstory(wherecentroidsoftheclasslabelscorrespond

tobestcenters)islikelytoholdformostrealizationsofthedata.

Thenexttwodatasetsarerealdataforwhichtheassumptionthatthelabelsmatch

upwithminimumcostclustersisnotmet.TheseconddatasetisthevenerableIris

dataset[19],whichusesd=4variablestodescribek=3differentclassesofflowers.

Whilethisdatasetisold,itisnonethelessdifficultfor k-meanstohandlefroma

clusteringstandpoint. Thisfactiswidelyknown;indeed,eventhe Wikipediapage

fortheIrisdatasethasarenderingofk-meansfailingonit.[55] Wecomparedthe

ARIforthisdatasetandtheGaussianMixturedatasetwhilevaryingtheratioof

sidelengthofthehypercubetostandarddeviation(Σ=σIwithσ=1fixed),and

wefoundthatthedatasetswereroughlyequivalentforsidelengtharound3.25.This

isunderonepercentofthesidelengthand10−32 timesthevolumeofthenorm25

dataset[8]thatourGaussianMixturedatasetisbasedon. Thus,weobservethat

theIrisdatasetishardertoclusterthanthesyntheticdataset.

Thethirddataset,Hyperspectral,isaNavalSpaceCommandHyMaphyper-

spectraldatasetrepresentinganaerialphotoarunwayandbackgroundterrainofthe
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Figure4.1: ImagecorrespondingtotheHyperspectraldatasetasseeninFigure2
of[45].Eachpixelcanbeclassifiedaccordingtowhatitrepresents.

airportatDalgren,Virginiaasoriginallyseenin[45](cf. Figure4.1foradepiction

ofthelocation). Eachpixelinthephotoisassociatedwithd=126featuresrep-

resentingdifferentspectralbands(e.g. visibleandinfrared). Wetookthefirstsix

principalcomponentstoformadatasetwithn=14748datainR6,aschosenbythe

minimumnumberofdimensionstocapture >97.5%ofthetotalvariance. Thefirst

twoprincipalcomponentsaredepictedinFig4.2.Thek=7classesaretheidentities

ofeachpixel(i.e.runway,pine,oak,grass,water,scrub,andswamp). Basedonthe

ARIscorespresentedintheforthcomingresultssection,thisdatasetisonlyalittle

easiertoclusterthanIris.
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Figure4.2: Firsttwodimensionsofthedatasets(onerealizationforGaussian
Mixture).BecauseGaussianMixturehas13moredimensionsthanareshownhere,
clusteringitisconsiderablyeasierthanthisfigurewouldimply.Note,however,that
wehaveoverlappingclasses(asdenotedbythecolors)inalldatasets.
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4.4.3 Algorithms

Forbothdatasets,weapplyseveralalgorithms:ss-k-means++,Constrained-KMeans,

andConstrained-KMeansalgorithminitializedatthetrueclasscentroids. Wecon-

siderthelatteralgorithmasanapproximationtotheoptimalsolution. Also,because

the“++”versionsofthealgorithmssupposedlyimprovetheinitialization,weconsider

bothss-k-means++(withoutLloyds)andConstrained-KMeans(withoutLloyds)to

verifythisimprovement.Constrained-KMeansandConstrained-KMeans(without

Lloyds)usearandomsampleoftheunsuperviseddataweighteduniformlyforthe

remaininginitialcenters(afterusingcentroidsofthelabeledpoints).Thealgorithms

withoutLloydsusetheirrespectiveinitializationstrategytochooseinitialcentersthen

movestraighttoclassassignmentwithoutupdatingtheinitialcenters. Weconsider

thesealgorithmsas“initializationonly”methodsforthisreason.

4.4.4 Results

Wevarythesupervisionlevelfrom0%to100%,whereweaddsupervisedclasses

andsample5,5,and50datapointsperclasstolabelforGuassianMixture,Iris,

andHyperspectral,respectively. Notethatthisispercentofclusterswhichhave

exemplarsandnotpercentofallpointswhicharelabels. Also,at100%supervision,

ss-k-means++andConstrained-KMeansarethesame,sincetherearenoadditional

centerstochoose. Wedidnotallowthesuperviseddatatochangeclusterassignment,
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sotheapproximationtotheoptimalcanchangewiththelevelofsupervisionandwith

differentsuperviseddatachosen. Wesetkequaltothetruenumberofgroups(24

forGaussianMixture,3forIris,and7forHyperspectral). Weused100 Monte

Carloreplicatesateachlevelofsupervision.

Figure4.3showsthecostasthelevelofsupervisionchanges. Weobservethecost

decreaseswithmoresupervision. Also,weseethesamerelativeperformancesofthe

algorithms, withthe ++versionoutperformingthebenchmark. Observethatthe

approximationtotheoptimalsolutionisthebest.Figure4.4depictsthetheoretical

bound. Allalgorithmsarebelowthebound(inexpectation).

Figure4.5showsthenumberofiterationsbeforeLloyd’sconverges. Wecansee

thatimprovedselectionofinitialcentersbyD2 weightedrandomizationleadsto

feweriterationsbeforeconvergence. Weexpectedthis; ArthurandVassilvitskii[5]

observedasimilarphenomenonwithnosupervision. Moresupervisiondidnotseem

toaffectthenumberofiterationsuntilveryhighlevels(near100%).Fortherealworld

datasets,wecanseethattheapproximationtotheoptimalalgorithmrequiredmore

thanoneiterationtoconverge,indicatingthatthecentroidsofthetrueclasslabels

donotmatchwiththelocallyminimalcostsolutions.Thismeansthattheconditions

forthesupervisioninourproofsdonotholdforthisdataset. Nevertheless,bothcost

andARIimprovewithadditionalsupervision.

Figure4.6showstheARIforallalgorithms. Notethatsupervisionimprovesthe

ARI,asexpected. Also,ss-k-means++generallyoutperformsConstrained-KMeans.
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Figure4.3:Cost(valueofthepotential)shownasafunctionofthelevelofsuper-
visionfor100MonteCarloreplicates.Shadingindicates±twostandarddeviations.
Colorsindicatealgorithm:
gold:Constrained-KMeans(withoutLloydsiterations);
blue:ss-k-means++(withoutLloydsiterations);
red:Constrained-KMeans;
green:ss-k-means++;and
pink:Constrained-KMeansinitializedattruecentroidsoflabels.

Thesameobservationholdsfortheinitializationonlyversionsaswell.Remarkably,

thetruecentroidsandLloyd’salgorithmisoutperformedbytheinitializationonly

methodsontheIrisandHyperspectraldatasetsat100%supervisionfortheARI

metric.Thisisduetothefactthatthetrueclassesdonotcorrespondtotheminimum

costsolution,whichiswhatLloyd’siterationswouldimprove(apparentlyatthecost

ofARI).
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Figure4.4:Fractionalcost(valueofthepotentialoveranestimateoftheoptimal)
plottedasafunctionofthelevelofsupervisionfor100MonteCarloreplicates.Shad-
ingaroundthelinesindicates±twostandarddeviations.Theshadedregionisthe
regioncorrespondingtothetheoreticalcostinexpectationfromSection4.3.Colors
indicatealgorithm:
gold:Constrained-KMeans(withoutLloydsiterations);
blue:ss-k-means++(withoutLloydsiterations);
red:Constrained-KMeans;
green:ss-k-means++;and
pink:Constrained-KMeansinitializedattruecentroidsoflabels.

4.5 Conclusions

Inthischapter,wepresentanaturalextensionofk-means++andConstrained-KMeans.

Then,weprovethecorrespondingboundontheexpectationofthecostundersome

conditionsonthesupervision. Noassumptionsaremadeaboutthedistributionof

thedata.Finally,wedemonstratedthatonthreedatasetsjudicioussupervisionand

goodstartingcenterselectionheuristicsimproveclusteringperformance,cost,and

iterationcount.
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Figure4.5:Lloyd’siterationsbeforeconvergenceplottedasafunctionofthelevel
ofsupervisionfor100 MonteCarloreplicates. Shadingindicates±twostandard
deviations.Colorsindicatealgorithm:
gold:Constrained-KMeans(withoutLloydsiterations);
blue:ss-k-means++(withoutLloydsiterations);
red:Constrained-KMeans;
green:ss-k-means++;and
pink:Constrained-KMeansinitializedattruecentroidsoflabels.

Possiblefuturetheoreticalworkincludesincorporatingtheadvancessetforthin

theextensionstotheoriginalk-means++paper. Forexample,wecouldproduce

semi-supervisedversionsofk-means#[8]andk-means||[4]withcommensurately

improvedbounds.Relaxingtheconstraintstothepairwisecannot-linkandmust-link

constraintsasin[54]isalsodesirable,becausetheassumptionofexogenouslyprovided

hardlabelsisoftenuntenable.Otherassumptionsthatwouldbenicetorelaxwould

betheequalclustershapesandclustervolumeimplicitink-meansclustering.
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Figure4.6: AverageARIshownasafunctionofthelevelofsupervisionfor100
MonteCarloreplicates.Shadingindicates±twostandarddeviations. Greenbeats
red.Colorsindicatealgorithm:
gold:Constrained-KMeans(withoutLloydsiterations);
blue:ss-k-means++(withoutLloydsiterations);
red:Constrained-KMeans;
green:ss-k-means++;and
pink:Constrained-KMeansinitializedattruecentroidsoflabels.
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Chapter5

Applications

I’mnotcrazyaboutreality,butit’s

stilltheonlyplacetogetadecent

meal.

Groucho Marx

Inthischapter,wepresenttwoapplicationsofsemi-supervisedmodelbasedclus-

tering.Thefirstexperimentsectionisbasedonourworkin[58].

5.1 IdentifyingFly Behaviotypes

Inoneofthemotivatingapplicationsforthiswork,classesofneuronsinDrosopho-

lialarvaearecontrolledusingoptogenetics(cf.[1]regardingoptogenetics).In[52],

theyobservethereactionsoftheaffectedlarvaetostimuliinhigh-throughputbehav-
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ioralassays.Thegoalistodeterminewhichclassesofneuronscausesimilarchanges

inbehaviorwhendeactivated.

Weinitiallycollecteddataon n=37780larvaegroupedinto b=2062dishes.

Bychangingtheoptogeneticprocedure, =11knownlinesarecreated,pbd1,38a1,

61d0,ppk1,11f0,pbd2,38a2,pbd3,ppk2,iav1,and20c0. Oftheselines,wediscarded

thelarvaeinpbd3andppk2becausetheyhadlessthan40larvaeeach. Further,

wediscardedalllarvae withanunknownline. Aftercuratingthedata, wenow

haven=7730larvae. Eachlarvaisobservedwhilerespondingtovariousstimuli.

Vogelsteinetal.[52]expandonthe methodsof[44]and[45]anddescribehowthe

observationsareembeddedintoRd,wherehered=30. Weusethemethodpresented

in[61]toselecttheelbowofthescreeplottofurtherreducethedatatod=14

dimensions. Wedidnotperformanyadditionalfeatureselection.

Foreach MonteCarloreplicate,weuseasmallsubsetofthedatawheretheline

wasknown(101randomlychosenanimalsfromeachofthe9remaininglines)along

withm=0,1,2,...8pre-labeleddatarandomlychosenfromthe101animalsineach

line. WewroteanRpackageentitledssClusttoperformsemi-supervisedGMMwith

similaroptionstothepopular Mclustsoftware,whichisanRpackageforGMM[25].

Weclusterthepointsusingboth ssClustand Mclust. Then,wecomputetheARI

againstthelinetypeforbothmethods.

Weobservethattheinitializationstrategyofusing ss-k-means++insteadofhi-

erarchicalclusteringresultsinasignificantimprovementtothe ARIevenwithno
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supervision. Wefindthatasingleanimalperlinesignificantlyimprovesthecluster-

ingresults,asexpected(cf.Figure5.1).Further,wecanseethattherearediminishing

returnsonadditionalsupervisionstartingat3supervisedexamplesperline.

Figure5.1:AveragevalueoftheARIfor500MonteCarloreplicatesforexperiment
5.1.Errorbarsare±2standarderrors.

5.1.1 DifferentiatingLines

Vogelsteinetal.[52]posedandansweredquestionsoftheform,“IslineXdifferent

thanlineY(intermsofbehaviotypes)?”Asanillustrativeexample,wewillperforma

similaranalysiscomparingtheppk1andpbd1linesbutwilladditionallyincorporate

somesupervision. Here,ourinterpretationoftheclusterswillshiftfromlinesto

behaviotypes.Ourproposedprocedurefordistinguishingbetweenlinesisasfollows:
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(1)Sample101animalsfromeachline

(2)Label3animalsfromeachlineaccordingtoalabelingstrategy(seebelow)

(3) ClustertheanimalsusingssClustand Mclustintobetween2and12clusters

usingtheparameterizationsEEE,VVV,VII,andEII.

(4) Collecttheresultsandconstructempiricalprobabilityofcluster membership

foreachline

(5) ComputetheHellingerdistancebetweenthetwolinestobecomparedandstore

thisasstatisticH

(6)SimulatethedistributionofH underthenullhypothesisthatthelinesare

thesamebypermutingthelabelsandcomputingtheHellingerdistanceHifor

i=1,2,...,BforsomelargeintegerB.

(7) Returnanempiricalp-valuebasedonsteps(5)and(6).

Initem(2)wedidnotspecifyalabelingstrategyindetail. Weproposeastrategy

thatisreasonablyrealistictoexecuteforourparticulardataset. Vogelsteinetal.

[52]usedahierarchicalclusteringschemeinwhichthefirstfewlayerswerevisually

identifiablebywatchingtheworms. Thus,byusingtheirlabelsfromanearlylayer

(layer2,with4clusterstotal),wehaveaplausiblelevelofsupervisionforahumanto

haveperformed.Specifically,wesampleatrandomalabelfromthetruelabelsamong

alinewithweightsproportionaltothecountsofeachlabelinthatline. Usingthat
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label,wesample3wormsofthatlabelinthatlinetobethesupervisedexamples.

Next,fortheotherline,wesampleadifferentlabel,and3exampleswiththattrue

label.

Weseethatbasedonallthreelabelingstrategiesthatboth ssClustand Mclust

areabletocorroboratetheresultsfrom[52]evenwithsmallamountsofdata:ppk1

andpbd1arestatisticallydifferent(p-value≈1e−4forbothfor500 MCreplicates).

Wenowshowthat ssClustcananswerthesequestions“sooner”than Mclust.

Thatis,thep-value(pVal)willbebelowthesignificancelevelwithfewerunsupervised

examples.Toquantifythisconcept,weintroducethe“answeringtime”foralgorithm

A:

τA :=min
n∈N

n:2≤n≤30and
30

q=n

✶{pVal(Dk)≤α}=1 ,

wherehereweusethenotation

Dk:={X1,k,...,Xq,k,(X99,k,Y99,k),...,(X101,k,Y101,k):k∈{1,2}}

tobethelabeledandunlabeleddata.

Thep-valueconstraintbearssomeexplanation;itsaysthatwerequireasignificant

p-valueforalldatasetsatleastaslargeaswithnunsupervisedexamplesperline.

Notethathereweassumeourdatasetsarenestedandthattheyallusethesame

supervisedexamples. Sincetheansweringtimewillbedependentonthedatasets
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used,weperformaMonteCarlosimulationwith500randomsequencesofdatasets

andreporttheansweringtimesforbothssClustandMclust(cf.Figure5.2).The

medianansweringtimeforssClust
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issignificantlylowerthanforMclust(p-value=

4.7e-12forpaired Wilcoxonsigned-ranktest).

Figure5.2:Frequencydistributionofansweringtimesfor5.1.1given500MCrepli-
cates.

5.2 VertexNomination

ConsideragraphG=(V,E).Supposethatthereisalabelingfunctiononthe

vertices,say

:V→C,
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whereC={red,blue,yellow,...}isasetofcolorsontheverticesandredisthe

colorofinterest.Invertexnominationproblems,thestructureofthegraphisknown

(i.e. G),buttheimagesofonlysome(ornone)oftheverticesunderthe mapping

areknown. Thetaskistonominateambiguouslycoloredverticesbasedontheir

relativecertaintyofbeingred. Coppersmith[14]performsarecentreviewonvertex

nominationintheliterature.

Inourformulationofthevertexnominationproblem,wecanviewitasasemi-

supervisedclusteringproblemongraphswithonlyoneclusterbeingofinterest.In

ordertoapplythemethodsexplicatedinpreviouschaptersofthisthesis,weneedto

producerealvaluedfeaturesforeachvertex.Spectral methodshavelongbeenused

toembedgraphsinRdwiththeaimofclustering(e.g.[17,28,42]).Foranexcellent

tutorialonspectralclustering,see[53].Usingclusteringforfindinginterestingvertices

ingraphsthroughlatentpositionshasbeenstudiedinotherways;forexample,in

[30],wedirectlyinferlatentpositionsduringastreamingdoublystochasticprocess.

Actuallyusingthenominationlistto modifythegraphtofitsomegoalisasubject

offurtherstudy;in[39],wesimulatedtheeffectsofasequenceofgraphmodifications

onexpectedterroristattacks.

Fishkindetal.[20]comparespectralclusteringtoalikelihoodbasedandtoagold

standardcanonicalclusteringmethodonaspecialtypeofrandomgraphs,stochastic

blockmodels(SBM).Inrandomgraphmodels,Visgenerallyfixed,andthesetEisa

randomvariable.Inastochasticblockmodel,thereareanumberofblocks(colors),
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muchsmallerthanthenumberofvertices. Eachvertexisinablock. Everypair

ofverticesindependentlyhasanedgewithprobabilityrelatedonlytotheirblock

memberships. Formally,ifthereare K = card(C)blocks,Λ∈RK×K isthelink

probabilitymatrixsuchthat

P[(u,v)∈E|(u)=i,(v)=j]=Λi,j.

SpectralclusteringtorecovertheblocksinSBMgraphshasbeenshowntobeeffica-

cious.[47]

TheRandomDotProductGraph(RDPG)modelisarelatedrandomgraphmodel.

Eachvertexv∈V hasalatentpositionxv ∈Rd,wheredisgenerallyunknown.

Insteadofalinkprobability matrixdependentonblocks,thelinkprobabilitiesare

basedonthelatentpositions. SupposeK :Rd×Rd → Risakernelfunctionand

g:R→ [0,1]isalinkfunction.Then,

P[(u,v)∈E]=g(K(xu,xv)).

IfanSBMhasaspositivesemi-definitelinkprobability matrix,thenitisaspe-

cialcaseofa RDPG modelinwhichthelatentpositionsoftheverticesarefully

specifiedbytheirblock memberships. RDPG modelsarewelldescribedbyspectral

embedding.[51,50]Hence,spectralembeddingonSBMgraphsisoftenappropriate.

[49]Then,sincetheestimatedlocationsinthelatentspacearestronglyrelatedto
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theblockmembership,aclusteringinthelatentspacegenerallyrecoversblockmem-

bershipnicely.[32,21]Finally,Athreyaetal.[6]showthatthescaledeigenvectors

(i.e.spectralembedding)ofRDPGareapproximatelydistributedasa mixtureof

Gaussians. Hence,usingmodel-basedclusteringinthissettingisapplicable.

Insomevertexnominationapplications,theremaybepartiallylabeleddatawith

additionalinformationindicatingthatsomeoftheverticesareredandsomearenot

red.Fornotationalpurposes,letthecolorscorrespondtonaturalnumbers. Onlyred,

thecolorofinterest,needhaveanexplicitcorrespondence:red=1;further,wewill

oftenrefertonodesinblock1asbeingred. Thus,theaforementionedconstraints

maybethat (v1) =1and (v2)=1. Thesecondpieceofa-prioriknowledgeis

clearlyweakerthanlabelinformation,as (v2)couldbeanyothernumber(e.g.2,

3,4). Weproposea model-based methodthatleveragestheknownconstraintsto

provideaconfidencethatavertexisinteresting. TheoverviewofthessVNmethod

isasfollows:

1. ASEandelbowfindertogetverticesaspointsinRd

2.ss-k-means++forinitialization

3. GMMwithpartiallysuperviseddatausingAlgorithm5

4. UsethemodifiedBICofSection3.2

First,weuseAdjacencySpectralEmbedding(ASE)ontheadjacency matrixof

theobservedgraphtocreatedfeaturesforeachvertex.ToobtaintheASE,wetake
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theSVDoftheadjacency matrix,A = UΣVT,andafterchoosinganappropriate

dimensiond,set

X̂ =VdS
1
2
d,

whereVd∈Rn×disthefirstdcolumnsofVandS
1
2
d isthed×ddiagonalmatrixwith

diagonalequaltosquarerootsofthetopdeigenvaluesofA.Proximityinthislatent

spaceindicatessimilarity. Wechoosedwiththeelbow-findingschemeof[61]ifthe

rankoftheblockprobability matrixisunknown. Ontheotherhand,ifitisknown,

wesetdequaltothat.Thus,wewilluseX̂ toassignacluster(colororblock)label

toeachvertex,whereonlythefirstclusterisparticularlyofinterest,butavariable

numberofotherclustersareallowedinordertobetterexplainthestructureinthe

latentspace. WeusedourRpackagessClusttoperformtheclusteringsteps.

5.2.1 Incorporationof Constraints

Now,weassumethatwehaveadditionalinformationregardingtheclustermem-

bershipofsomeoftheverticesa-priori. LetZibethehiddenblock membership,

(vi).Ifweknowthatsomeoftheverticesareinourblockofinterest,wecanset

Zi=1forthosedata,sothatXi∼fθ1. Furtherweknowthatsomeofthevertices

arenotinourblockofinterest. Decompose{1,2,...n}=T+T +TC,where

T={i:Xiisknowntobefromblock1},
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T ={i:Xiisknownnottobefromblock1},

and

Tc={1,2,...n}−T−T.

Then,wecandecomposethelikelihoodofthecompletedataas

L(θ)X,Z =
i∈T

f1(xi)

+
i∈T

G

k=2

Zi,klog
πk

1−π1

fk(xi) (5.1)

+
i∈Tc

G

k=1

Zi,klog(πkfk(xi))

TheupdateequationsforvariousconstrainedformsofGaussiandensityfunctionsare

availablein[48]. Usingtheseequations,welookfortheZimaximizingthecomplete

loglikelihood. Notethatweactuallyobtainposteriorprobabilitiesofblock member-

ships,andthusreturnonlysoftlabelsformostvertices.

5.2.2 Synthetic DataExample

TodemonstratetheeffectivenessofpartiallylabeledGMMusingsmartinitializa-

tion,weperformedanexperimentwhereintherewere3blocks,20examplesofblock

1,andanincreasingnumberofexamplesofverticesknownnottobeinblock1(call

thesesoftlylabeledvertices). Thedetailsofthesimulation matchthe medium-sized
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Algorithm5: Semi-supervisedGaussian Mixture Modeling

Input:X (ndatapointsinRd)
T(setofindicesofdataknowntobeinblock1)
T (setofindicesofdataknownnottobeinblock1)
gi∈[i]n (classofauxiliaryclusterassignmentsintoiclustersfor
i=2,3,...,Gmax)
M (setofmodelstoconsider)

Output:m∗∈M (chosenmodel)
:X →{1,2,...,k}(clusterassignmentmapping,wherekisas

accordingtom∗)
1 foreachm∈M do
2 LetGbethenumberofclustersaccordingtom.

3 Letfkbethekthcomponentofthemixtureaccordingtom.
4 Formthecompleteloglikelihoodusingequation(5.1)
5 MaximizethecompleteloglikelihoodbyusingtheE-Malgorithmusing gG

astheinitialclasslabelsandstartingwiththe M-step.
6 LetLm bethevalueofthemaximizedloglikelihood.
7 Let m,j =argmaxk∈[G]πkfk(xj)forj∈T∪T.

8 Let m,j =argmaxk∈{2,3,...,G}πkfk(xj)forj∈T.

9 Let m,j =1forj∈T.
10 LetBICm =2Lm −dm log(n).

11 Letm∗=argmaxm∈M BICm.
12 returnm∗,m∗
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experimentinSection7of[20].

LetΛ1=











.5 .3 .4

.3 .8 .6

.4 .6 .3











andΛ2=











.5 .5 .5

.5 .5 .5

.5 .5 .5











.

Theblocklinkprobabilitymatrixisgivenas

Λ=.3Λ1+.7Λ2,

wherethefirstmatrixisregardedasthesignalandthesecondasnoisewhichserves

tooccludethedistinctivenessoftheblocks. Figure5.3depictsexamplerealizations

ofapure(signal-only)andoccludedSBMsasusedinthisexperiment. Finally,we

variedthenumberofsoftlylabeled(i.e.knownnottobefromblock1)verticesfrom

0,5,10,...,100.

Duetothefactthatvertexnominationentailssubmittingalistofverticesinorder

oflikelihoodofbeingred,wewouldliketousedifferentperformancemetricsthanin

ourotherexperiments.Supposethatxiistheithvertexinthenominationlist.For

example,x1isthevertexestimatedtobe mostlikelytobered. Notethatwewill

excludethe20knownredverticesfromallperformance metrics. Recallthat (xi)is

theblocknumberofvertexi.

First,wewillusemeanaverageprecisionatk(forkequaltothenumberofvertices

inblock1thathavenotbeenpre-labeled),whichwhichforcMonteCarloreplicates

ism(k) =1
c

c
i=1

1
k

k
j=1✶{(xi)=1} .Figure5.4showsthe meanaveragepre-
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(a)B=Λ
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Figure5.3: RealizationsofSBMwiththeirrespectiveinter-blockprobabilityma-
trices,B.

cisionasafunctionofthenumberofpartiallylabeledverticesforc=100 Monte

Carloreplicates.Asexpected,morepartiallylabeledverticesimprovesperformance.

ComparethistotheunlabeledtableofmeanaverageprecisionvaluesinSection7

of[20],wherethemeanaverageprecisionofthemostcomparablemethod(ASE+

k-meanswithoutsupervision)is0.7330.

Next,weshowtheprobabilityof (xi)=1formostoftheverticeswhoseblock

isunknown. After200,wewouldliketoseethenumbersdroprapidly.Figure5.5

depictstheseprobabilitieswiththreedifferentlevelsofpartialsupervision(i.e.more

verticesareknownnottobered).Notethatthecurvebecomesmoresigmoidalwith

increasedsupervision,indicatingimprovingperformance.

Forcomparison,refertoFigure5.6,whichisthesameplotfor100MonteCarlo
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Figure5.4:Meanaverageprecisionasafunctionofthenumberofverticesknown
nottobered.Shadingrepresents±2standarderrors.

replicateswithtwodifferentalgorithms. Thefirstisacanonicalsamplingscheme

whichestimatestheposteriorprbablitlityofblockmembershipinthenaturalMCMC

extensionofthecanonicalmethodof[20]. Wesetthenumberofsamplesandnumber

ofburninsto104.TheotherisssVNwithoutusingsemi-supervisedGMMafterthe

ss-k-means++initialization. NotethatusingGMMimprovesperformancedrasti-

cally. Thecomparisonmethodimplementationsarein MATLAB.Thus,whilethe

simulationdetailsarethesame,theruntimesareincomparable.

5.2.3 YoutubeDataset

Inthissection,wedemonstratetheefficacyofouralgorithmsonarealdata

applicationwithdubiousblock-modelstructure.
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Figure5.5: Probabilityoftheverticesappearinginthenominationlistofbeing
intheblockofinterest. Highernumbersforlowvaluesontheabscissaarebetter.
Only200verticesareintheblockofinterest. Colorindicatesthelevelofpartial
supervision:
red:0partiallysupervisedvertices
green:40partiallysupervisedvertices
blue:100partiallysupervisedvertices

Wedownloadedtheoriginaldatafrom[57],whocuratedthescrappeddataof[40]

toincludeusersinthetop5000“highestquality”communitiesonthepopularcat

videowebsiteYoutube.com. Byconsideringusersasnodesandtheirfriendships

aslinks,wecanformanundirectedgraphwithupto1134890nodesand2987624

edges. Wetrimthefullgraphtoonlyincludeusersfromthetop5000communities,

resultingin15151nodes. Wefurthertrimthegraphtoincludeonlythetop5000

nodesofhighestdegree.

Wenowperformtwofinaloperationsthattrimdownthenumberofnodesand
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Figure5.6: Probabilityoftheverticesappearinginthenominationlistofbeing
intheblockofinterest. Highernumbersforlowvaluesontheabscissaarebetter.
Only200verticesareintheblockofinterest. Weprovidednosupervisionofthetype
“knownnotred.”

edgessignificantly. Duetothis,wecallthisdatasetYoutubeEasy. Next,wedelete

nodesthatarepartofcommunitiesofsizelessthan20.Finally,thenodesof0degree

intheresultinggrapharedropped(sincethousandsofnodesaredeleted,theiredges

contributetosomeofthoseinthetop5000).Thefinalgraphisofsize420nodesand

422edges.

Wetabulatenodemembershipinthetop5000communities;community“46”was

thelargest,with62members. Wedeemthistheredcommunity,andallnodeswith
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membershipintheredcommunityarered.Everyothernodeisblue.

Wetake20red membersand20blue membersasseeds. Withthese“ground

truth”labels,wecanthenproceedtoapplycanonicalsamplingandssVN. Dueto

howsparsethegraphwas,weoftensampledseedsthatcouldnotestimatetheinter-

blocklinkprobabilities.Thus,weusedtheempiricalΛfromthegroundtruthlabels.

Thisisunrealistic,butsoishowsparsewemadethisgraph. Asafinaldetail,noting

thatthecanonicalsamplingschemeisaMCMCmethodinwhichwecansettheburn-

inand/ornumberofsamples,weestimatedthenumberofsamplesandburn-inssuch

thattherun-times(reportedinseconds)areapproximatelyequalforboth methods

(samples=burn-ins=3.5×104).

With100 MonteCarloreplicatesusinguniformlyrandomseeds,weseethat ssVN

outperformscanonicalsamplingintermsof meanaverageprecision(cf. 5.7). We

observedthatoneseedinparticular,thevertexofthehighestdegree,isimportantto

include.Thus,werepeatedtheexperimentconditioningonthisvertexbeingincluded

alwaysasaseedandonceagainneverbeingincludedasaseed(cf.Figures5.8and

5.9). Remarkably,ssVNalwaysdoeswell,butcanonicalsamplingismoredependent

ontheseeding.
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Figure5.7:Averageprobabilityofbeingredforeachpositioninthenominationlist
forYoutubeEasydata.Seedsarerandom.

5.3 Conclusions

Inthischapter,wepresenttwointerestingapplicationstoperformsemi-supervised

clusteringin. First,weidentifiedbehaviotypesinaflylarvaedatasetearlierthan

anon-supervisedmethod. Meaningfulbehavioralgroupsasderivedfromasimilar

methodareusedforsupervisioninformation,andmorefinelydetailedgroupsare
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Figure5.8:Averageprobabilityofbeingredforeachpositioninthenominationlist
forYoutubeEasydata.Seedsmustincludevertexofhighestdegree.

discoveredsubsequently.

Second,webrieflyintroducethetopicofvertexnominationandperformasim-

ulationstudyonarelativelychallenginggenerativedistribution. Wedemonstrate

howanadditional,weakertypeofsupervisioncanhelptoidentifymembersofthe

blockofinterest.Also,weshowedresultsfromtwosimilarmethods;canonicalclus-

teringissuperiorinaccuracywithgoodseedingandworsewithbadseeding. ASE
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Figure5.9:Averageprobabilityofbeingredforeachpositioninthenominationlist
forYoutubeEasydata.Seedsneverincludevertexofhighestdegree.

+ss-k-means++isstrictlyworseinaccuracy(albeitfasterasitdoesnotinvolve

parameterestimationfromGMM).
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Chapter6

Conclusions

Prettygoodisgreat!

CareyE.Priebe

Inthisfinalchapter,wesummarizetheentirethesisandsuggestsomefuturework.

6.0.1 Summary

Thisdissertationfocusesonthegeneralproblemofsemi-supervisedclustering,

wherethegoalistopartitionacollectionofobjectsintogroupsusingsomeexogenous

informationregardingtowhichgroupssomeofthoseobjectsbelong.InChapter1,we

beginbybrieflyexplainingthisproblem’srelationshiptotheothercommonmachine

learningtasksofclassification,semi-supervisedlearning,andclustering.

Afterexplicatingtheroleoftheprobleminthefield,wegavesomegentleintro-

ductionstothecommonclusteringalgorithmsofhierarchicalclustering,k-means,and
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model-basedclusteringinChapter2. Weexpoundeduponthemostfamousmodifica-

tionsotherresearchershavemadetothesealgorithmstohandlethesemi-supervised

case.

InChapter3,wefocuson model-basedsemi-supervisedclustering. Were-derive

thecompletelog-likelihood,E-step,and M-stepforsemi-supervised Gaussian Mix-

ture Modeling, whichhaspreviouslybeendoneintheliterature. Wethengivea

derivationofamodifiedBICthatdoesnotpenalizeforsuperviseddata,possiblyal-

lowingforadditionalcomplexitytobechosen. WenotethatthisderivationwasO(1)

equivalenttothestandardBICanddiscussedhowsuchadifferencecanmatterinthe

finitesamplecase. Wegavesomegeneralanalysisoftheprobabilitiesandfollowed

thiswithanillustrativetoyexamplewherewecantweakseveralparameterstoex-

hibitthataO(1)differenceininformationcriteriacanleadtomistakeswithvarying

probabilities. Finally,wetieouranalysisofO(1)differencesininformationcriteria

tosemi-supervisedclusteringthroughasimulationstudy,wherewedemonstratethat

choosingtopenalizelessleadstostatisticallysignificantlyimprovedperformanceover

thestandardBICinourexample.

InChapter2,wenotethathierarchicalclusteringdoesnotlenditselftoprecisely

oursetting;forthisreason,wedonotuseitforanyofourexperimentsdespiteitbe-

ingusedinthesoftwareuponwhichourRpackage,ssClust,isbased(i.e.Mclust)

forinitializationpurposes. Thus, werequireanotheralgorithmto warmstartour

semi-supervised model-basedclusteringimplementation. Forthisreason,inChap-
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ter4,weintroducethesemi-supervisedk-means++(ss-k-means++)algorithmand

computetheoreticalboundsonitsoptimalityundercertainsupervisionassumptions.

Weincludesomeexperimentscomparingtheperformanceof(ss-k-means++)tosome

similarsemi-supervisedk-meansalgorithmsandnotedimprovedperformanceunder

avarietyofmetricsthatscaledwiththelevelofsupervision.

Armedwithourinitializationstrategy(i.e.usingthelabelsfromss-k-means++),

wearefinallypreparedforapplicationstyingthewholemethodtogether.InChapter

5,webeginwithaclusteringproblemdealingwithbehavioralgroupsinflylarvae

inducedbydifferentoptogeneticlobotimizationsarisinginarecentSciencepaper.

Weusesomesupervisionderivedfromtheirhierarchicalclusteringandobservethat

wecandetectdifferencesinlinesfasterthanthenon-supervisedmethod.Further,we

areabletoreconstructlineinformationrelativelywellforthischallengingproblem.

Finally, weintroducethegeneralproblemofvertexnominationofinteresting

verticesinrandomgraphsasanotherpracticalapplication. Usingtheliteratureto

justifyourfeaturegenerationandclusteringstrategies,welayoutaprocedurefor

vertexnomination. Weusethesimulationschemeofarecentpaperonvertexnomina-

tion,whichincludesseveralcompetingstrategies,inordertocompareourempirical

resultswiththeirs. Wedoprettywellandareprettyfast.
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6.0.2 Future Work

Pairwiseconstraintsaresometimesusedinsteadofhardlabelinformation.In

fact,pairwiseconstraintscancompletelyspecifythelatter. Thus, movingoursemi-

supervisedsettingtousepairwiseconstraintswouldmakeitmoregeneral.Ifwewere

toadaptouralgorithmstothismoregeneralsetting,wewouldbeabletoapplyitto

richerdatasetswithalargervarietyofsupervisedinformation.

OuranalysisinChapter4isbasedontheseminalworkonrandomizedD2weight-

ingk-meansalgorithms;sincethen,therehavebeenadvancementstothesealgorithms

thatimproveperformanceand/orscalabilitysubstantially.Itseemslikelythatanal-

ogousresultsforthesemi-supervisedcasecouldbederivedinthesemi-supervised

setting.

Finally, wehavenot,but wouldliketocharacterize whenoursemi-supervised

vertexnominationprocedureisbetterthanthecompetingmethodsintheliterature,

asperformanceappearstovarybasedonthesignalinthegraphandnumberof

vertices.Inparticular,the“goldstandard”methodofcanonicalsamplingasanalyzed

in[20]isveryslow,butcannaturallybehaltedearly.Byvaryingallowablerun-time,

wecouldcomparepracticalimplementationsofcanonicalsamplingtoourmethodon

moreinterestingdatasets.
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