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PREFACE.

IT 1s not too much to say that, to the great majority of
mathematicians at the present time, Apollonius is nothing
more than a name and his Conics, for all practical purposes, a
book unknown. Yet this book, written some twenty-one
centuries ago, contains, in the words of Chasles, “the most
interesting properties of the conics,” to say nothing of such
brilliant investigations as those in which, by purely geometrical
means, the author arrives at what amounts to the complete
determination of the evolute of any conic. The general neglect
of the “ great geometer,” as he was called by his contemporaries
on account of this very work, 1s all the more remarkable from
the contrast which 1t affords to the fate of his predecessor
Euclid ; for, whereas in this country at least the Klements of
Euclid are still, both as regards their contents and their order,
the aecepted basis of elementary geometry, the influence of
Apollonius upon modern text-books on conic sections is, so far
as form and method are concerned, practically nel.

Nor is it hard to find probable reasons for the prevailing
absence of knowledge on the subject. In the first place, it could
hardly be considered surprising if the average mathematician
were apt to show a certain faintheartedness when confronted
with seven Books in Greek or Latin which contain 387
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propositions in all; and doubtless the apparently portentous
bulk of the treatise has deterred many from attempting to
make 1ts acquaintance. Again, the form of the propositions is
an additional difficulty, because the reader finds in them none
of the ordinary aids towards the comprehension of somewhat
complicated geometrical work, such as the conventional appro-
priation, in modern text-books, of definite letters to denote
particular points on the various conic sections. On the contrary,
the enunciations of propositions which, by the aid of a notation
once agreed upon, can now be stated in a few lines, were by Apol-
lonius invariably given in words like the enunciations of Euclid.
These latter are often sufficiently unwieldy; but the incon-
venience 1s greatly intensified in Apollonius, where the greater
complexity of the conceptions entering into the investigation of
conics, as compared with the more elementary notions relating
to the line and circle, necessitates in many instances an enun-
ciation extending over a space equal to (say) half a page of this
book. Hence 1t is often a matter of considerable labour even
to grasp the enunciation of a proposition. Further, the propo-
sitions are, with the exception that separate paragraphs mark
the formal divisions, printed continuously; there are no breaks
for the purpose of enabling the eye to take in readily the
successive steps in the demonstration and so facilitating the
comprehension of the argument as a whole. There is no uni-
formity of notation, but 1n almost every fresh proposition a
different letter is employed to denote the same point: what
wonder then if there are the most serious obstacles in the way
of even remembering the results of certain propositions ?
Nevertheless these propositions, though unfamiliar to mathe-
maticians of the present day, are of the very essence of
Apollonius’ system, are being constantly used, and must there-
fore necessarily be borne in mind.

The foregoing remarks refer to the editions where Apollonius
can be read in the Greek or in a Latin translation, 1.e. to those
of Halley and Heiberg; but the only attempt which has been
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made to give a complete view of the substance of Apollonius
in a form more accessible to the modern reader is open to
much the same objections. This reproduction of the Conics in
German by H. Balsam (Berlin, 1861) is a work deserving great
praise both for its accuracy and the usefulness of the occasional
explanatory notes, but perhaps most of all for an admirable set
of figures to the number of 400 at the end of the book; the
enunciations of the propositions are, however, still in words,
there are few breaks in the continuity of the printing, and the
notation is not sufficiently modernised to make the book of any
more real service to the ordinary reader than the original
editions. |

An edition is therefore still wanted which shall, while in
some places adhering even more closely than Balsam to the
original text, at the same time be so entirely remodelled by
the aid of accepted modern notation as to be thoroughly
readable by any competent mathematician; and this want
it is the object of the present work to supply.

In setting myself this task, I made up my mind that any
satisfactory reproduction of the Conics must fulfil certain
essential conditions: (1) it should be Apollonius and nothing
but Apollonius, and nothing should be altered either in the
substance or in the order of his thought, (2) it should be
complete, leaving out nothing of any significance or importance,
(3) 1t should exhibit under different headings the successive
divisions of the subject, so that the definite scheme followed by
the author may be seen as a whole.

Accordingly I considered it to be the first essentlal that I
should make myself thoroughly familiar with the whole work at
first hand. With this object I first wrote out a perfectly literal
translation of the whole of the extant seven Books. This was a
laborious task, but it was not in other respects difficult, owing
to the excellence of the standard editions. Of these editions,
Halley’s is a monumental work, beyond praise alike in respect
of 1ts design and execution ; and for Books v—VII it 1s still the
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only complete edition. For Books I—IV I used for the most
part the new Greek text of Heiberg, a scholar who has earned
the undying gratitude of all who are interested in the history
of Greek mathematics by successively bringing out a critical
text (with Latin translation) of Archimedes, of Euclid’s Elements,
and of all the writings of Apollonius still extant in Greek. The
only drawback to Heiberg’s Apollonius is the figures, which are
poor and not seldom even misleading, so that I found it a great
advantage to have Halley’s edition, with its admirably executed
diagrams, before me even while engaged on Books 1—Iv,

The real difficulty began with the constructive work of
re-writing the book, involving as it did the substitution of a
new and uniform notation, the condensation of some pro-
positions, the combination of two or more into one, some slight
re-arrangements of order for the purpose of bringing together
kindred propositions in cases where their separation was rather
a matter of accident than indicative of design, and so on. The
result has been (without leaving out anything essential or
important) to diminish the bulk of the work by considerably
more than one-half and to reduce to a corresponding extent the
number of separate propositions. |

When the re-editing of the Conics was finished, it seemed
necessary for completeness to prefix an Introduction for the
purposes (1) of showing the relation of Apollonius to his pre-
decessors in the same field both as regards matter and method,
(2) of explaining more fully than was possible in the few notes
inserted in square brackets in the body of the book the mathe-
matical significance of certain portions of the Conics and the
probable connexion between this and other smaller treatises of
Apollonius about which we have information, (3) of describing
and illustrating fully the form and language of the propositions
as they stand in the original Greek text. The first of these
purposes required that I should give a sketch of the history of
conic sections up to the time of Apollonius; and I have ac-
cordiﬁgly considered it worth while to make this part of the
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Introduction as far as possible complete. Thus e.g. in the case
of Archimedes 1 have collected practically all the propositions
in conics to be found in his numerous works with the substance
of the proofs where given ; and I hope that the historical sketch
as a whole will be found not only more exhaustive, for the
period covered, than any that has yet appeared in English, but
also not less interesting than the rest of the book.

- For the purposes of the earlier history of conics, and the
chapters on the mathematical significance of certain portions of
the Conics and of the other smaller treatises of Apollonius, I
have been constantly indebted to an admirable work by
H. G. Zeuthen, Die Lehre von den Kegelschnitten vm Altertum
(German edition, Copenhagen, 1886), which to a large extent
covers the same ground, though a great portion of his work,
consisting of a mathematical analysis rather than a reproduction
of Apollonius, is of course here replaced by the re-edited
treatise 1itself. I have also made constant use of Heiberg’s
Latterargeschichtliche Studven tiber Euklid (Leipzig, 1882), the
original Greek of Eueclid’s Elements, the works of Archimedes,
the cvvaywyn of Pappus and the important Commentary on
Eucl. Book 1. by Proclus (ed. Friedlein, Leipzig, 1873).

The frontispiece to this volume is a reproduction of a
quaint picture and attached legend which appeared at the
beginning of Halley’s edition. The story is also told elsewhere
than in Vitruvius, but with less point (cf. Claudii Galeni
Pergameni Ilporpemtikos émi téyvas c. v. § 8, p. 108, 3-8
ed. I. Marquardt, Leipzig, 1884). The quotation on the title
page is from a vigorous and inspiring passage in Proclus’
Commentary on Eucl. Book 1. (p. 84, ed. Friedlein) in which he
1s describing the scientific purpose of his work and contrasting
it with the useless investigations of paltry lemmas, distinctions
of cases, and the like, which formed the stock-in-trade of the
ordinary Greek commentator. One merit claimed by Proclus
for his work I think I may fairly claim for my own, that it
at least contains doa mpayuateiwdearépar €yer Gewpiav; and I
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should indeed be proud if, in the judgment of competent critics,
1t should be found possible to apply to it the succeeding phrase,
ocuYTENEL TPOS TNV OANY Prhocodlav. |

Lastly, I wish to express my thanks to my brother,
Dr R. S. Heath, Principal of Mason College, Birmingham,
for his kindness in reading over most of the proof sheets and
for the constant interest which he has taken in the progress
of the work.

T. L. HEATH.

March, 1896.
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INTRODUCTION.

PART I

THE EARLIER HISTORY OF CONIC SECTIONS
AMONG THE GREEKS.

CHAPTER I
THE DISCOVERY OF CONIC SECTIONS: MENAECHMUS.

THERE is perhaps no question that occupies, comparatively, a
larger space in the history of Greek geometry than the problem of
the Doubling of the Cube. The tradition concerning its origin is
given in a letter from KEratosthenes of Cyrene to King Ptolemy
Euergetes quoted by KEutocius in his commentary on the second
Book of Archimedes’ treatise On the Sphere and Cylinder*® ; and the
following is a translation of the letter as far as the point where we
find mention of Menaechmus, with whom the present subject
begins.

‘“ Hratosthenes to King Ptolemy greeting.

“There is a story that one of the old tragedians represented
Minos as wishing to erect a tomb for Glaucus and as saying, when
he heard that it was a hundred feet every way,

Too small thy plan to bound a royal tomb.
Let it be double; yet of its fair form
Fail not, but haste to double every side-.

* In quotations from Archimedes or the commentaries of Eutocius on his
works the references are throughout to Heiberg’s edition (drchimedis opera
omnia cum commentariis Eutocii. 3 vols. Leipzig, 1880-1). The reference here
is 111, p. 102. |

0 pkpby v Eefas Bacihikod ankdv Tdgpov:

durhdoios €oTw* ToD Kkalob 08¢ ui) opalels
dirhal EkacTov kdNov év Tdxet Tddov.

Valckenaer (Diatribe de fragm. Eurip.) suggests that the verses are from the
H, C, b
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But he was clearly in error ; for, when the sides are doubled, the area
becomes four times as great, and the solid content eight times
as great. (Geometers also continued to investigate the question in
what manner one might double a given solid while it remained in
the same form. And a problem of this kind was called the doubling
of the cube; for they started from a cube and sought to double it.
While then for a long time everyone was at a loss, Hippocrates of
Chios was the first to observe that, if between two straight lines of
which the greater is double of the lessit were discovered how to find
two mean proportionals in continued proportion, the cube would be
doubled ; and thus he turned the difficulty in the original problem *
into another difficulty no less than the former. Afterwards, they
say, some Delians attempting, in accordance with an oracle, to
double one of the altars fell into the same difficulty. And they sent
and begged the geometers who were with Plato in the Academy to
find for them the required solution. And while they set themselves
energetically to work and sought to find two means between two
given straight lines, Archytas of Tarentum is said to have dis-
covered them by means of half-cylinders, and Eudoxus by means
of the so-called curved lines. It is, however, characteristic of them
all that they indeed gave demonstrations, but were unable to make
the actual construction or to reach the point of practical application,
except to a small extent Menaechmus and that with difficulty.”
Some verses at the end of the letter, in commending Eratosthenes’
own solution, suggest that there need be no resort to Archytas’
unwieldy contrivances of cylinders or to ¢ cutting the cone in the
triads of Menaechmust.” This last phrase of Eratosthenes appears

Polyidus of Euripides, but that the words after sgaleis (or opalys) are
Eratosthenes’ own, and that the verses from the tragedy are simply

uikpby v Elefas Bacihikol onkov Thepov:
durhdaios EaTw* ToU KUBOV 8¢ uY apalys.

It would, however, be strange if Eratosthenes had added words merely for the
purpose of correcting them again : and Nauck (Tragicorum Graecorum Fragmenta,
Leipzig, 1889, p. 874) gives the three verses as above, buf holds that they do not
belong to the Polyidus, adding that they are no doubt from an earlier poet than
Euripides, perhaps Aeschylus.

* 70 qwépnpua adrob is translated by Heiberg ¢ haesitatio eius,” which no
doubt means “ his difficulty.” I think it is better to regard adrod as neuter, and
as referring to the problem of doubling the cube.

+ undé Mevexuelovs kwroTouely Tpiddas.
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again, by way of confirmatory evidence, in a passage of Proclus¥,
where, quoting Geminus, he says that the conic sections were
discovered by Menaechmus.

Thus the evidence so far shows (1) that Menaechmus (a pupil of
Eudoxus and a contemporary of Plato) was the discoverer of the
conic sections, and (2) that he used them as a means of solving the
problem of the doubling of the cube. We learn further from
Butocius | that Menaechmus gave two solutions of the problem of
the two mean proportionals, to which Hippocrates had reduced the
original problem, obtalning the two means first by the intersection
of a certain parabola and a certain rectangular hyperbola, and
secondly by the intersection of two parabolas]. Assuming that a, b
are the two given unequal straight lines and «, y the two required
mean proportionals, the discovery of Hippocrates amounted to the
discovery of the fact that from the relation

o :; LT ETTETTET TR (1)
3
it follows that (ﬁ) — g,
a b
and, if @ = 20, a® = 2a°,

The equations (1) are equivalent to the three equations
=ay, y'=bx, xy=ab.................. (2),

and the solutions of Menaechmus described by Eutocius amount to the
determination of a point as the intersection of the curves represented
in a rectangular system of Cartesian coordinates by any two of the
equations (2).

Let A0, BO be straight lines placed so as to form a right angle
at 0, and of length o, b respectively§. Produce BO to x and 40
to .

* Comm, on Eucl. 1., p. 111 (ed. Friedlein). The passage is quoted, with
the context, in the work of Bretschneider, Die Geometrie und die Geometer vor
Fuklides, p. 177.

t Commentary on Archimedes (ed. Heiberg, 111. p. 92—98).

T It must be borne in mind that the words parabola and hyperbola could not
have been used by Menaechmus, as will be seen later on ; but the phraseology is
that of Eutocius himself.

§ One figure has been substituted for the two given by Eutocius, so as to
make it serve for both solutions. The figure is identical with that attached to
the second solution, with the sole addition of the portion of the rectangular

hyperbola used in the first solution.
It is a curious circumstance that in Eutocius’ second figure the straight line

b2
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The first solution now consists in drawing a parabola, with
"vertex O and axis Oz, such that its parameter is equal to BO or b,
and a hyperbola with Ox, Oy as asymptotes such that the rectangle
under the distances of any point on the curve from Oz, Oy respec-
tively is equal to the rectangle under 40, 5O, i.e. to ab. If P be

N

the point of intersection of the parabola and hyperbola, and PN, PM
be drawn perpendicular to Ox, Oy, ie. if PN, PM be denoted by
y, 2, the coordinates of the point P, we shall have

y2=b.0N=b.PM:boc}

and axy=PM.PN=ab
whence a_r_Y9
x y b

In the second solution of Menaechmus we are to draw the
parabola described in the first solution and also the parabola whose

representing the length of the parameter of each parabola is drawn in the same
straight line with the axis of the parabola, whereas Apollonius always draws the
parameter as a line starting from the vertex (or the end of a diameter) and
perpendicular to the axis (or diameter). It is possible that we may have here
an additional indication that the idea of the parameter as épfia or the latus
rectum originated with Apollonius; though it is also possible that the selection
of the directions of 40, BO was due to nothing more than accident, or may
have been made in order that the successive terms in the continued proportion
might appear in the figure in cyclic order, which corresponds moreover to their
relative positions in the mechanical solution attributed to Plato. For this solu-
tion see the same passage of Eutocius (drchimedes, ed. Heiberg, 111. p. 66—70).
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vertex is 0, axis Oy and parameter equal to . The point P where
the two parabolas intersect is given by

y® = b }

2=ay }’
whence, as before, ez 9

x y b

We have therefore, in these two solutions, the parabola and the
rectangular hyperbola in the aspect of locé any points of which
respectively fulfil the conditions expressed by the equations in (2);
and it is more than probable that the discovery of Menaechmus was
due to efforts to determine /loct possessing these characteristic
properties rather than to any idea of a systematic investigation of
the sections of a cone as such. This supposition is confirmed by
the very special way in which, as will be seen presently, the conic
sections were originally produced from the right circular cone;
indeed the special method is difficult to explain on any other
assumption. It is moreover natural to suppose that, after the
discovery of the convertibility of the cube-problem into that of
finding two mean proportionals, the two forms of the resulting
equations would be made the subject of the most minute and
searching investigation. The form (1) expressing the equality of
three ratios led naturally to the solution attributed to Plato, in which
the four lines representing the successive terms of the continued pro-
portion are placed mutually at right angles and in cyclic order round
a fixed point, and the extremities of the lines are found by means of
a rectangular frame, three sides of which are fixed, while the fourth
side can move freely parallel to itself. The investigation of the
form (2) of the equations led to the attempt of Menaechmus to
determine the loci corresponding thereto. It was known that the
locus represented by y®=ux;x,, where y is the perpendicular from
any point on a fixed straight line of given length, and «,, x, are the
segments into which the line is divided by the perpendicular, was a
circle; and it would be natural to assume that the equation y* = bz,
differing from the other only in the fact that a constant is sub-
stituted for one of the variable magnitudes, would be capable of
representation as a locus or a continuous curve. The only difficulty
would be to discover its form, and it was here that the cone was
introduced.

If an explanation is needed of the circumstance that Menaech-
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mus should have had recourse to any solid figure, and to a cone in
particular, for the purpose of producing a plane locus, we find it in
the fact that solid geometry had already reached a high state of
development, as is shown by.the solution of the problem of the two
mean proportionals by Archytas of Tarentum (born about 430 B.c.).
This solution, in itself perhaps more remarkable than any other,
determines a certain point as the intersection of three surfaces of
revolution, (1) a right cone, (2) a right cylinder whose base is a
circle on the axis of the cone as diameter and passing through the
apex of the cone, (3) the surface formed by causing a semicircle,
whose diameter is the same as that of the circular base of the cylinder
and whose plane is perpendicular to that of the circle, to revolve
about the apex of the cone as a fixed point so that the diameter of
the semicircle moves always in the plane of the circle, in other words,
the surface consisting of half a split ring whose centre is the apex of
the cone and whose inner diameter is indefinitely small. We find that
in the course of the solution () the intersection of the surfaces (2) and
(3) is said to be a certain curve (ypapuyv Twa), being in fact a curve of
double curvature, (6) a circular section of the right cone is used in
the proof, and (¢), as the penultimate step, two mean proportionals
are found in one and the same plane (triangular) section of the cone *.

* The solution of Archytas is, like the others, given by Eutocius (p. 98—102)
and is so instructive that I cannot forbear to quote it. Suppose that 4C, AB are
the straight lines between which two mean proportionals are to be found. A4AC
is then made the diameter of a circle, and 4B is placed as a chord in the circle.

DI

A semicirele is drawn with diameter AC but in a plane perpendicular to that
of 4BC, and revolves about an axis throughed perpendicular to the plane of 4ABC.
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Thus the introduction of cones by Menaechmus should not in itself

be a matter for surprise.

Concerning Menaechmus’ actual method of deducing the proper-
ties of the conic sections from the cone we have no definite
information ; but we may form some idea of his probable procedure

A half-cylinder (right) is now erected with 4ABC as base: this will cut the
surface described by the moving semicircle 4 P(C in a certain curve.

Lastly let CD, the tangent to the circle ABC at the point C, meet 4B
produced in D ; and suppose the triangle ACD to revolve about 4C as axis.
This will generate the surface of a right circular cone, and the point B will
describe a semicircle BQE perpendicular to the plane of 4BC and having its
diameter BE at right angles to AC. The surface of the cone will meet in some
point P the curve described on the cylinder. Let 4PC’ be the corresponding
position of the revolving semicirele, and let 4C’ meet the circle 4BC in M.

Drawing PM perpendicular to the plane of 4 BC, we see that it must meet the
circumference of the circle 4 BC because P is on the cylinder which stands on
ABC as base. Let AP meet the circumference of the semicirele BQE in @, and
let AC’ meet its diameter BE in N. Join PC’, QM, QN.

Then, since both semicircles are perpendicular to the plane 4BC, so is their
line of intersection QN. Therefore QN is perpendicular to BE. |

Hence QN2=BN.NE=AN .NM.

Therefore the angle AQM is a right angle.
But the angle C’P4 is also right: therefore M(Q is parallel to C'P.
- It follows, by similar triangles, that
C'4d:AP=AP : AM=AM : AQ.
That is, AC : AP=A4P : AM=AM : AB,
and AB, AM, AP, 4C are in continued proportion.
In the language of analytical geometry, if 4(C is the axis of x, a line through
4 perpendicular to 4C in the plane of 4BC the axis of y, and a line through
4 parallel to PM the axis of 2z, then P is determined as the intersection of the
surfaces

x% + y? +z2-—a,,\/a:2+y PRI )
where AC=a, AB=Wb.

From the first two equations

. ( 2+y2)2

.'1}2+y2-1- b2 H

and from this equation and (3) we have
a_Erpr2 JEp
.\/.’1}2+y2+22 /\/x2+y2 b

or AC : AP=AP : AM=AM : AB.

’
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if we bear in mind (1) what we are told of the manner in which the
earlier writers on conics produced the three curves from particular
kinds of right circular cones, and (2) the course followed by Apol-
lonius (and Archimedes) in dealing with sections of any circular cone,
whether right or oblique.

Eutoclus, in his commentary on the Contcs of Apollonius, quotes
with approval a statement of Geminus to the effect that the ancients
defined a cone as the surface described by the revolution of a right-
angled triangle about one of the sides containing the right angle, and
that they knew no other cones than right cones. Of these they dis-
tinguished three kinds according as the’ vertical angle of the cone
was less than, equal to, or greater than, a right angle. Further
they produced only one of the three sections from each kind of cone,
always cutting it by a plane perpendicular to one of the generating
lines, and calling the respective curves by names corresponding to
the particular kind of cone; thus the “section of a right-angled
cone ” was their name for a parabola, the “section of an acute-angled
cone” for an ellipse, and the ‘“section of an obtuse-angled cone” for
a hyperbola. The sections are so described by Archimedes.

Now clearly the parabola is the one of the three sections for the
production of which the use of a right-angled cone and a section at
right angles to a generator gave the readiest means. If N be a
point on the diameter BC of any circular section in such a cone, and
if NP be a straight line drawn in the plane of the section and perpen-
dicular to BC, meeting the circumference of the circle (and therefore
the surface of the cone) in P,

PN’=BN.NC.

Draw AN in the plane of the axial triangle OBC meeting the
generator 05 at right angles in 4, and draw 4D parallel to BC
meeting OC in D; let DEF, perpendicular to 4D or BC, meet BC
in & and 4N produced in 7.

Then AD is bisected by the axis of the cone, and therefore 47

is likewise bisected by it. Draw (G perpendicular to BC meeting
AF produced in 6.

Now the angles BAN, BCG are right ; therefore B, 4, C, G are

concyclie, and

BN.NC = AN. NG.
But AN =CD=F@;
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therefore, if 4 /" meets the axis of the cone in Z,

NG=A4F=24L,.
Hence PN?=BN.NC
=24L. 4N,

and, if 4 is fixed, 24 L is constant.

F\
G
Thus P satisfies the equation

y'=24L. x,
where y = PN, x=AN.

Therefore we have only to select 4 as a point on OB such that
AL (or A40) :—g—, and the curve corresponding to the equation
y’ = bx is found.

The ¢ parameter’ of the parabola is equal to twice the distance
between 4 and the point where 4 meets the axis of the cone, or
a durdagia Tds péxpt Tov dfovos, as Archimedes calls it *.

The discovery that the hyperbola represented by the equation
xy = ab, where the asymptotes are the coordinate axes, could be
obtained by cutting an obtuse-angled cone by a plane perpendicular
to a generator was not so easy, and it has been questioned whether
Menaechmus was aware of the fact. The property, xy = (const.), for
a hyperbola referred to its asymptotes does not appear in Apollonius
until the second Book, after the diameter-properties have been
proved. It depends on the propositions (1) that every series of
parallel chords is bisected by one and the same diameter, and
(2) that the parts of any chord intercepted between the curve and

the asymptotes are equal. But it is not necessary to assume that

* Cf. On Conoids and Spheroids, 3, p. 304.
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Menaechmus was aware of these general propositions. It is more
probable that he obtained the equation referred to the asymptotes
from the equation referred to the awes; and in the particular case
which he uses (that of the rectangular hyperbola) this is not difficult.

R

AI

RI

Thus, if P be a point on the curve and PK, PK’ be perpendicular
to the asymptotes CR, CR’ of a rectangular hyperbola, and if
RPNR' be perpendicular to the bisector of the angle between the

asymptotes, PK.PXK'=the rect. CKPK'

= the quadrilateral CRPE,
since ACEK' = APRK.

Hence PK.PK' = NRCN - APEN
=% (ON?—-PN?)
_ m2 — yZ
5

where «, y are the coordinates of P referred to the axes of the
hyperbola.

We have then to show how Menaechmus could obtain from an
obtuse-angled cone, by a section perpendicular to a generator, the

rectangular hyperbola
2

x* — y* = (const.) = z say, \

4

2 __
or Y = 1;,%,,

where x,, x, are the distances of the foot of the ordinate y from the
points 4, 4’ respectively, and 44" = a.
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Take an obtuse-angled cone, and let BC be the diameter of any
circular section of it. Let 4 be any point on the generator OB, and
through 4 draw AV at right angles to OB meeting C'O produced in
A’ and BC in N.

Let v be the length of the straight line drawn from & perpen-
dicular to the plane of the axial triangle OBC and meeting the
surface of the cone. Then » will be determined by the equation

y?=BN.NC.

/ \\
\

G

Let 4D be drawn, as before, parallel to BC and meeting OC in
D, and let OL, DF, CG be drawn perpendicular to BC meeting ANV
produced in L, F, G respectively.

Then, since the angles BAG, BU'G are right, the points B, 4, C, &

are concyclic ;

S y*=BN.NC=A4N.NG.

But NG : AF=CN : AD, by similar triangles,
=A'N: 44"
: A7
Hence y—AN.AA,.AN
24 L
=g e

and the locus of the extremity of y for different positions of the

circular section, or (in other words) the section of the cone by a

plane through 4 ¥ perpendicular to the plane of the axial triangle,
24L

satisfies the desired condition provided that A= 1.
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This relation, together with the fact that the angle AOL is equal
to half the supplement of the angle 4’04, enables us to determine
the position of the apex O, and therefore the vertical angle, of the
desired cone which is to contain the rectangular hyperbola.

For suppose O determined, and draw the circle circumscribing
A04’; this will meet LO produced in some point X, and 04" will
be its diameter. Thus the angle A’KO is right;

S o AA’K = complement of L ALK=7r AOL=r LOC =, A'0K,
whence it follows that the segments AKX, A'K are equal, and
therefore A lies on the line bisecting 44" at right angles.

But, since the angle 4'KL is right, X also lies on the semicircle
with 4'L as diameter.

K is therefore determined by drawing that semicircle and then
drawing a line bisecting 44’ at right angles and meeting the
semicircle. Thus, K being found and KL joined, O is determined.

The foregoing construction for a rectangular hyperbola can be

equally well applied to the case of the hyperbola generally or of an
ellipse ; only the value of the constant 2:1%1{:,— will be different from
unity. In every case 24 L is equal to the parameter of the ordinates
to AA4’, or the parameter is equal to twice the distance between the
vertex of the section and the axis of the cone, 4 dirdacia Tas péxpt
Tov afovos (as Archimedes called the principal parameter of the
parabola).

The assumption that Menaechmus discovered all three sections
in the manner above set forth agrees with the reference of
Eratosthenes to the ‘“Menaechmean triads,” though it is not im-
probable that the ellipse was known earlier as a section of a right
cylinder. Thus a passage of Euclid’s Phaenomena says, ‘“if a cone
or cylinder be cut by a plane not parallel to the base, the resulting
section is a section of an acute-angled cone which is similar to a
Oupeds,” showing that Euclid distinguished the two ways of pro-
ducing an ellipse. Heiberg (Lutterargeschichtliche Studien diber
Euklid, p. 88) thinks it probable that fvpess was the name by which
Menaechmus called the curve*.

It is a question whether Menaechmus used mechanical contriv-

* The expression 7 To0 fupeob for the ellipse occurs several times in Proclus
and particularly in a passage in which Geminus is quoted (p. 111); and it
would seem as though this name for the curve was more common in Geminus’
time than the name ‘‘ellipse.” [Bretschneider, p. 176.]



MENAECHMUS, XX1X

ances for effecting the construction of his curves. The idea that he
did so rests (1) upon the passage in the letter of Eratosthenes* to
the effect that all who had solved the problem of the two mean pro-
portionals had written theoretically but had not been able to effect
the actual construction and reduce the theory to practice except, to
a certain extent, Menaechmus and that only with difficulty, (2) upon
two well known passages in Plutarch. One of these latter states
that Plato blamed Eudoxus, Archytas and Menaechmus for trying
to reduce the doubling of the cube to instrumental and mechanical
constructions (as though such methods of finding two mean pro-
portionals were not legitimate), arguing that the good of geometry
was thus lost and destroyed, as it was brought back again to the world
of sense instead of soaring upwards and laying hold of those eternal
and incorporeal images amid which God is and thus is ever God+;
the other passage (Vita Marcelli 14, § 5) states that, in consequence
of this attitude of Plato, mechanics was completely divorced from
geometry and, after being neglected by philosophers for a long time,
became merely a part of the science of war. I do not think it
follows from these passages that Menaechmus and Archytas made
machines for effecting their constructions; such a supposition would
in fact seem to be inconsistent with the direct statement of
Eratosthenes that, with the partial exception of Menaechmus, the
three geometers referred to gave theoretical solutions only. The words
of Eratosthenes imply that Archytas did not use any mechanical
contrivance, and, as regards Menaechmus, they rather suggest such
a method as the finding of a large number of points on the curve 1.
It seems likely therefore that Plato’s criticism referred, not to the

* See the passage from Eratosthenes, translated above, p. xviii. The Greek
of the sentence in question is : cuuBéByke 3¢ Taosw adTols drodekTiks yeypadévar,
xepovpyfjoar 0¢ kal els xpelov wegely Uy ddvachar T\ émwi Bpaxy T Tob Mevéxuov
kal TaiTa Ouaxepds.

Tt Aw kal INdTwy avTos éuéuparo Tovs mwepl Evdotor kai "Apxirav kal Mévacyuov
els Opyavikds Kal MYXAVIKAS KaTAoKEVds TOV¥ Tol oTepeod Ourhaciaoudy dmwdyew
émixecpolvras (womep mwewpwuévovs 8 Néyov [ser. 80 dlbyov] 8vo uéoas avdloyor ui
[ser. 9] mapeixor NaBelv). dwéN\vebac vép otrw ral dapfelpedfor 70 yewuerplas
dyabév, addis érl T4 alobnTd walwdpouolons kal ph pepouérns dvw, und avTiau-
Bavopévns T@v didiwr kal dowudTwy eikbvwy, mpds alomwep Gv 6 Oeds del Oebs oL
(Quaest. conviv, viir. 2. 1.)

+ This is partly suggested by Eutocius’ commentary on Apollonius 1. 20, 21,
where it is remarked that it was often necessary for want of instruments to
describe a conic by a continuous series of points. This passage is quoted by
Dr Taylor, Ancient and Modern Geometry of Conics, p. Xxxiii,



XXX THE EARLIER HISTORY OF CONICS.

use of machines, but simply to the introduction of mechanical
considerations in each of the three solutions of Archytas, Eudoxus,
and Menaechmus.,

Much has been written on the difficulty of reconciling the
censure on Archytas and the rest with the fact that a mechanical
solution is attributed by Eutocius to Plato himself. The most
probable explanation is to suppose that Eutocius was mistaken in
giving the solution as Plato’s ; indeed, had the solution been Plato’s,
it is scarcely possible that Eratosthenes should not have mentioned
it along with the others, seeing that he mentions Plato as having
been consulted by the Delians on the duplication problem.

Zeuthen has suggested that Plato’s objection may have referred,
in the case of Menaechmus, to the fact that he was not satisfied to
regard a curve as completely defined by a fundamental plane property
such as we express by the equation, but must needs give it a geo-
metrical definition as a curve arrived at by cutting a cone, in order to
make its form realisable by the senses, though this presentation of
it was not made use of in the subsequent investigations of its
properties ; but this explanation is not so comprehensible if applied
to the objection to Archytas’ solution, where the curve in which the
revolving semicircle and the fixed half-cylinder intersect is a curve
of double curvature and not a plane curve easily represented by an
equation.



CHAPTER II.
ARISTAEUS AND EUCLID.

WE come next to the treatises which Aristaeus ¢the elder’ and
Euelid are said to have written ; and it will be convenient to deal
with these together, in view of the manner in which the two names
are assoclated in the description of Pappus, who is our authority
upon the contents of the works, both of which are lost. The passage
of Pappus is in some places obscure and some sentences are put in
brackets by Hultsch, but the following represents substantially its
effect*. “The four books of Euclid’s conics were completed by
Apollonius, who added four more and produced eight books of conics.
Aristaeus, who wrote the still extant five books of solid loci con-
nected with the conics, called one of the conic sections the section
of an acute-angled cone, another the section of a right-angled cone
and the third the section of an obtuse-angled cone.... Apollonius
says in his third book that the “locus with respect to three or four
lines’ had not been completely investigated by Euclid, and in fact
neither Apollonius himself nor any one else could have added in the
least to what was written by Euclid with the help of those properties
of conics only which had been proved up to Euclid’s time; Apollonius
himself is evidence for this fact when he says that the theory of
that locus could not be completed without the propositions which
he had been obliged to work out for himself. Now Kuclid—regard-
ing Aristaeus as deserving credit for the discoveries he had already
made in conics, and without anticipating him or wishing to construct
anew the same system (such was his scrupulous fairness and his
exemplary kindliness towards all who could advance mathematical
science to however small an extent), being moreover in no wise con-
tentious and, though exact, yet no braggart like the other—wrote so
much about the locus as was possible by means of the conics of
Aristaeus, without claiming completeness for his demonstrations.

* See Pappus (ed. Hultsch), pp. 672—678.
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Had he done so he would certainly have deserved censure, but, as
matters stand, he does not by any means deserve it, seeing that
neither is Apollonius called to account, though he left the most part
of his conics incomplete. Apollonius, too, has been enabled to add
the lacking portion of the theory of the locus through having become
familiar beforehand with what had already been written about it by
Euclid and having spent a long time with the pupils of Huclid in
Alexandria, to which training he owed his scientific habit of mind.
Now this ‘locus with respect to three and four lines,” the theory of
which he is so proud of having added to (though he should rather
acknowledge his obligations to the original author of it), is arrived at
in this way. If three straight lines be given in position and from
one and the same point straight lines be drawn to meet the three
straight lines at given angles, and if the ratio of the rectangle
contained by two of the straight lines so drawn to the square of the
remaining one be given, then the point will lie on a solid locus given
in position, that is on one of the three conic sections. And, if
straight lines be drawn to meet, at given angles, four straight lines
given in position, and the ratio of the rectangle under two of the
lines so drawn to the rectangle under the remaining two be given,
then in the same way the point will lie on a conic section given in
position.”

It is necessary at this point to say a word about the solid locus
(orepeds Tomos). Proclus defines a locus (romos) as “a position of a
line or a surface involving one and the same property” (ypauuns 7
émipaveias Oéois moroloa &v kai TaiTov olurToua), and proceeds to say
that loci are divided into two classes, line-loci (7émwoL wpos ypapupuals)
and surface-loci (tomor wpos émupavelars). The former, or loci which
are lines, are again divided by Proclus into plane loci and solid loci
(oo émimedor and Témwor orepeol), the former being simply generated
in a plane, like the straight line, the latter from some section of a
solid figure, like the cylindrical helix and the conic sections,
Similarly Eutocius, after giving as examples of the plane locus
(1) the circle which is the locus of all points the perpendiculars
from which on a finite straight line are mean proportionals between
the segments into which the line is divided by the foot of the
perpendicular, (2) the circle which is the locus of a point whose
distances from two fixed points are in a given ratio (a locus investi-
gated by Apollonius in the romos dvalviuevos), proceeds to say that
the so-called solid loci have derived their name from the fact that
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they arise from the cutting of solid figures, as for instance the
sections of the cone and several others®. Pappus makes a further
division of those line-loci which are not plane loci, i.e. of the class
which Proclus and Eutocius call by the one name of solid loci, into
solid loct (arepeol Tomor) and linear loci (romor ypappmwxol). - Thus, he
says, plane loct may be generally described as those which are
straight lines or circles, soled loct as those which are sections of
cones, 1.e, parabolas or ellipses or hyperbolas, while lenear loct are lines
such as are not straight lines, nor circles, nor any of the said three
conic sectionst. For example, the curve described on the cylinder in
Archytas’ solution of the problem of the two mean proportionals is
a linear locus (being in fact a curve of double curvature), and such
a locus arises out of, or is traced upon, a locus which is a surface
(rémwos wpos émpaveia). Thus linear loci are those which have a
more complicated and unnatural origin than straight lines, circles
and conics, “being generated from more irregular surfaces and
intricate movementsy.”

1t is now possible to draw certain conclusions from the passage
of Pappus above reproduced.

1. The work of Aristaeus on solid loci was concerned with those
loci which are parabolas, ellipses, or hyperbolas; in other words, it
was a treatise on conics regarded as loci.

2. This book on solid loci preceded that of Euclid on conics
and was, at least in point of originality, more important. Though
both treatises dealt with the same subject-matter, the object
and the point of view were different; had they been the same,
Euclid could scarcely have refrained, as Pappus says he did, from an
attempt to improve upon the earlier treatise. Pappus’ meaning
must therefore be that, while Euclid wrote on the general theory of
conics as Apollonius did, he yet confined himself to those properties
which were necessary for the analysis of the solid loci of Aristaeus.

3. Aristaeus used the names ‘““section of a right-angled, acute-
angled, and obtuse-angled cone,” by which up to the time of
Apollonius the three conic sections were known.

4. The three-line and fourline locus must have been, albeit
imperfectly, discussed in the treatise of Aristaeus; and Eueclid, in

* Apollonius, Vol. 11, p. 184, + Pappus, p. 662.

T Pappus, p. 270 : ypaupal yap érepar mwapd Tas elppuévas eis THy KaTOoKEUY
NapBdvovrar mow\wrépay Exovear Ty yéveaw rai BeBuacuévny udN\ov, & drakro-
Tépwy émipavedy kal kwnoewy émmemAeyuévwy yevrduevad.

H. C. . c
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dealing synthetically with the same locus, was unable to work out
the theory completely because he only used the conics of Aristaeus
and did not add fresh discoveries of his own. '

5. The Conics of Euclid was superseded by the treatise of
Apollonius, and, though the Solid Loci of Aristaeus was still extant
in Pappus’ time, it is doubtful whether Euclid’s work was so.

The subject of the three-line and four-line locus will be discussed
in some detail in connexion with Apollonius; but it may be
convenient to mention here that Zeuthen, who devotes some bril-
liant chapters to it, conjectures that the imperfection of the
investigations of Aristaeus and Euclid arose from the absence of
any conception of the hyperbola with two branches as forming
one curve (which was the discovery of Apollonius, as may be in-
ferred even from the fulness with which he treats of the double-
hyperbola). Thus the proposition that the rectangles under the
segments of intersecting chords in fixed directions are in a constant
ratio independent of the position of the point of intersection is
proved by Apollonius for the double-hyperbola as well as for the
single branch and for the ellipse and parabola. So far therefore as
the theorem was not proved for the double-hyperbola before Apollo-
nius, it was incomplete. On the other hand, had Euclid been in
possession of the proof of the theorem in its most general form,
then, assuming e.g. that the three-line or four-line locus was reduced
by Aristaeus’ analysis to this particular property, Euclid would
have had the means (which we are told that he had not) of
completing the synthesis of the locus also. Apollonius probably
mentions Euclid rather than Aristaeus as having failed to complete
the theory for the reason that it was Euclid’s treatise which was on.
the same lines as his own; and, as Euclid was somewhat later in
time than Aristaeus, it would in any case be natural for Apollonius
to regard Euclid as the representative of the older and defective
investigations which he himself brought to completion.

With regard to the contents of the Conics of Fuclid we have the
following indications.

1. The scope must have been generally the same as that of the
first three Books of Apollonius, though the development of the
subject was more systematic and complete in the later treatise.
This we infer from Apollonius’ own preface as well as from the
statement of Pappus quoted above.

2. " A more important source of information, in the sense of
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giving more details, is at hand in the works of Archimedes, who
frequently refers to propositions in conics as well known and not
requiring proof. Thus
(¢) The fundamental property of the ellipse,
PN?: AN.NA'=P'N”?: AN'.N'A" = BC”® : AC?,
that of the hyperbola,
PN?: AN . NA'= P'N?: AN'.N'4/,
and that of the parabola,
PN2=p,. AN,
are assumed, and must therefore presumably have been contained in
Euclid’s work.
(b)) At the beginning of the treatise on the area of a

parabolic segment the following theorems are simply cited.

(1) If PV be a diameter of a segment of a parabola and
@ Vq a chord parallel to the tangent at P, @V = Vq.

(2) If the tangent at ¢) meet VP produced in 7, PV = PT.

(3) If @Vq, @' V'¢’ be two chords parallel to the tangent
at P and bisected in V, V',

PV :PV =QV?:Q' V"

“ And these propositions are proved wn the elements of conics” (i.e. in
Euclid and Aristaeus).

(¢) The third proposition of the treatise On Conoids and
Spheroids begins by enunciating the following theorem : If straight
lines drawn from the same point touch any conic section whatever,
and if there be also other straight lines drawn in the conic section
parallel to the tangents and cutting one another, the rectangles
contained by the segments (of the chords) will have to one another
the same ratio as the squares of the (parallel) tangents. * And this
18 proved in the elements of comics.”

(d) In the same proposition we find the following property of
the parabola: If p, be the parameter of the ordinates to the axis,
and @@’ be any chord not perpendicular to the axis such that the
diameter PV bisects it in V, and if @D be drawn perpendicular
to PV, then (says Archimedes), supposing p to be such a length
that

RQV?: QD*=p : p,,
the squares of the ordinates to PV (which are parallel to Q@) are
equal to the rectangles applied tc a straight line equal to p and of

c2
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width equal to the respective intercepts on PV towards . ¢ For
this has been proved wn the conies.”

In other words, if p,, p are the parameters corresponding
respectively to the axis and the diameter bisecting @€,

Pip,=QV?: QD

(For a figure and a proof of this property the reader is referred
to the chapter on Archimedes p. liii.) .

Euclid still used the old names for the three conic sections, but
he was aware that an ellipse could be obtained by cutting a cone in
any manner by a plane not parallel to the base (assuming the
section to lie wholly between the apex of the cone and its base), and
also by cutting a cylinder. This is expressly stated in the passage
quoted above (p. xxviii) from the Phaenomena. But it is scarcely
possible that Euclid had in mind any other than a right cone; for,
had the cone been oblique, the statement would not have been true
without a qualification excluding the circular sections subcontrary
to the base of the cone.

Of the contents of Eueclid’s Surface-loci, or romor wpos émipaveia,
we know nothing, though it is reasonable to suppose that the
treatise dealt with such loci as the surfaces of cones, spheres and
cylinders, and perhaps other surfaces of the second degree. But
Pappus gives two lemmas to the Surface-loci, one of which (the
second) is of the highest importance*. This lemma states, and
gives a complete proof of, the proposition that the locus of a point
whose distance from a given point is in a given ratio to its distance
Jrom a fixed line is a conic section, and is an ellipse, a parabola, or a
hyperbola according as the given ratio s less than, equal to, or greater
than, unity.

The proof in the case where the given ratio is different from
unity is shortly as follows.

Let S be the fixed point, and let SX be the perpendicular from S
on the fixed line. Let P be any point on the locus and PN perpen-

dicular to SX, so that SP is to /X in the given ratio. Let ¢ be
this ratio, so that

o PN*® + SN®
- NX2
Now let K be a point on the line SX such that
o NIV?
==
NK?°

* Pappus (ed. Hultsch) p. 1006 seqq.
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then, if K’ be another point so taken that ¥K = NVK', we shall have

, PN°*+S8N® SN® PN = PN?
“=Twx® T NK*T NX'-VK*" XK.XK'
The position of the points &, K, K’ changes with the position of P.
If we suppose 4 to be the point on which N falls when K coincides
with X, we have

S4 SN

AX~ "Wk

R
X AN SR 4

p
& X AK N KS
4X NK
It follows that 1’ 9 e both known and equal, and therefore

K
g:?, %\7 are both known and equal. Hence either of the latter

expressions is equal to

SX-SK XK
SA—S§n’ " A

which is therefore known

(58101
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In like manner, if 4’ be the point on which AV falls when A

coincides with X, we have %ﬁf —¢; and in the same way we shall
: . XK' . .
find that the ratio V0 known and is equal to
SX T 1]
A'S [ el
Hence, by multiplication, the ratio if\{f i, Js has a known value.
: PN? .
And, since 5 d .4 from above,
PN® . 1y .
we have AN.A’N:<COHSt')[:6 <1~(?)~1~e].

This is the property of a central conic, and the conic will be an
ellipse or a hyperbola according as ¢ is less or greater than 1; for in
the former case the points 4, 4’ will lie on the same side of X and
in the latter case on opposite sides of X, while in the former case
N will lie on 44" and in the latter NV will lie on 44" produced.

The case where ¢ =1 is easy, and the proof need not be given
here.

We can scarcely avoid the conclusion that Huclid must have
used this proposition in the treatise on susface-loci to which Pappus’
lemma refers, and that the necessity for the lemma arose out of the
fact that Fuclid did not prove it. It must therefore have been
assumed by him as evident or quoted as well known. It may
therefore well be that it was taken from some known work*, not
impossibly that of Aristaeus on solid locs.

That Euclid should have been acquainted with the property of
conics referred to the focus and directrix cannot but excite surprise

* Tt is inferesting to note in this connexion another passage in Pappus
where he is discussing the various methods of trisecting an angle or circular
arc. He gives (p. 284) a method which ¢ some” had used and which involves
the construction of a hyperbola whose eccentricity is 2.

Suppose it is a segment of a circle which has to be divided into three equal

P

R X N S

parts. Suppose it done, and let SP be one-third of the arc SPR. Join RP, SP.
Then the angle RSP is equal to twice the angle SRP.
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seeing that this property does not appear at all in Apollonius, and
the focus of a parabola is not even mentioned by him. The ex-
planation may be that, as we gather from the preface of Apollonius,
he does not profess to give all the properties of conics known to
him, and his third Book is intended to give the means for the
synthesis of solid loci, not the actual determination of them. The
focal property may therefore have been held to be a more suitable
subject for a treatise on solid loci than for a work on conics proper.
We must not assume that the focal properties had not, up to
the time of Apollonius, received much attention. The contrary
is indeed more probable, and this supposition is supported by a
remarkable coincidence between Apollonius’ method of determining
the foci of a central conic and the theorem contained in Pappus’
31st lemma to Euclid’s Porisms.

This theorem is as follows : Let 4’4 be the diameter of a semi-
circle, and from 4’, 4 let two straight lines be drawn at right angles
to A’A. Let any straight line RZ' meet the two perpendiculars
in R, B’ respectively and the semicircle in V. Further let Y.S be
drawn perpendicular to BER’, meeting 4’4 produced in S.

It is to be proved that

AS.S4"=AR. A'R/,
i.e. that SA4 : AR=A'"R : 4'S.
Now, since £, 4', Y, § are concyclic, the angle A’SR’ is equal to
the angle 4'Y R’ in the same segment.

Let SE bisect the angle RSP, meeting RP in E and draw EX, PN perpen-
dicular to RS.
Then the angle ERS is equal to the angle ESR, so that RE=ES ;

- RX=XS, and X is given.

Also RS : SP=RE : EP=RX: XN;
. RS : RX=SP : NX.
But RS=2RX;
s SP=2NX,
whence SP2=4NX?,
or PN24+ SN2=4NX?,

“ Since then the two points S, X are given, and PN is perpendicular to SX,
while the ratio of ¥X2 to PN24 SN2 is given, P lies on a hyperbola.”
This is obviously a particular case of the lemma to the Témwoc wpos émparela,

2

=

and the ratio -

PNTLSN? is stated in the same form in both cases.
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Similarly, the angle A RS is equal to the angle 4YS.
But, since 4'Y4, R'YS are both right angles,
LA YR =, AYS,;
" LA'SR = L ARS,;
1ce, by similar triangles,
AR : A’'S§S=84 : AR,
AS.SA'=AR . AR

~ L4
e *

~ -
~ o~ PO
LT -
- - -

It follows of course from this that, if the rectangle AR . A'R’ is
stant, 4S.S4 is also constant and S is a fixed point.
It will be observed that in Apollonius, 111. 45 [Prop. 69], the
iplete circle is used, AR, A'R’ are tangents at the extremities of
axis 44’ of a conic, and KR’ is any other tangent to the conic.

has already proved, 111. 42 [Prop. 66], that in this case
.A'R' = BC? and he now takes two points S, S’ on the axis
he axis produced such that

A8.84"=48".8'4' = BC".

then proves that RR’ subtends a right angle at each of the
its S, §’, and proceeds to deduce other focal properties.
Thus Apollonius’ procedure is exactly similar to that in the
ma to Buclid’s Porisms, except that the latter does not bring in
conic. This fact goes far to support the view of Zeuthen as to
origin and aim of Euclid’s Porisms, namely, that they were
ly a sort of by-product in the investigation of conic sections and
ly a means devised for the further development of the subject.



CHAPTER IIL

ARCHIMEDES,

No survey of the history of conic sections could be complete
without a tolerably exhaustive account of everything bearing on the
subject which can be found in the extant works of Archimedes.

There is no trustworthy evidence that Archimedes wrote a
separate work on conies. The idea that he did so rests upon no more
substantial basis than the references to kwvika oroyeia (without any
mention of the name of the author) in the passages quoted above,
which have by some been assumed to refer to a treatise by Archi-
12edes himself. But the assumption is easily seen to be unsafe when
the references are compared with a similar reference in another
passage®* here by the words év 77 orowyewwoe the ZElements
of Huclid are vndoubtedly meant. Similarly the words ¢ this is
proved in the elemounts of conics” simply mean that it is found in
the text-books on the clementary principles of conics. A. positive
proof that this is so may be drawn from a passage in Hutocius’
commentary on Apollonius, t'eracleidest, the biographer of Archi-
medes, is there quoted as saying that Archimedes wa‘ the first to
invent theorems in conics, and that Apollonius, having found that
they had not been published by Archimedes, appropriated them i ;

* On the Sphere and Cylinder, 1. p. 24. The proposition quoted is Euel. xi1. 2.

+ The name appears in the passage referred to as ‘HpdkAeos. Apollonius
(ed. Heiberg) Vol, 1r1. p. 168.

T Heracleides’ statement that Archimedes was the first to ‘‘invent”
(érwofoar) theorems in conies is not easy to explain, Bretschneider (p. 156)
puts it, as well as the charge of plagiarism levelled at Apollonius, down to the
malice with which small minds would probably seek to avenge themselves for
the contempt in which they would be held by an intellectual giant like
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and Eutocius subjoins the remark that the allegation is in his
opinion not true, “for on the one hand Archimedes appears in many
passages to have referred to the elements of conics as an older
treatise (ws malatorépas), and on the other hand Apollonius does not
profess to be giving his own discoveries.” Thus Eutocius regarded
the reference as being to earlier expositions of the elementary
theory of conics by other geometers: otherwise, ie. if he had
thought that Archimedes referred to an earlier work of his own, he
would not have used the word walaworépas but rather some expression
like mpoTepov éxdedopévys.

In searching for the various propositions in conics to be found
in Archimedes, it is natural to look, in the first instance, for indica-
tions to show how far Archimedes was aware of the possibility of
producing the three conic sections from cones other than right cones
and by plane sections other than those perpendicular to a generator
of the cone. We observe, first, that he always uses the old names
‘““section of a right-angled cone” d&c. employed by Aristaeus, and
there is no doubt that in the three places where the word eAAewyis
appears in the Mss. it has no business there, But, secondly, at the
very beginning of the treatise On Conoids and Spheroids we find the
following : “If a cone be cut by a plane meeting all the sides of the
cone, the section will be either a circle or a section of an acute-
angled cone” [i.e. an ellipse]. The way in which this proposition was
proved in the case where the plane of section is at right angles to the
plane of symmetry can be inferred from propositions 7 and 8 of the
same treatise, where it is shown that it is possible to find a cone of
which a given ellipse is a section and whose apex is on a straight
line drawn from the centre of the ellipse (1) perpendicular to the
plane of the ellipse, (2) not perpendicular to its plane, but lying in
a plane at right angles to it and passing through one of the axes
of the ellipse. The problem evidently amounts to determining the

Apollonius. Heiberg, on the other hand, thinks that this is unfair to Hera-
cleides, who was probably misled into making the charge of plagiarism by finding
many of the propositions of Apollonius already quoted by Archimedes as known.
Heiberg holds also that Heracleides did not intend to aseribe the actual
invention of conics to Archimedes, but only meant that the elementary theory of
conic sections as formulated by Apollonius was due to Archimedes; otherwise
Eutocius’ contradiction would have taken a different form and he would not

have omitted to point to the well-known fact that Menaechmus was the
discoverer of the conic sections.
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circular sections of the cone, and this is what Archimedes proceeds
to do. | . .

(1) Conceive an ellipse with BB as its minor axis and
lying in a plane perpendicular to the plane of the paper: suppose
the line 00 drawn perpendicular to the plane of the ellipse, and

let O be the apex of the required cone. Produce OB, OC, OB', and
in the same plane with them draw BED meeting OC, OB’ produced
in &, D respectively, and in such a direction that

BE.ED : EO02=(CA2: CO?

(where (4 1s half the major axis of the ellipse).
And this is possible, since

BE.ED: E0O°>BC.CB : CO~

[Both the construction and this last proposition are assumed as
known. ]

Now conceive a circle with BD as diameter drawn in a plane
perpendicular to that of the paper, and describe a cone passing
through this circle and having O for its apex.

We have then to prove that the given ellipse is a section of this
cone, or, if P is any point on the ellipse, that P lies on the surface
of the cone.

Draw PN perpendicular to BB. Join OV, and produce it to
meet BD in M, and let M be drawn in the plane of the circle on
BD as diameter and perpendicular to BD, meeting the circumference

of the circle in Q. Also draw F@, HK through Z, M respectively
each parallel to BR
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Now OM* . HM .MK=BM.MD:HM. MK
=BE.ED:FE.EG
=(BE.ED:E0%.(EO0*: FE. EG)
=(C4%:C0%.(C0*: BC.CH)
=C4%: BC. OB
=PN?: BN.NB.

. QM®: PN*=HM.MK: BN.NB
=0M?: ON?,

whence, since PN, QM are parallel, OPQ is a straight line.

But ¢ is on the circumference of the circle on BD as diameter ;
therefore OQ is a generator of the cone, and therefore P lies-on the
cone. -

Thus the cone passes through all points of the given ellipse.

(2) Let OC not be perpendicular to 44’, one of the axes of
the given ellipse, and let the plane of the paper be that containing
A4’ and OC, so that the plane of the ellipse is perpendicular to that
plane. Let 525’ be the other axis of the ellipse.

K

Now 04, 04’ are unequal. Produce 04’ to D so that 04 = OD.
Join 4D, and draw FG through C parallel to it.
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Conceive a plane through 47 perpendicular to the plane of the
paper, and in it describe

either (@), if CB® = F(C . C@, a circle with diameter 4D,

or (), if not, an ellipse on 4D as axis such that if d be the other

axis d:-AD:*=Ch:FC.CGH,

Take a cone with apex O and passing through the circle or
ellipse just drawn. This is possible even when the curve is an
ellipse, because the line from O to the middle point of 4D is perpen-
dicular to the plane of the ellipse, and the construction follows that
in the preceding case (1).

Let P be any point on the given ellipse, and we have only to
prove that P lies on the surface of the cone so described.

Draw PN perpendicular to A4’. Join OXN, and produce it to
meet AD in M. Through M draw HK paraliel to 4'4. Lastly, draw
M) perpendicular to the plane of the paper (and therefore perpen-
dicular to both HK and 4.D) meeting the ellipse or circle about 4.D
(and therefore the surface of the cone) in @.

Then

QM*: HM . MK =(QM* : DM. MA). (DM . MA : HM . MK)
=(d?: AD* . (FC.CG:4'C.C4)
=(CB*: FC.CG).(FC.CG :4'C.C4)
=(CB%?:4'C.CA
=PN2:A'N.NA.
S QM PN°=HM.MK:A'N.NA
=0M?: ON?2

Hence 0P¢) is a straight line, and, ¢ being on the surface of the
cone, it follows that 7 is also on the surface of the cone.

The proof that the three conics can be produced by means of
sections of any circular cone, whether right or oblique, which are
made by planes perpendicular to the plane of symmetry, but not
necessarily perpendicular to a generating line of the cone, is of course
essentially the same as the proof for the ellipse. It is therefore to
be inferred that Archimedes was equally aware of the fact that the
parabola and the hyperbola could be found otherwise than by th
old method. The continued use of the old names of the curves is of
no importance in this connexion because the ellipse was still called
the “section of an acute-angled cone ” after it was discovered that
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1t could be produced by means of a plane cutting all the generating
lines of any cone, whatever its vertical angle. Heiberg concludes
that Archimedes only obtained the parabola in the old way
because he describes the parameter as double of the line between
the vertex of the parabola and the axis of the cone, which is only
correct in the case of the right-angled cone; but this is no more
an objection to the continued use of the term as a well.known
description of the parameter than it is an objection to the con-
tinued use by Archimedes of the term ‘‘section of an acute-angled
cone” that the ellipse had been found to be obtainable in a different
manner. Zeuthen points out, as further evidence, the fact that we
have the following propositions enunciated by Archimedes without
proof (On Conoids and Spheroids, 11):

(1) «If a right-angled conoid [a paraboloid of revolution] be
cut by a plane through the axis or parallel to the axis, the section
will be a section of a right-angled cone the same as that compre-
hending the figure (a adra 7d wepthapBavovoa 10 oxijpa). And its
diameter [axis] will be the common section of the plane which
cuts the figure and of that which is drawn through the axis perpen-
dicular to the cutting plane.

(2) ¢“If an obtuse-angled conoid [a hyperboloid of revolution] be
cut by a plane through the axis or parallel to the axis or through
the apex of the cone enveloping (wepiéxovros) the conoid, the section
will be a section of an obtuse-angled cone: if [the cutting plane
passes] through the axis, the same as that comprehending the figure:
if parallel to the axis, similar to it: and if through the apex of the
cone enveloping the conoid, not similar. And the diameter [axis] of
the section will be the common section of the plane which cuts the
figure and of that drawn through the axis at right angles to the
cutting plane.

(3) “If any one of the spheroidal figures be cut by a plane
through the axis or parallel to the axis, the section will be a section of
an acute-angled cone: if through the axis, the actual section which
comprehends the figure: if parallel to the axis, similar to it.”

Archimedes adds that the proofs of all these propositions are
obvious. It is therefore tolerably certain that they were based
on the same essential principles as his earlier proofs relating to the
sections of conical surfaces and the proofs given in his later investi-
gations of the elliptic sections of the various surfaces of revolution.
These depend, as will be seen, on the proposition that, if two chords
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drawn in fixed directions intersect in a point, the ratio of the rect-
angles under the segments is independent of the position of the
point. This corresponds exactly to the use, in the above proofs with

O

regard to the cone, of the proposition that, if straight lines /'@, HK
are drawn in fixed directions between two lines forming an angle,
and if /G, HK meet in any point M, the ratio M. MG : HM . MK
is constant; the latter property being in fact the particular case
of the former where the conic reduces to two straight lines,

The following is a reproduction, given by way of example, of the
proposition (13) of the treatise On Conoids and Spheroids which proves
that the section of an obtuse-angled conoid [a hyperboloid of re-
volution] by any plane which meets all the generators of the en-
veloping cone, and is not perpendicular to the axis, is an ellipse
whose major axis is the part intercepted within the hyperboloid of
the line of intersection of the cutting plane and the plane through
the axis perpendicular to it.

C

Suppose the plane of the paper to be this latter plane, and the
line BC' to be its intersection with the plane of section which is
perpendicular to the plane of the paper. Let @ be any point on
the section of the hyperboloid, and draw QM perpendicular to BC,
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Let AL be the hyperbolic section of the hyperboloid made by
the plane of the paper and 4D its axis. Through M in this plane
draw EDI at right angles to 4D meeting the hyperbola in %, I

Then the section of the hyperboloid by the plane through E£F

perpendicular to 4D is a circle, @M lies in its plane, and @ is a
point on it.

Therefore QM =FEM.MF.

Now let 7" be that tangent to the hyperbola which is parallel
to BC, and let it meet the axis in 7" and the tangent at 4 in O.
Draw PN perpendicular to 4.D.

Then QM?: BM MC=FEM.MF : BM.MC
=04°: OP?,
which is constant for all positions of § on the section through AC.
Also 04 < OP, because it is a property of hyperbolas that

AT < AN, and therefore 07 < OP,

whence « fortiori 04 < OP.

Therefore ) lies on an ellipse whose major axis is BC.

It is also at once evident that all parallel elliptic sections are
similar.

Archimedes, it will be seen, here assumes two propositions

(@) that the ratio of the rectangles under the segments of
intersecting chords in fixed directions is equal to the constant ratio
of the squares on the parallel tangents to the conic, and

(b) that in a hyperbola AN > AT.

The first of these two propositions has already been referred to
as having been known before Archimedes’ time [p. xxxv]; the second
assumption is also interesting. It is not easy to see how the latter
could be readily proved except by means of the general property
that, if PP’ be a diameter of a hyperbola and from any point ¢ on
the curve the ordinate @V be drawn to the diameter, while the
tangent Q7' meets the diameter in 7', then

TP : TP =PV : PV,

so that we may probably assume that Archimedes was aware of this’
property of the hyperbola, or at least of the particular case of 1t
where the diameter is the axis.

It is certain that the corresponding general proposition for the
parabola, PV = P7, was familiar to him ; for he makes frequent use
of it.
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As a preliminary to collecting and arranging in order the other
properties of conics either assumed or proved by Archimedes, it may
be useful to note some peculiarities in his nomenclature as compared
with that of Apollonius. The term diamefer, when used with
referenc® to the complete conic as distinguished from a segment, is
only applied to what was afterwards called the axis, In an ellipse
the major axis is & pellov Oaperpos and the minor axis d é\doowy
Sudperpos. For the Ayperbola, by the ¢ diameter’ is only understood
that part of it which is within the (single-branch) hyperbola. This we
infer from the fact that the ¢diameter’ of a hyperbola is identified
with the axis of the figure described by its revolution about the
diameter, while the axis of the hyperboloid does not extend outside
it, as it meets (amwrera:) the surface in the vertex (xopvéda), and the
distance between the vertex and the apex of the enveloping cone
[the centre of the revolving hyperbola] is ¢the line adjacent to the
axis’ (¢ woreovga 7@ dfovi). In the parabole diameters other than
the axis are called ‘the lines parallel to the diameter’; but in a
segment of a parabola that one which bisects the base of the segment
is called the diameter of the segment (700 Tpaparos). In the ellipse
diameters other than the axes have no special name, but are simply
¢lines drawn through the centre.’ ’

The term axis is only used with reference to the solids of
revolution. For the complete figure it is the axis of revolution ; for
a segment cut off by a plane it is the portion intercepted within the
segment of the line, (1) in the paraboloid, drawn through the vertex
of the segment parallel to the axis of revolution, (2) in the hyper-
boloid, joining the vertex of the segment and the apex of the
enveloping cone, (3) in the spheroid, joining the vertices of the fwo
segments into which the figure is divided, the vertex of any segment
being the point of contact nf the tangent plane parallel to the base.
In a spheroid the ‘diameter’ has a special signification, meaning
the straight line drawn through the centre (defined as the middle
point of the axis) at right angles to the axis. Thus we are told
that ‘those spheroidal figures are called similar whose axes have
the same ratio to the diameters*.”

The two diameters (axes) of an ellipse are called conjugate
(avlvyets).

The asymptotes of a hyperbola are in Archimedes the straight
lines mearest to the section of the obtuse-angled cone (af &yyiora

* On Conoids and Spheroids, p. 282.
H. C. d
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evfeciar Tas Tod duBAvywviov kévov Topds), while what we call the
centre of a hyperbola is for Archimedes the point in which the
nearest lines meet (to ocopetov, kaf & al &ywora cvpmimTovTL).
Archimedes never speaks of the ‘centre’ of a hyperbola : indeed the
use of it implies the conception of the two branches of a hyperbola
as forming one curve, which does not appear earlier than in
Apollonius.

When the asymptotes of a hyperbola revolve with the curve
round the axis they generate the cone enveloping or comprehending
the hyperboloid, (rov 8¢ kdvov 1ov mepihadlévra vmo 1oy éyyioTa Tas

~ 3 ’ ’ ~ ’ \ A ~ 0
700 duBAvywviov kwvov Topds mweptéxorra TO Kwvoedes kalelolar).

The following enumeration* gives the principal properties of
conics mentioned or proved in Archimedes. It will be convenient
to divide them into classes, taking first those propositions which are
either quoted as having been proved by earlier writers, or assumed
as known. They fall naturally under four heads.

I. GENERAL.

1. The proposition about the rectangles under the segments of
intersecting chords has been already mentioned (p. xxxv and xlviii).

2. Swmilor comics. The criteria of similarity in the case of
central conics and of segments of conics are practically the same as
those given by Apollonius.

The proposition that all parabolas are similar was evidently
familiar to Archimedes, and is in fact involved in his statement that
all paraboloids of revolution are similar (76 wév odv dpfoydria
KOVOELDEQ TdVTO OMOLL éVTL).

3. Tangents at the extremities of a ‘diameter’ (axis) are
perpendicular to it.

II. Trr Ervripsk.
1. The relations

PN2 i AN . AN=PN'2: AN’ . A'N’
=BB?%: 44" or CB?: CA*?

* A word of acknowledgement is due here to Heiberg for the valuable
summary of ‘ Die Kenntnisse des Archimedes uiber die Kegelschnitte,” contained
in the Zeitschrift fir Mathematik und Physik (Historisch-literarische A btheilung)
1880, pp. 41—67. This article is a complete guide to the relevant passages in
Archimedes, though I have of course not considered myself excused in any
instance from referring to the original,
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are constantly used as expressing the fundamental property and the
criterion by which it is established that a curve is an ellipse.
2.  The more general proposition
s QVE.PV.PV=QV?*::PV'.PV

also occurs.
3. If a circle be described on the major axis as diameter, and

an ordinate PN to the axis of the ellipse be produced to meet the

circle in p, then
pN : PN = (const.).

4. The straight line drawn from the centre to the point of
contact of a tangent bisects all chords parallel to the tangent.

5. The straight line joining the points of contact of parallel
tangents passes through the centre; and, if a line be drawn through
the centre parallel to either tangent and meeting the ellipse in two
points, the parallels through those points to the chord of contact of
the original parallel tangents will touch the ellipse.

6. If a cone be cut by a plane meeting all the generators, the
section is either a circle or an ellipse.

Also, if a cylinder be cut by two parallel planes each meeting all
the generators, the sections will be either circles or ellipses equal

and similar to one another.

TIT. Tre HYPERBOLA.
1. We find, as fundamental properties, the following,
PN?: P'N?=AN.A'N : AN'. A'N',
RQV:: QV*=PV.P'V:PV'.PV;

but Archimedes does not give any expression for the constant ratios
PN?: AN.A'N and QV?: PV.P'V, from which we may infer that
he had no conception of diameters or radii of a hyperbola not
meeting the curve. |

1f C be the point of concourse of the asymptotes, 4'is arrived at by
producing 4C and measuring C'4’ along it equal to C'4 ; and the same
procedure is used for finding P’, the other extremity of the diameter
through P: the lengths 44’) PP’ are then in each case double of the
line adjacent to the axis [in one case of the whole surface, and in the
other of a segment of which P is the ‘vertex’]. This term for 44/,
PP’ was, no doubt, only used in order to avoid mention of the cone of

- d2



li1 THE EARLIER HISTORY OF CONICS.

which the hyperbola is a section, as the introduction of this cone
might have complicated matters (seeing that the enveloping cone also
appears) ; for it is obvious that 44’ appeared first as the distance
along the principal diameter of the hyperbola intercepted between
the vertex and the point where it meets the surface of the opposite
half of the double cone, and the notion of the asymptotes came
later in the order of things.

2. If from a point on a hyperbola two straight lines are drawn
in any directions to meet the asymptotes, and from another point
two other straight lines are similarly drawn parallel respectively to
the former, the rectangles contained by each pair will be equal *.

3. A line through the point of concourse of the asymptotes and
the point of contact of any tangent bisects all chords parallel to the
tangent.

4. If PN, the principal ordinate from P, and P7, the tangent
at P, meet the axis in &, 7 respectively, then

AN > AT.

5. If a line between the asymptotes meets a hyperbola and is
bisected at the point of concourse, it will touch the hyperbola f.

/

IV. TaE PARABOLA.

1. PN2:P’N'2=AN:AN’}
and QV:QV?*=PV:PV" |
We find also the forms
P.ZV“’:pa.:iN}
QVi=p.PV |}’

P, (the principal parameter) is called by Archimedes the parameter
of the ordinates (parallel to the tangent at the vertex), wop’ av
Svvavrar ai amo Tas Touds, and is also described as the double of the line
extending [from the vertex] to the axis [of the cone] d durhacia 7ds
péxpt Tov afovos.

The term ‘parameter’ is not applied by Archimedes to p, the
constant in the last of the four equations just given. p is simply
described as the line to which the rectangle equal to @72 and of
width equal to PV is applied.

2. Parallel chords are bisected by one line parallel to the axis ;

* This proposition and its converse appear in a fragment given by Eutocius
in his note on the 4th proposition of Book 11. On the Sphere and Cylinder.
+ This is also used in the fragment quoted by Eutocius,
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which is a complete square, and therefore cannot be negative ;

0,

- (PV MK\ -
(P %) e

whence the proposition follows. ]
8. If any three similar and similarly situated parabolic seg-

ments have one extremity (/) of their bases common and their
bases BQ,, BQ,, BQ, lying along the same straight line, and if £0

be drawn parallel to the axis of any of the segments meeting the
tangent at B to one of them in £, the common base in O, and each
of the three segments in £, £ , R_, then

RR, @0, BQ,
RZRI BQ3 . Q1Q2 .

[This proposition is given in this place because it is assumed
without proof (On floating bodies, 11. 10). But it may well be that
it is assumed, not because it was too well known to need proof, but
as being an easy deduction from another proposition proved in the
Quadrature of a parabola which the reader could work out for
himself. The latter proposition is given below (No. 1 of the next

group) and demonstrates that, if ZB be the tangent at B to the
segment BR @) ,

ER : RO=B0:0Q,.

To deduce from this the property enunciated above, we observe
first that, if ¥, V,, V, be the middle points of the bases of the three
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7. If QAQ' be a segment of a parabola such that @@’ is
perpendicular to the axis, while @Vy,
parallel to the tangent at P, meets the Q
diameter through P in V, and if B be
any other point on the curve the ordinate R
from which RHK meets PV in H and
the axis in X, then (M being the middle ok y
point of @)

PV :PH 7 MK :KA, AN G K

or =

“ for this is proved.” (On floating bodues,
11. 6.) g

[There is nothing to show where or
by whom the proposition was demon-

strated, but the proof can be supplied @
as follows :
' PV MK . (e
We have to prove that P kA S positive or zero.
Let @g meet A3 in O.
N PV MK PV.AK-PH. MK
° PH KA~~~ PH.K4
_AK. PV —(AK - AN)(AM - AK)
B AK.PH
AR~ AR (AM + AN —PVY+ AM. AN
B AK.PH ‘
AKP - AK.OM + AM . AN
AK.PH ’
(since AN = AT).
OM NT
Bus Qi = PN’
. OM®  44N°
U p,-AM  p,. AN’
whence OM?=44M. AN,
or AM. AN = Oilh.

It follows that

2
AR~ AK.OM + AM. AN = AK*— ax. oM + 24

4 b
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which is a complete square, and therefore cannot be negative ;

(PV MK)

>
or= O’

PH KA

whence the proposition follows.]
8. If any three similar and similarly situated parabolic seg-

ments have one extremity (B) of their bases common and their
bases BQ,, BY,, BQ, lying along the same straight line, and if £0

be drawn parallel to the axis of any of the segments meeting the
tangent at B to one of them in Z, the common base in O, and each
of the three segments in £, £, , R , then

ER, @0, B,
RQRI BQ3 ' Q1Q2 .

[This proposition is given in this place because it is assumed
without proof (On floating bodies, 1. 10). But it may well be that
it is assumed, not because it was too well known to need proof, but
as being an easy deduction from another proposition proved in the
Quadrature of a parabola which the reader could work out for
himself. The latter proposition is given below (No. 1 of the next

group) and demonstrates that, if ZB be the tangent at B to the
segment BE Q) ,

ER, : RO =B0: 0q..

To deduce from this the property enunciated above, we observe
Jirst that, if V,, V,, V, be the middle points of the bases of the three
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segments and the (parallel) diameters through ¥V, 7V, V, meet the
respective segments in P, P, P,, then, since the segments are
similar,
BV :BV,: BV, =PV, :PV, :PV.,
It follows that B, P, P,, P, are in one straight line.
But, since Bﬁ is the tangent at B to the segment BRIQI,
T'P =PV (where VP meets BE in T).
Therefore, if V,P,, V_.P, meet BE in T,, T,
. T.P,=P)V,,
and TP =PV,
and BL is therefore a tangent to all three segments.
Next, since ER : RO=B5B0:0Q,
ER : EO=PB0: BQ,.
Similarly ER,: EO =580 : BQ,, }
and ER, : EO=B0 : BQ,.

From the first two relations we derive

3231_30<1 1)

EO ~77\BQ, B,
_80.6.¢,
- BQ..BQ,’
Similarly %,gz = gg : %g* :

From the last two results it follows that
RRE, Q0. BQ,
R2R1 'BQ?, Q1Q2 .
9. If two similar parabolic segments with bases BQ , BQ, be
placed as described in the preceding proposition, and if BR R, be any

B
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straight line through B cutting the segments in £, R, respectively,

then
BQ, : BQ,=BR : BR,.
[Let the diameter through £ meet the tangent at. B in X, the
other segment in £, and the common base in O.
Then, as in the last proposition,

ER, : EO=B0 : BQ,
and ER : EO =50 : BQ,;
S R : ER = BQ, : BQ,.

But, since R, is a point within the segment BRQz, and ZRR is the
diameter through £ , we have in like manner
ER : ER =BR : BR,.

Hence BQ, : BY,=BR : BR,.]

10.  Archimedes assumes the solution of the problem of placing,
between two parabolic segments, similar and similarly situated as
in the last case, a straight line of a given length and in a direction
parallel to the diameters of either parabola.

[Let the given length be /, and assume the problem solved, RR,

being equal to .
Using the last figure, we have

BO ER,
BQ, EO’
and BO ER
BQ, EO°
Subtracting, we obtain
BO.QQ, RRE
BQ,.BQ, EO’
whence BO.0E =1. B%;QZZ) < ;

which is known.

And the ratio BO : OF is given.

Therefore BO? or OF? can ks found, and therefore O.

Lastly, the diameter through O determines ER..]

It remains to describe the investigations in which it is either
expressed or implied that they represent new developments of the
theory of conics due to Archimedes himself. With the exception of
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certain propositions relating to the areas of ellipses, his discoveries
mostly have reference to the parabola and, in particular, to the
determination of the area of any parabolic segment.

The preface to the treatise on that subject (which was called by
Archimedes, not rerpaywviopos wapaBolys, but wept vis Tov Sphoywyiov
kwvov Toufs) is interesting. After alluding to the attempts of the
earlier geometers to square the circle and a segment of a circle, he
proceeds: “And after that they endeavoured to square the area
bounded by the section of the whole cone* and a straight line,
assuming lemmas not easily conceded, so that it was recognised by
most people that the problem was not solved. But I am not
aware that any one of my predecessors has attempted to square the
segment bounded by a straight line and a section of a right-angled
cone, of which problem I have now discovered the solution. For
it is here shown that every segment bounded by a straight line and
a section of a right-angled cone is four-thirds of the triangle which
has the same base and an equal altitude with the segment, and for
the demonstration of this fact the following lemma is assumed i :
that the excess by which the greater of (two) unequal areas exceeds
the less can, by being added to itself, be made to exceed any given
finite area. The earlier geometers have also used this lemma ; for it
is by the use of this same lemma that they have shown that circles
are to one another in the duplicate ratio of their diameters, and that
spheres are to one another in the triplicate ratio of their diameters,
and further that every pyramid is one third part of the prism having
the same base with the pyramid and equal altitude: also, that every
cone is one third part of the cylinder having the same base as
the cone and equal altitude they proved by assuming a certain
lemma similar to that aforesaid. And, in the result, each of the
aforesaid theorems has been acceptedf no less than those proved

* There seems to be some corruption here : the expression in the text is 7ds
&\ov Tob kwov Touds, and it is not easy to give a natural and intelligible meaning
to it. The section of ‘the whole cone’ might perhaps mean a section cutting
right through it, i.e. an ellipse, and the ‘straight line’ might be an axis or
a diameter, But Heiberg objects to the suggestion to read rds éfvywriov kwvov
Touds, in view of the addition of xal evfelas, on the ground that the former
expression always signifies the whole of an ellipse, never a segment of it
(Quaestiones Archimedeae, p. 149).

+ The lemma is used in the mechanical proof only (Prop. 16 of the treatise)
and not in the geometrical proof, which depends on Eucl. x. 1 (see p. Ixi, Ixiii).

+ The Greek of this passage is: cuuBaiver 3¢ TOv mwpoepnuévwy Bewpnudrwy
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without the lemma. As therefore my work now published has
satisfied the same test as the propositions referred to, I have
written out the proof of it and send it to you, first as investigated
by means of mechanics and next also as demonstrated by geometry.
Prefixed are, also, the elementary propositions in conics which are of
service in the proof” (orouxela kwvika xpeiav éxovta & Tav dmodelw).

The first three propositions are simple ones merely stated without
proof. The remainder, which are given below, were apparently not
considered -as forming part of the elementary theory of conics; and
this fact, together with the circumstance that they appear only as
subsidiary to the determination of the areas of parabolic segments,
no doubt accounts for what might at first seem strange, viz. that
they do not appear in the Conzcs of Apollonius.

1. If Qq be the base of any segment of a parabola, and P the
vertex® of the segment, and if the diameter through any other point R
on the curve meet Qq in O, QP in I, and the tangent at @ wn B, then

(1) QV:V0=0r": FR,
(2) QO :09=ER: ROT.

EkaoTor undev nNocov TWr Avev ToUTOV ToU NjuuaTos dmodedetyuévwy memioTeEvKéDQLL.
Here it would seem that memworevkévar must be wrong and that the Passive
should have been used.

* According to Archimedes’ definition the height ({yos) of the segment is
“the greatest perpendicular from the curve upon the base,” and the vertex
(kopvpa) ‘“the point (on the curve) from which the greatest perpendicular
is drawn.” The vertex is therefore P, the extremity of the diameter
bisecting Qgq.

t These results are used in the mechanical investigation of the area of
a parabolic segment. The mechanical proof is here omitted both because it is
more lengthy and because for the present purpose the geometrical proof given
below is more germane.
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To prove (1), we draw the ordinate W to PV, meeting QP
in X,
Now PV :PW=QV?: RW?;

therefore, by parallels,
PQ: PK=PQ*: Pl

In other words, ¢, PF, PK are in continued proportion ;
. PQ: PF=PF:PK

= PF + PQ : PK + PF
=QF : KI';
therefore, by parallels,
QV :VO=0F : FR.

To prove (2), we obtain from the relation just proved
QV:90=0r: OR.
Also, since TP =PV, EF = OF.
Accordingly, doubling the antecedents in the proportion,
®q : q0 =0F : OR,
or QO : Oq=ER : RO.

It is clear that the equation (1) above is equivalent to a change
of axes of coordinates from the tangent and diameter to the chord
Qg (as axis of «, say) and the diameter through ¢ (as the axis of y).

2

FOI‘, if QV:CL, PV:%,
and if Q0 =2 RO =y,
we have at once from (1)

a  OF
x—a OF-y’
z. 2
e _OF_ _p
C2a-x oy oy’
whence py =z (2a — x).

Zeuthen points out (p. 61) that the results (1) and (2) above can
be put in the forms

RO.OV=FR.qO..........c.ccvivvininnn, (1)
and RO.0Q=ER.qO..................coin. (2)
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and either of these equations represents a particular case of the
parabola as a ‘“locus with respect to four lines.,” Thus the first
represents the equality of the rectangles formed, two and two, from
the distances of the movable point R taken in fixed directions from
the fixed lines Qq, PV, P@ and Gq (where Gg¢ is the diameter
through ¢); while the second represents the same property with
respect to the lines Qg, QD (the diameter through @), @7 and Gy.
2. If RM be a diameter bisecting QV wn M, and BW be the
ordinate to PV jfrom R, then ,
PV =4%RM.
For PV :PW=QV?:.: RW?
=4RW?®: RW?*;
.. PV =4PW,
and PV =%4RM.

8. The triangle PQq 1s greater than
half the segment PQq.

For the triangle P@q is equal to half
the parallelogram contained by ¢)g, the
tangent at P, and the diameters through €, ¢q. It is therefore
greater than half the segment.

Cor. It follows that a polygon can be inscribed in the segment
such that the remaining segments are together less than any assignable

area.

For, if we continually take away an area greater than the half,
we can clearly, by continually diminishing the remainders, make
them, at some time, together less than any given area (Eucl. x. 1).

4, With the same assumptions as in No. 2 above, the triangle PQq
18 equal to eight times the triangle RPQ). |

R bisects ¢V, and therefore it bisects P¢ (in Y, say).

Therefore the tangent at R is parallel to Pg).

Now PV =%RM,
and PV =2YN;
;. YM =2RY,
and AN PQM =21 PRQ.
Hence APQV =41 PR,

so that A PQg =81 PRQ.
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Also, if BW produced meet the curve again in 7,
A PQg = 8 A Prq, similarly.
b. If there be a series of areas 4, B, C, D... each of which 1s four

times the next in order, and if the largest, 4, is equal to the triangle
PQq, then the sum of all the areas 4, B, C, D... will be less than the
areq of the parabolic segment Pl)q.
For, since N PQqg=8A PYR =81 Pygr,
APQy=4(LPQR + A Pgr);
therefore, since A PQqg = A4,
N PQR + A Per=5.
In like manner we can prove that the triangles similarly in-

scribed in the remaining segments are together equal to the area C,
and so on.

Therefore A+B+C+D+ ...

is equal to the area of a certain inscribed polygon, and therefore less
than the area of the segment.

6. Gwen the series A, B, C, D... just described, if Z be the last

of the series, then
A+B+C+ ...+ Z+37=3%4.
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Let b=1B,
c=30,

d = 1D, and so on.
Then, since b=1B,
and B = 1A,
B+b=14
Similarly C+c=15,

..................

Therefore B+C+D+...+Z+b+ec+d+...+2
=1 (Ad+B+C0C+D+...+7Y).

But b+c+d+...+y=5(B+C+D+ ... +7);
| B+ C4+D+ .+ Z+2=1LA,
or A+B+C+D+...+Z+%Z=§A.

7. Ewvery segment bounded by o parabole and o chord is
Jour-thirds of the triangle which has the same base and equal
altttude.

Let K=%.A PQq,

and we have then to prove that the segment is equal to X.

Now, if the segment is not equal to X, it must be either greater
or less.

Iirst, suppose it greater. Then, continuing the construction
indicated in No. 4, we shall finally have segments remaining whose
sum is less than the area by which the segment PQg exceeds X
[No. 3, Cor.].

Therefore the polygon must exceed A': which is impossible, for,
by the last proposition,

A+B+C+...+Z<%4,

where 4 = A PQq.
Secondly, suppose the segment less than XK.
1f A PQg = A4, B=14, ¢ =15,

and so on, until we arrive at an area X such that X is less than the
difference between K and the segment,

A+B+0C+ ...+ X+1X=44
= K,
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Now, since K exceeds 4 + B+ C + ... + X by an area less than
X, and the segment by an area greater than X, it follows that

4d+B+C+...+X

is greater than the segment: which is impossible, by No. 4 above.

Thus, since the segment is neither greater nor less than A, it

follows that
the segment = K = £. A Pq.

8. The second proposition of the second Book of the treatise On
the equilibrium of planes (émarédov iooppomiwr) gives a speclal term
for the construction of a polygon in a parabolic segment after the
manner indicated in Nos. 2, 4 and 5 above, and enunciates certain
theorems connected with it, in the following passage :

“If in a segment bounded by a straight line and a section of a
right-angled cone a triangle be inscribed having the same base as
the segment and equal altitude, if again triangles be inscribed in the
remaining segments having the same bases as those segments and
equal altitude, and if in the remaining segments triangles be
continually inscribed in the same manner, let the figure so produced
be said to be tnscribed in the recognised manner (yvopipws éyypdapeaor)
in the segment.

And 1t 1s plain

(1)  that the lines joining the two angles of the figure so inscribed
which are nearest to the vertex of the segment, and the next pairs of
angles in order, will be parallel to the base of the segment,

(2) that the said lines will be bisected by the diameter of the
segment, and

(3) that they wnll cut the diameter in the proportions of the
successive odd mnumbers, the number one having reference to. [the
length adjacent to] the vertex of the segment.

And these properties will have to be proved in their proper
places (& Tals Tabecw).”

These propositions were no doubt established by Archimedes by
means of the above-mentioned properties of parabolic segments ; and
the last words indicate an intention to collect the propositions in
systematic order with proofs. But the intention does not appear to
have been carried out, or at least we know of no lost work of
Archimedes in which they could have been included. Eutocius
proves them by means of Apollonius’ Conics, as he does not appear
to have seen the work on the area of a parabolic segment; but the
first two are easily derived from No, 2 above (p. 1xi).
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The third may be proved as follows.

If ©,0.9.,9,Pq,9,9.9, be a figure yvopipws éyyeypapuévor, we have,
since @ ,9,, €9, ... are all parallel and bisected by PV,

PV :PV,: PV,: PV, ...
=Q V7 :QV:QV:Q V7 ..

Q,
Q
H,
Q.
H2
/]|
/ i

whence it follows that
PV V.V, :V,V,:V.V,..
=1:3:5:7....
9. If Q' be a chord of a parabola bisected in V by the diameter
PV, and +f PV is of constant length, then the areas of the triamgle

PQQ' ond of the segment PQQ' are both constant whatever be the
durection of Q€)'

H. C. e
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If BAB be the particular segment whose vertex is 4, so that
BB’ is bisected perpendicularly by the axis at the point N where
AN =PV, and if QD be drawn perpendicular to PV, we have (by

No. 3 on p. liii)
QV::QD*=p : p,

Also, since AN = PV,
OV : BN*=p : p,;
.. BN =QD.
Hence BN . AN =QD. PV,
and | AN ABB' = o PQQ'.

Therefore the trian;g'le PQQ’ is of constant area provided that PV
is of given length.
Also the area of the segment PQQ’ is equal to &£ . A PR’ ;

[No. 7, p. Ixiii].
therefore the area of the segment is also constant under the same
conditions,

10.  The area of any ellipse s to that of a circle whose diameter
18 equal to the major axis of the ellipse as the menor axis is to the

major (or the diameter of the circle).
| This is proved in Prop. 4 of the book On Conoids and Spheroids.]

11.  The area of an ellipse whose axes are a, b s to that of a

cirele whose diameter is d, as ab to d°.
[On Conoids and Spheroids, Prop. 5.]

12. The areas of ellipses are to one another as the rectangles
under thevr axes ; and hence similar ellipses are to one another as the
squares of corresponding axes.

[ On Conoids and Spheroids, Prop. 6 and Cor.]

It is not within the scope of the present work to give an account
of the applications of conic sections, by Archimedes and others,
e.g. for the purpose of solving equations of a degree higher than the
second or in the problems known as vejoeis*. The former application

* The word vedois, commonly inclinatio in Latin, is diffieult to translate
satisfactorily. Its meaning is best gathered from Pappus’ explanation. He
says (p. 670) : ** A line is said to verge (vevewr) towards a point if, being produced,
it reaches the point.” As particular cases of the general form of the problem he
gives the following :

“ Two lines being given in position, to place between them a straight line
given in length and verging towards a given point.”

‘“ A semicircle and a straight line at right angles to the base being given in
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is involved in Prop. 4 of Book I1. On the Sphere and Cylinder, where
the problem is to cut a given sphere (by a plane) so that the
segments may bear to one another a given ratio. The book On
Spirals contains propositions which assume the solution of certain
vevoess, e.g. Props. 8 and 9, in which Archimedes assumes the
following problem to be effected : If 4B be any chord of a circle
and O any point on the circumference, to draw through 0 a
straight line ODP meeting 4B in D and the circle again in P
and such that DP is equal to a given length. Though Archimedes
does not give the solution, we may infer that he obtained it by
means of conic sections®,

A full account of these applications of conic sections by the
Greeks will be found in the 11th and 12th chapters of Zeuthen’s
work, Die Lehre von den Kegelschnitten vm Altertum.

position, or two semicirecles with their bases in a straight line, to place between
the two lines a straight line given in length and verging towards a corner of the
semicircle.”

Thus a line has to be laid across two given lines or curves so that it passes
through a given point and the portion intercepted between the lines or curves is
equal to a given length.

Zeuthen translates the word vedois by “ Einschiebung,” or as we might say,
‘“interpolation ”’ ; but this fails to express the condition that the required line
must pass through a given point, just as the Latin inclinatio (and for that
matter the Greek term itself) does not explicitly express the other requirement
that the intercepted portion of the line shall be of given length.

* Cf. Pappus, pp. 298—302.

e 2



PART II
INTRODUCTION TO THE (CONICS OF APOLLONIUS,

CHAPTER L
THE AUTHOR AND HIS OWN ACCOUNT OF THE CONICS.

'WE possess only the most meagre information about Apollonius,
viz, that he was born at Perga, in Pamphylia, in the reign of
Ptolemy Euergetes (247-222 B.c.), that he flourished under Ptolemy
Philopator, and that he went when quite young to Alexandria, where
he studied under the successors of Euclid. We also hear of a visit
to Pergamum, where he made the acquaintance of Kudemus, to
whom he dedicated the first three of the eight Books of the Conics.
According to the testimony of Geminus, quoted by Eutocius, he was
greatly held in honour by his contemporaries, who, in admiration of
his marvellous treatise on conics, called him the “great geometer*.”

Seven Books only out of the eight have survived, four in the
original Greek, and three in an Arabic translation. They were
edited by Halley in 1710, the first four Books being given in Greek
with a Latin translation, and the remaining three in a Latin
translation from the Arabic, to which Halley added a conjectural
restoration of the eighth Book.

The first four Books have recently appeared in a new edition by
J. L. Heiberg (Teubner, Leipzig, 1891 and 1893), which contains, in
addition to the Greek text and a Latin translation, the fragments
of the other works of Apollonius which are still extant in Greek,
the commentaries and lemmas of Pappus, and the commentaries of
Eutocius.

* The quotation is from the sixth Book of Geminus’ 7&v pafpudrwr fewpla.
See Apollonius (ed. Heiberg) Vol. 11. p. 170,
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No additional light has been thrown on the Arabic text of
Books V. to VIL since the monumental edition of Halley, except as
regards the preface and the first few propositions of Book V., of
which L. M. Ludwig Nix published a German translation in 1889%*,

For fuller details relating to the MSS. and editions of the
Conics reference should be made to the Prolegomena to the second

volume of Heiberg’s edition.
The following is a literal translation of the dedicatory letters in

which Apollonius introduces the various Books of his Conics to
Fudemus and Attalus respectively.

1. Book I.' Greneral preface.

“ Apollonius to Kudemus, greeting.

“If you are in good health and circumstances are in other
respects as you wish, 1t 1s well; I too am tolerably well. When
I was with you in Pergamum, I observed that you were eager to
become acquainted with my work in conics ; therefore I send you
the first book which I have corrected, and the remaining books
I will forward when I have finished them to my satisfaction. I
daresay you have not forgotten my telling you that I undertook
the investigation of this subject at the request of Naucrates the
geometer at the time when he came to Alexandria and stayed
with me, and that, after working it out in eight books, I
communicated them to him at once, somewhat too hurriedly,
without a thorough revision (as he was on the point of
sailing), but putting down all that occurred to me, with the
intention of returning to them later. Wherefore I now take
the opportunity of publishing each portion from time to time,
as 1t 1s gradually corrected. But, since it has chanced that
some other persons also who have been with me have got the
first and second books before they were corrected, do not be
surprised if you find them in a different shape.

* This appeared in a dissertation entitled Das fiinfte Buch der Conica des
Apollonius von Perga in der arabischen Uebersetzung des Thabit ibn Corral
(Leipzig, 1889), which however goes no further than the middle of the 7th
proposition of Book v. and ends on p. 32 in the middle of a sentence with the
words ‘ gleich dem Quadrat von”! The fragment is nevertheless valuable in
that it gives a new translation of the important preface to Book v., part of which
Halley appears to have misunderstood.
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“Now of the eight books the first four form an elementary
introduction; the first contains the modes of producing the

three sections and the opposite branches [of the hyperbola]
(tov avricetpévov) and their fundamental properties worked
out more fully and generally than in the writings of other
authors ; the second treats of the properties of the diameters and
axes of the sections as well as the asymptotes and other things of
general importance and necessary for determining limits of pos-
sibility (mpos Tovs Stopiopovs)*, and what I mean by diameters
and axes you will learn from this book. The third book
contains many remarkable theorems useful for the synthesis
of solid loci and determinations of limits; the most and

* It 18 not possible to express in one word the meaning of dwopiouds here. In
explanation of it it will perhaps be best to quote Eutocius who speaks of ¢ that
[Scopiomés] which does not admit that the proposition is general, but says when
and how and in how many ways it is possible to make the required construetion,
like that which occurs in the twenty-second proposition of Euclid’s Elements,
From three straight lines, which are equal to three given straight lines, to
construct a triangle; for in this case it is of course a necessary condition
that any two of the straight lines taken together must be greater than
the remaining one,” [Comm. on Apoll. p. 178]. In like manner Pappus
[p. 80], in explaining the distinction between a ¢theorem’ and a ¢ problem,’
says: ‘“But he who propounds a problem, even though he requires what is for
some reason impossible of realisation, may be pardoned and held free from
blame ; for it is the business of the man who seeks a solution to determine at
the same time [«al TolTo dwopicac] the question of the possible and the impossible,
and, if the solution be possible, when and how and in how many ways it is
possible.” Instances of the dwopiouéds are common enough. Cf. Eueclid vi. 27,
which gives the criterion for the possibility of a real solution of the proposi-
tion immediately following; the diopiouds there expresses the fact that, for a real

solution of the equation x (a — x) =102, it is a necessary condition that 523 (g)d

Again, we find in Archimedes, On the Sphere and Cylinder [p. 214], the remark
that a certain problem ¢ stated thus absolutely requires a dwopiouéds, but, if
certain conditions here existing are added, it does not require a Siwopiouds.”

Many instances will be found in Apollonius’ work ; but it is to be observed
that, as he uses the term, it frequently involves, not only a necessary condition,
as in the cases just quoted, but, closely connected therewith, the determination
of the number of solutions. This can be readily understood when the use of the
word in the preface to Book 1v. is considered. That Book deals with the
number of possible points of intersection of two conics; it follows that, when
e.g. in the fifth Book hyperbolas are used for determining by their intersections
with given conics the feet of normals to the latter, the number of solutions comes
to light at the same time as the conditions necessary to admit of a solution.
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prettiest of these theorems are new, and, when I had discovered
them, I observed that Euclid had not worked out the synthesis of
the locus with respect to three and four lines, but only a chance
portion of it and that not successfully: for it was not possible that
the synthesis could have been completed without my additional
discoveries. The fourth book shows in how many ways the
sections of cones meet one another and the circumference of s
circle ; 1t contains vther matters in addition, none of which has
been discussed by earlier writers, concerning the number of points
in which a section of a cone or the circumference of a circle meets
[the opposite branches of a hyperbola]*.

“The rest [of the books] are more by way of surplusage
(meprovoiacTikwTepa): one of them deals somewhat fully (émi
mAéov) With minima and mazima, one with equal and similar
sections of cones, one with theorems involving determination of
limits (Scopioricav Oewpnuarwy), and the last with determinate
conic problems.

* The reading here translated is Heiberg’s xdwov Tou 4 xdxhov mepigpépeia
<Tals drTikeubrals> Kard woca onueia ocuuBdNhover. Halley had read xdwov
Touh) 7 KUKAou Tepipépera kal ETe dvTikelumevar dvTiketpévars kard wooa
onuete ouuBdAovot. Heiberg thinks Halley’s longer interpolation unnecessary,
but I cannot help thinking that Halley gives the truer reading, for the following
reasons. (1) The contents of Book 1v. show that the sense is not really
complete without the mention of the number of intersections of a double-branch
hyperbola with another double-branch hyperbola as well as with any of the
single-branch conics; and 1t is scarcely conceivable that Apollonius, in
describing what was new in his work, should have mentioned only the less
complicated question. (2) If Heiberg’s reading is right we should hardly have
the plural cuuBalhovee after the disjunctive expression ‘‘a section of a cone or
the circumference of a circle.” (8) There is positive evidence for xal dvrikel-
wevar in Pappus’ quotation from this preface [ed. Hultsch, p. 676], where the
words are kdwvov Toud) kUkh\ov Tepipepelg kal dvTikeluevar dvTiketuévals, ¢“a section of
a cone with the circumference of a circle and opposite branches with opposite
branches.” Thus to combine the reading of our text and that of Pappus would
give a satisfactory sense as follows: ‘“in how many points a section of a cone
or a circumference of a circle, as well as opposite branches, may [respectively]
intersect opposite branches.” See, in addition, the note on the corresponding
passage in the preface to Book 1v. given below.

t wepiovaiaoTikdTepa has been translated ‘‘ more advanced,” but literally if
implies extensions of the subject beyond the mere essentials. Hultsch
translates ‘‘ad abundantiorem scientiam pertinent,” and Heiberg less precisely
‘¢ ulterius progrediuntur.”
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“When all the books are published it will of course be open
to those who read them to judge them as they individually
please. Farewell.”

2. Preface to Book II,

“ Apollonius to Eudemus, greeting.

“If you are in good health, it is well; I too am moderately
well. I have sent my son Apollonius to you with the second
book of my collected conics. Peruse it carefully and com-
municate it to those who are worthy to take part in such
studies. And if Philonides the geometer, whom I introduced
to you in Ephesus, should at any time visit the neighbourhood
of Pergamum, communicate the book to him. Take care of
your health. Farewell.”

3. Preface to Book IV.

“ Apollonius to Attalus, greeting.

“Some time ago, I expounded and sent to Eudemus of
Pergamum the first three books of my conics collected in eight
books; but, as he has passed away, I have resolved to send the
remaining books to you because of your earnest desire to
possess my works. Accordingly I now send you the fourth
book. It contains a discussion of the question, in how many
points at most it is possible for the sections of cones to meet
one another and the circumference of a circle, on the sup-
position that they do not coincide throughout, and further in
how many points at most a section of a cone and the circum-
ference of a circle meet the opposite branches [of a hyperbola]*

* Here again Halley adds to the text as above translated the words kal &re
dvriketuevar dvrikeiuévars. Heiberg thinks the addition unnecessary as in the
similar passage in the first preface above. I cannot but think that Halley is
right both for the reasons given in the note on the earlier passage, and
because, without the added words, it seems to me impossible to explain satis-
factorily the distinction between the three separate questions referred to in the
next sentence. Heiberg thinks that these refer to the intersections

(1) of conic sections with one another or with a circle,

(2) of sections of a cone with the double-branch hyperbola,

(3) of circles with the double-branch hyperbola.

But to specify separately, as essentially distinet questions, Heiberg’s (2) and
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and, besides these questions, not a few others of a similar
character. Now the first-named question Conon expounded to
Thrasydaeus, without however showing proper mastery of the
proofs, for which cause Nicoteles of Cyrene with some reason
fell foul of him. The second matter has merely been mentioned
by Nicoteles, in connexion with his attack upon Conon, as one
capable of demonstration; but I have not found it so de-
monstrated either by himself or by any one else. The third
question and the others akin to it I have not found so much as
noticed by any one. And all the matters alluded to, which I
have not found proved hitherto, needed many and various
novel theorems, most of which I have already expounded in the
first three books, while the rest are contained in the present
one. The investigation of these theorems is of great service
both for the synthesis of problems and the determinations of
limits of possibility (mpos Te Tas Tov mpoBAyuaTwr cuvbécers
kal Tovs dtopiomovs). On the other hand Nicoteles, on account
of his controversy with Conon, will not have it that any use
can be made of the discoveries of Conon for determinations
of limits: in which opinion he is mistaken, for, even if it is
possible, without using them at all, to arrive at results re-
lating to such determinations, yet they at all events afford a
more ready means of observing some things, e.g. that several

(3) is altogether inconsistent with the scientific method of Apollonius. When
he mentions a circle, it is always as a mere appendage to the other curves
(OmepBort) 7 ENNewfus 7 kUxhov mepipépera is his usual phrase), and it i3 impossible,
I think, to imagine him drawing a serious distinction between (2) and (8) or
treating the omission of Nicoteles to mention (3) as a matter worth notin> 7o
7pirov should surely be something essentially distinet from, not a particular case
of, 76 devrepor. I think it certain, therefore, that 7o 7pirov is the case of the
intersection of two double-branch hyperbolas with one another; and the
adoption of Halley’s reading would make the passage intelligible. We should
then have the following three distinct cases,

(1) the intersections of single-branch conies with one another or with
¢. circle,

(2) the intersections of a single-branch conic or a circle with the double-
bre nch hyperbola,

(3) the intersections of two double-branch hyperbolas ;
and d\\a oUkx ONiya Suowe TobTors may naturally be taken as referring to those
cases e.g. where the curves touch at one or two points.
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solutions are possible or that they are so many in number,
and again that no solution is possible; and such previous
knowledge secures a satisfactory basis for investigations, while
the theorems in question are further useful for the analyses
of determinations of limits (mwpds Tas dvalioers O6¢ Twv Oto-
piopwy). Moreover, apart from such usefulness, they are
worthy of acceptance for the sake of the demonstrations
themiselves, in the same way as we accept many other things in
mathematics for this and for no other reason.”

4. Prefaze to Book V*.

“ Apollonius to Attalus, greeting.

“In this fifth book I have laid down propositions relating
to maximum and minimum straight lines. You must know
that our predecessors and contemporaries have only superficially
touched upon the investigation of the shortest lines, and have
only proved what straight lines touch the sections and, con-
versely, what properties they have in virtue of which they are
tangents. For my part, I have proved these properties in the
first book (without however making any use, in the proofs, of
the doctrine of the shortest lines) inasmuch as I wished to
place them in close connexion with that part of the subject in
which I treated of the production of the three conic sections, in
order to show at the same time that in each of the three
sections numberless properties and necessary results appear, as
they do with reference to the original (transverse) diameter.
The propositions in which I discuss the shortest lines I have
separated into classes, and dealt: with each individual case by
careful dem